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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
61 ]. This is test number [ 109 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (61) | 0.00 (0)
Mathematica | 100.00 ( 61 ) | 0.00 (0)
Fricas | 100.00 (61) | 0.00 (0)
Maple 95.08 (58 ) | 4.92(3)
Maxima | 80.33 (49) | 19.67 (12)
Giac 57.38 (35) | 42.62 (26 )
Mupad | 45.90 (28) | 54.10 (33 )
Sympy 45.90 (28 ) | 54.10 ( 33)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 70.492 0.000 0.000 29.508
Mathematica 49.180 21.311 0.000 29.508
Fricas 31.148 39.344 0.000 29.508
Maple 27.869 37.705 0.000 34.426
Sympy 14.754 1.639 0.000 83.607
Giac 13.115 14.754 0.000 72.131
Maxima, 11.475 39.344 0.000 49.180
Mupad 0.000 16.393 0.000 83.607

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Maple 3 100.00 0.00 0.00

Maxima, 12 25.00 0.00 75.00

Giac 26 100.00 0.00 0.00

Mupad 33 0.00 100.00 0.00

Sympy 33 93.94 6.06 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.27

Maple 0.48

Rubi 0.58

Giac 0.72

Sympy 0.99

Maxima 2.22
Mathematica 5.66

Mupad 10.04

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 91.86 1.16 22.00 1.10
Sympy 145.25 1.29 19.00 1.00
Rubi 179.44 1.05 147.00 1.00
Mathematica | 332.89 1.67 182.00 1.26
Fricas 381.98 2.18 144.00 2.35
Giac 432.77 2.64 23.00 1.16
Maple 513.34 2.13 169.50 1.00
Maxima 1219.43 19.88 527.00 6.65

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

Rubi used

than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the

leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
range
Rubi Mma
800 3000
2500
600
i & 2000
@ @
% 400 % 1500
s 3
1000
200 500
ok, L R P
1.5 0 2 4 6 8 10 12
CPU time (sec) CPU time (sec)
Maple Fricas
6000 3500
5000 3000
2500
9 4000 9
2 3000 N 2000
3 S 1500
= 2000 ~ 1000
1000 500 :
o] et 0 L4 et .
0.6 0.8 010 0.15 020 025 030 035
CPU time (sec) CPU time (sec)
Giac Maxima
4000 10000
g 3000 o 8000
2 2 6000
s 2000 ]
- — 4000
1000 20001 =
0 oL? :
0.8 1.0 0 5 10 15
CPU time (sec) CPU time (sec)
Sympy Mupad
400
800
300
“,ﬁ 600 I
@ @
T a00} § 200
- - |
200} 100} *
0

ok
0.15 020 025 030 0.35 040
CPU time (sec)

0 2 4 6 8 10 12 14
CPU time (sec)

Figure 1.5: Leaf size vs. CPU time. Full range

1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{45, B}[10}[14}[15}[32} 33} |40} 41} |45, |46, [50} 51, [55, [56} [60} (61}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {42} [43][47][48,[57}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]

2.1.1 Rubi

A grade {[1}[2,36[78[L11[12} L3} 16}[17}[I8) [19} 20} [21} [22 23} 24} [25} 26} [27] 28} [29}[30} 31} 34}
1351136, 37,38} 39} 42} 43} A4} |47 48} 49,52} 5.3} 64} 57, 58}, B9 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { 125} 13)6) 7 1515, 20} 21 22 23 2 25 26,27 26, 29 B0, 1 B 5,50,
62,53 6158 )

B grade {BE0IEIEMBEMEEE)
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { (107 151920, 1) 23 23 £ 25,26, 27, 28, B9 5011 )

B grade { (123557 LI 12 3 57 5 5 22,3, A 7 5 ) B B3 S BT 69,69 )
C grade { }

F normal fail {[34,[35[36 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { 67 [5)[15, 20,21 22 25 225, 26,27 25 295 BT, B, 5550 }

B grade { (12507500 2 3,7, 5555 3 3 £ 7. FS A9, 5 B3 A BT 6959
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade {[T920,21,2526,30,61 )
B grade {[1}[2}[3}[6}[7,8}[11}[12}[13}[37}[38} 3% 42, |43, |44} |47 [48} (49} 2} 53} 54, 57} 58} B9 }
C grade { }

F normal fail {[34,35][36] }

F(-1) timedout fail { }

F(-2) exception fail { [[6I718,2223 212529 )

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[16,[17,[18)[23 24,2728 29 }
B grade { [[I9,20Z1E3E5.20/50.51 )
C grade { }

F normal fail {[1}[2,3,[6}7[11}[12[13} 34,3536} 37} 38, [39} 42} 43} [44} 47} 48} [49} 52} 63, 4, 67
6859 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade {B[16}[17}[18}[22}23}[24,27, 28,29 }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}2,[3)/6,[7}[11}[12}[L3}[19}[20} 21} 25} 26} 30} 31} [34}[35} 36, 37} 38} 39} 42}
A3 4 |47 48} 49} 52} 53,64, 57, 58, 59 }

F(-2) exception fail { }

2.1.8 Sympy

A grade {[16,[17[18,[22}[23}[24) 27,28} [29] }
B grade {[§}
C grade { }

F normal fail {[1}[2}[3}[6l[7} [11}[12}[L3} 19} 20} [21} 25 26} 30} 34,35, 37 38} 39} 42} |43, [44} 47} 48}
H962153,54 57,58,59 }

F(-1) timedout fail {[31[36 }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 149 184 240 391 306 0 0 0

N.S. 1 1.48 1.82 2.38 3.87 3.03 0.00 0.00 0.00
time (sec) N/A 0.640 0.791 0489 0364 0.285 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 108 136 198 257 244 0 0 0

N.S. 1 1.46 1.84 2.68 3.47 3.30 0.00 0.00 0.00
time (sec) N/A 0.481 0.593 0.347 0.322 0.286  0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 69 135 150 140 174 0 0 0

N.S. 1 1.30  2.55 2.83 2.64 3.28 0.00 0.00 0.00
time (sec) N/A 0.339 3.843 0.227 0.283 0.273  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20
time (sec) N/A 0.187 2.250 0.144 0.429 0.265 0307 0.254 12.138

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.20
time (sec) N/A 0.184 3.735 0.171 0.385 0.243 0273 0.266 12.187

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 135 256 231 952 372 0 0 0

N.S. 1 1.39 264 2.38 9.81 3.84 0.00 0.00 0.00

time (sec) N/A 0.592 1.346 0.340 0.418  0.2v9  0.000 0.000 0.000

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 96 153 183 386 281 0 0 0
N.S. 1 1.30 2.07 2.47 5.22 3.80 0.00 0.00 0.00
time (sec) N/A 0.442 5.801 0.278 0.418 0.283 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 33 44 40 269 75 65 1026 54
N.S. 1 1.06  1.42 1.29 8.68 2.42 210 33.10 1.74
time (sec) N/A 0.238 0.253 0.238 0.355  0.251 0.212 0.731 12.091
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 348 14 10 14 14
N.S. 1 1.00 1.17 1.00 29.00 1.17 0.83 1.17 1.17
time (sec) N/A 0.189 7.198 0.242 0.428 0.243 0.351 0.288 12.196
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 364 14 12 14 14
N.S. 1 1.00 1.17 1.00 30.33 1.17 1.00 1.17 1.17
time (sec) N/A 0.189 3.866 0.271 0.509 0.244 0.300 0.284 12.176
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 270 491 444 1960 569 0 0 0
N.S. 1 1.34 243 2.20 9.70 2.82 0.00 0.00 0.00
time (sec) N/A 1.356 6.813 0.222 0.444  0.298 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 163 221 293 1208 425 0 0 0
N.S. 1 1.29 1.75 2.33 9.59 3.37 0.00 0.00 0.00
time (sec) N/A 0.854 5.701 0.197 0448 0.296 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 107 179 197 586 291 0 0 0
N.S. 1 1.18  1.97 2.16 6.44 3.20 0.00 0.00 0.00
time (sec) N/A 0.497 4.624 0.181 0.391  0.267 0.000 0.000 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 763 14 10 14 14
N.S. 1 1.00 1.17 1.00 63.58 1.17 0.83 1.17 1.17
time (sec) N/A 0.200 9.494 0.195 0.759  0.261 0.362 0.317 12.345
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 761 14 12 14 14
N.S. 1 1.00 1.17 1.00 63.42 1.17 1.00 1.17 1.17
time (sec) N/A 0.198 6.451 0.142 0.865 0.252 0.317 0.324 12.311

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 206 246 170 0 154 314 233 423
N.S. 1 1.09 1.30 0.90 0.00 0.81 1.66 1.23 2.24
time (sec) N/A 0.674 0.895 0.564 0.000 0.248 0.192 0.274 13.525
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 147 149 108 0 96 194 137 241
N.S. 1 1.07  1.09 0.79 0.00 0.70 1.42 1.00 1.76
time (sec) N/A 0.480 0.498 0.393 0.000 0.254 0.156 0.268 12.781
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 90 107 50 0 48 100 64 105
N.S. 1 1.07 127  0.60 0.00 0.57 1.19 0.76 1.25
time (sec) N/A 0.310 0.345 0.379 0.000 0.270 0.136 0.268 0.420
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 152 7 67 111 53 0 351 0
N.S. 1 094 048 0.42 0.69 0.33 0.00 2.18 0.00
time (sec) N/A 0.701 0.405 0.254 0.288 0.254 0.000 0.276 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 166 166 215 105 121 74 0 357 0
N.S. 1 1.00 1.30 0.63 0.73 0.45 0.00 2.15 0.00
time (sec) N/A 0.714 1.337 0.276 0.377 0.253 0.000 1.081 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 224 283 143 160 120 0 1558 0
N.S. 1 099 1.25 0.63 0.70 0.53 0.00 6.86 0.00
time (sec) N/A 0.914 1.656 0.356 0.408 0.256 0.000 0.296 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 270 362 283 0 257 651 413 294
N.S. 1 1.00 1.34 1.05 0.00 0.95 241 1.53 1.09
time (sec) N/A 0.502 2.171 0.701 0.000 0.264 0313 0.315 0.923
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 202 255 173 0 154 405 235 186
N.S. 1 1.00 1.26 0.86 0.00 0.76 2.00 1.16 0.92
time (sec) N/A 0.414 1.000 0.692 0.000 0.259 0.257 0.312 0.602

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 151 165 82 0 68 212 102 102
N.S. 1 1.00 1.09 0.54 0.00 0.45 1.40 0.68 0.68
time (sec) N/A 0.371 1.147 0.645 0.000 0.270 0.196 0.291 0.346
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 305 305 136 118 194 87 0 939 0
N.S. 1 1.00 0.45 0.39 0.64 0.29 0.00 3.08 0.00
time (sec) N/A 0.983 0.757 0.713 0.386  0.261 0.000 0.303 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 434 434 203 193 211 132 0 2249 0
N.S. 1 1.00 047 0.44 0.49 0.30 0.00 5.18 0.00
time (sec) N/A 1.002 0.676 0.822 0.435 0.299 0.000 1.439 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 396 396 664 396 0 360 932 593 418
N.S. 1 1.00 1.68 1.00 0.00 0.91 2.35 1.50 1.06
time (sec) N/A 0.630 3.033 0997  0.000 0.262 0.438 0.396 13.931

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 294 294 369 238 0 211 575 333 263
N.S. 1 1.00 126  0.81 0.00 0.72 1.96 1.13 0.89
time (sec) N/A 0.511 1.042 0.541 0.000 0283 0.344 0.382 1.037

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 209 208 244 114 0 93 298 142 144
N.S. 1 1.00 117  0.55 0.00 0.44 1.43 0.68 0.69
time (sec) N/A 0.465 1.211 0.768  0.000 0.267 0.260 0.356  0.640

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 197 169 275 119 0 1791 0

N.S. 1 1.00 044  0.38 0.61 0.27 0.00 3.99 0.00

time (sec) N/A 1.852 0.740 1.093 0419  0.2v8 0.000 0.389 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 712 712 292 281 299 188 0 4284 0

N.S. 1 1.00 0.41 0.39 0.42 0.26 0.00 6.02 0.00
time (sec) N/A 1.957 0.779 1.112 0.517 0272 0.000 1.366 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 21 496 110 51 23 24
N.S. 1 1.00 1.09 0.91 21.57 4.78 2.22 1.00 1.04
time (sec) N/A 0.214 13.565 0.182 1.157 0.260 4.045 0.413 12.372

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 19 79 25 29 21 22
N.S. 1 1.00 1.10 0.90 3.76 1.19 1.38 1.00 1.05
time (sec) N/A 0.194 6.58 0123  0.503 0.292 1.833 0.299 12.402

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 98 98 91 0 0 85 0 0 0

N.S. 1 1.00 0.93  0.00 0.00 0.87 0.00 0.00 0.00

time (sec) N/A 0.324 0.742 0.000 0.000  0.100 0.000 0.000 0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 171 171 152 0 0 144 0 0 0

N.S. 1 1.00  0.89 0.00 0.00 0.84 0.00 0.00 0.00

time (sec) N/A 0.404 4.433 0.000 0.000 0.098  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 251 251 238 0 0 198 0 0 0
N.S. 1 1.00 0.95 0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.474 6.049 0.000 0.000  0.102 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 147 632 876 978 628 0 0 0
N.S. 1 1.00 4.30 5.96 6.65 4.27 0.00 0.00 0.00
time (sec) N/A 0.478 5.197  0.509 0.493  0.292 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 406 535 527 405 0 0 0
N.S. 1 1.00 3.62 4.78 4.71 3.62 0.00 0.00 0.00
time (sec) N/A 0.409 2.276  0.409 0.439  0.290 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 83 209 240 209 224 0 0 0
N.S. 1 1.00 2.52 2.89 2.52 2.70 0.00 0.00 0.00
time (sec) N/A 0.318 5.746  0.368 0.419 0.269 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 136 20 15 20 20
N.S. 1 1.00 1.11 1.00 7.56 1.11 0.83 1.11 1.11
time (sec) | N/A | 0202 3.655 0.189 0.415 0.248 0.670 0270 12.325

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 242 31 17 20 20
N.S. 1 1.00 1.11 1.00 13.44 1.72 0.94 1.11 1.11
time (sec) N/A 0.203 9.976 0.191 0.517 0.251 2476 1.990 12.484

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 295 295 1657 1604 4024 1154 0 0 0

N.S. 1 1.00 5.62 5.44 13.64 3.91 0.00 0.00 0.00

time (sec) N/A 0.770 7.243 0.854 1512  0.348 0.000 0.000 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 227 227 737 932 1948 715 0 0 0

N.S. 1 1.00 3.25 4.11 8.58 3.15 0.00 0.00 0.00
time (sec) N/A 0.611 7.151 0.800 0.586  0.293 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 136 238 365 774 378 0 0 0
N.S. 1 099 1.74 2.66 5.65 2.76 0.00 0.00 0.00
time (sec) N/A 0.401 8.522 0.719 0.336  0.284 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 697 36 17 22 22
N.S. 1 1.00 1.10 1.00 34.85 1.80 0.85 1.10 1.10
time (sec) N/A 0.218 25.480 0.364 1.175  0.273 1.066 0.367 12.206
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 910 47 19 22 22
N.S. 1 1.00 1.10 1.00 45.50 2.35 0.95 1.10 1.10
time (sec) N/A 0.217 20.010 0.494 1.937  0.253 2.115 2.872 12.673
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 603 603 3129 3161 11252 2749 0 0 0
N.S. 1 1.00 5.19 5.24 18.66 4.56 0.00 0.00 0.00
time (sec) N/A 1.326 8216 0.937 15.554 0.368 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 433 423 2029 1788 5429 1564 0 0 0
N.S. 1 0.98  4.69 4.13 12.54 3.61 0.00 0.00 0.00
time (sec) N/A 0.952 7.657 0.932 2.637 0309 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 278 276 433 745 2017 721 0 0 0
N.S. 1 099 1.56 2.68 7.26 2.59 0.00 0.00 0.00
time (sec) N/A 0.594 12.402 0.718 0.777  0.289 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2585 52 17 22 22
N.S. 1 1.00 1.10 1.00 129.25  2.60 0.85 1.10 1.10
time (sec) N/A 0.222 9.417 0.478 5493 0290 1375 0.531 12.632
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 3017 63 19 22 22
N.S. 1 1.00 1.10 1.00 150.85  3.15 0.95 1.10 1.10
time (sec) N/A 0.224 12325 0.638 15.251 0.261 2.552 2.783 13.003

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 242 244 345 1402 990 1031 0 0 0
N.S. 1 1.01  1.43 5.79 4.09 4.26 0.00 0.00 0.00
time (sec) N/A 0.918 2.185 0.430 0.570  0.336 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 187 289 897 720 732 0 0 0
N.S. 1 1.03  1.60 4.96 3.98 4.04 0.00 0.00 0.00
time (sec) N/A 0.697 1.637 0.324 0.536  0.312 0.000 0.000 0.000
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 132 182 445 406 475 0 0 0
N.S. 1 1.05 1.44 3.53 3.22 3.77 0.00 0.00 0.00
time (sec) N/A 0.471 2132 0.385 0.446  0.292 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 279 27 17 22 22
N.S. 1 1.00 1.10 1.00 13.95 1.35 0.85 1.10 1.10
time (sec) N/A 0.229 3.338 0.285 0942 0267 0950 0.310 12.662

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 424 51 19 22 22
N.S. 1 1.00 1.10 1.00 21.20 2.55 0.95 1.10 1.10
time (sec) N/A 0.225 5.301 0.294 2.496 0.258 1.651 2.216 12.161

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 839 839 1733 5931 4641 3363 0 0 0

N.S. 1 1.00  2.07 7.07 5.53 4.01 0.00  0.00 0.00
time (sec) N/A 2.210 11.550 0.781 3.180 0383 0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 650 650 969 3886 2552 2038 0 0 0

N.S. 1 1.00  1.49 5.98 3.93 3.14 0.00 0.00 0.00

time (sec) N/A 1.789 9.731 0.664 1.264  0.363 0.000 0.000 0.000

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 213 228 730 1997 1171 1053 0 0 0

N.S. 1 1.07  3.43 9.38 5.50 4.94 0.00 0.00 0.00

time (sec) N/A 0.774 8.546 0.631 0.874 0.327  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1494 55 19 22 22
N.S. 1 1.00 1.10 1.00 74.70 2.75 0.95 1.10 1.10
time (sec) N/A 0.224 22.627 0.577 10.993 0.276 1.561 0.400 13.049
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1975 96 20 22 22
N.S. 1 1.00 1.10 1.00 98.75 4.80 1.00 1.10 1.10
time (sec) N/A 0.227 21.161 0.579 28.615 0.300 3.110 2.340 13.521

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

nilIll{ché?:rn?cfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [11] had the largest
ratio of [1.75000000000000000]

size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade ifse 5 ; urrii 1;e antliéiaicriszr:zive leaf size irﬁgg;aiﬁiole;?size
1 A 9 8 1.48 10 0.800
2 A 8 7 1.46 10 0.700
3| A 7 6 1.30 8 0.750
N/A 3 0 1.00 10 0.000
N/A 3 0 1.00 10 0.000
6 A 12 11 1.39 12 0.917
7 A 11 10 1.30 12 0.833
8| A 7 7 1.06 10 0.700
9 | N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 12 0.000
11| A 22 21 1.34 12 1.750
12/ A 18 17 1.29 12 1.417
3| A 13 12 1.18 10 1.200
N/A 3 0 1.00 12 0.000
N/A 3 0 1.00 12 0.000
16| A 9 9 1.09 23 0.391
17| A 7 7 1.07 23 0.304
18| A 5 5 1.07 21 0.238
19| A 8 8 0.94 23 0.348
20| A 8 8 1.00 23 0.348
21| A 10 10 0.99 23 0.435
22| A 3 3 1.00 23 0.130
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of numjber of no.rma?lize.d integrand umber of rules
# | grade Slfff; uzg;e antlf;r;EZIVG leaf size | mMtegrand leaf size
23| A 3 3 1.00 23 0.130
24| A 3 3 1.00 21 0.143
25| A 3 3 1.00 23 0.130
26| A 3 3 1.00 23 0.130
27| A 3 3 1.00 23 0.130
28| A 3 3 1.00 23 0.130
29| A 3 3 1.00 21 0.143
30| A 3 3 1.00 23 0.130
31| A 3 3 1.00 23 0.130
N/A 2 0 1.00 23 0.000
N/A 2 0 1.00 21 0.000
34| A 3 3 1.00 23 0.130
35| A 3 3 1.00 23 0.130
36| A 3 3 1.00 23 0.130
37| A 3 3 1.00 18 0.167
38| A 3 3 1.00 18 0.167
39| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
42/ A 3 3 1.00 20 0.150
43| A 3 3 1.00 20 0.150
“4 | A 3 3 0.99 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
47 A 3 3 1.00 20 0.150
48| A 3 3 0.98 20 0.150
“ol| A 3 3 0.99 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
52 | A 9 8 1.01 20 0.400
53| A 8 7 1.03 20 0.350
54| A 7 6 1.05 18 0.333
N/A 2 0 1.00 20 0.000
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade SJ:;: uz;g;e ant]f:frgz:ve leaf size integrand leaf size
N/A 2 0 1.00 20 0.000
57| A 3 3 1.00 20 0.150
58 | A 3 3 1.00 20 0.150
9| A 10 9 1.07 18 0.500
N/A 0 1.00 20 0.000
N/A 0 1.00 20 0.000

2.3. Detailed conclusion table specific for Rubi results
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16

3.17
3.18
3.19
3.20
3.21
3.22

3.23
3.24
3.25
3.26

3.27

[ z3cot(a+bz)dz . .
[ z*cot(a +bx)dz . .

[ zcot(a+bz)dz . .
cot(a+bx) dr

f cot(;;}—bx) dz

[ 3 cot?(a + bz) dz .
[ z*cot*(a +bx)dz .

[ zcot*(a+bx)dx . .

cot?(a+bx)
——dr

f cot? (xa2+bm) dz

[ cot?(a + bz) dz .
[ z? cot®(a + bz) dz .

[ zcot}(a+bz)dx . .
cot3(a+bx) dz

[l gy

(c+da:)3
fa+zacot(e+fz) dr . . .

(ctdz)?
fa+iacot(e+fz) dr . . .

ct+dx
fa+zacot(e+fx) dr . . .

(c+dz) (a—}-za cot(e+fx))

(ct+dzx)? (a+za cot(e+fz))

(c+dzx)3 (a+za cot(e+fx))

(ct+dx)

f (a—i—zacot(e—l—fac))2 dr . .
(ct+dx)?

f (a+zacot(e+fx))2 dr . .

f (a+zacot(e+fw))2d te

(c+dw)(a+za 1cot(eJrf z))?

(c+dz)?(a+ia cot(e+fx))? d

(ct+dz)?
f (a+zai0t(ﬁ+fw))3 dr . .
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398 [ imdi sdm
329 [ m AT . oo 230
330 | e an 40 e PRI
331 [ o ariatEim BT - -« e 7
332 [(c+dz)™(a+iacot(e+ fx))?dx . . ... ...
333 [(e+ dm)::(a +iacot(e+ fr))dx . . . ... 258
334 [ peldr 262
8335 [ it T 267
336 [ (chf)f(“’;)ffm))g AT .
337  [(c+dz)*(a+beot(e+ fz))dr. . . . . ...
338  [(c+dz)*(a+beot(e+ fz))dr. . . . . .. 284
339 [(ec+dz)(a+bceot(e+ fr))dr . . . . .. 290)
340 [erbeerfo)l gy 296
341 | ‘”’zf—m AT .
342  [(c+dz)*(a+beot(e+ fx))idz . . . . ...
343  [(c+dz)*(@+beot(e+ fz))>dr . . . . ... 313}
344  [(c+dz)(a+beot(e+ fr))ldr. . . . . ... B21
345 [ RSMEHON gy 307
346 [ (a+b(‘jﬁfij§f DAL
347  [(c+dz)*(a+beot(e+ fz))dr . . . . .. 337
348 [(c+dz)* (a+beot(e+ fx))ddx . . . . ... 347
349  [(c+dz)(a+beot(e+ fr))de. . . . ... 3561
3.50 [ @R gy 363
351 [l gp 368
352 [ % AT o
353 [pentesdr L 382
354 f W&m dT .. 390
355 [ Gt 00 e 396
356 | Grmmarener ) 0 e AT
357 [ +b(§;‘(12 T 06
2.22 § - +b%§ o7y Zx ................................ ::;1!
: @reoter e B0+ o
360 | et 00 e 133
361 [ e F AT e 33
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3.1 [ z* cot(a + bx) dx

3.1.1 Optimalresult . . . ... .. .. .. .. 451
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 45
3.1.3 Rubi [A] (verified) . . . .. ... .. 16
3.1.4 Maple [B] (verified) . ... ... . ... ... 49
3.1.5  Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 49
3.1.6 Sympy [F] . . . . 50
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... B
3.1.8 Giac [F] . . . o b1l
3.1.9 Mupad [F(-1)] . . . . o o Bl

3.1.1 Optimal result

Integrand size = 10, antiderivative size = 101

v 3 _ 2i(a+bx) : 2 2i(a+bx)
3 __ig*  2’log (1—e ) _ 3iz” PolyLog (2,e )
/x cot(a+bx)dx = - 7 o2
3z PolyLog (3, e%(a+b)) N 3i PolyLog (4, e%(a+b2))

263 4b*

output‘—1/4*I*x‘4+x‘3*1n(1—exp(2*I*(b*x+a)))/b—3/2*I*x“2*polylog(2,exp(2*I*(b*x+a
‘)))/b‘2+3/2*x*polylog(3,exp(2*I*(b*x+a)))/b‘3+3/4*I*polylog(4,exp(2*I*(b*x
+a))) /b4

N J

3.1.2 Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.82

/z?’ cot(a + bz) dx
_ib'z* + 4b’2% log (1 — e7ia+bo)) 4 46323 log (1 + e~"(@%)) + 12ib?z? PolyLog (2, —e~*(@+t2)) + 12ib?z*

input LIntegrate [x~3*Cot[a + b*x],x] J

31.  [z3cot(a+bz)dx



output
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(I¥b~4*x~4 + 4%b~3%x~3*Log[l - E~((-I)*(a + b*x))] + 4*b~3*x~3*Log[l + E~(
(-I)*(a + bxx))] + (12*I)*b~2*xx"2%PolyLog[2, -E~((-I)*(a + b*x))] + (12%I)
*b~2+x"2xPolyLog[2, E~((-I)*(a + b*x))] + 24xb*x*PolyLog[3, -E~((-I)*(a +
b*x))] + 24*bxx*PolyLog[3, E~((-I)*(a + b*x))] - (24*I)*PolyLogl[4, -E~((-I
)x(a + b*x))] - (24*I)*PolyLogl[4, E~((-I)*(a + b*x))])/(4*%b"4)

3.1.3 Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.48,
_ _ ¢ number of rules _

number of steps used = 9, number of rules used = §, integrand size 0.800, Rules used

= {3042, 25, 4202, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:3 cot(a + bx) dx
| 3042
/—x3 tan (a+ bx + g) dx
| 25

—/x3 tan (;(2a +7)+ bx> dx

l 4202
o et(2a+2bz+) 1.3 izt
" | 11 eiCar2berm YT T g
l 2620
. 3i f 72 log (1 + ez’(2a+2bm+ﬂ')) dr iz3 log (1 + ei(2a+2bz+7r)) @
2b 2b 4
l 3011
. [ iz2 PolyL — i(2a+2bz+m) . PolyL — i(2a+2bz+m)) 4. .
[t ) _ ifzPolvLog(z.—e Jio) 1o (1 4 eitewiae)
’ 2 2
izt

7163

o

31.  [z3cot(a+bz)dx
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( i [ PolyLog (3,_ei(2a+2bm+7r) ) dx iz PolyLog (37_ei(2a+2b:1:+7r) ) >
1
2b 2b

3 iz PolyLog (2,—ei(2“+2bw+7"))
v 2 - 5

i3 log (1 4+ ei(2a+2ba
2b 2b

2

ixt

4
l 2720

I e—i(2a+2bz+m) PolyLOg(B’_ei(2a+2bz+7r))dei(2a+2bz+7r) i PolyLog(S,—ei(2a+2bz+7r)) )

.| iz? PolyLog(2,—ei(2a+2bz+m)) ’ ( 4b2 26
3 % - 5

2i _
¢ 2%

izt

4
l 7143

¢ 4b2 2b

. < PolyLog(4,—¢!(2a+2b24m)) iz PolyLog(3,—ei(2a+2batm)) )

3 iz? PolyLog (2,—e(2a+2bz+m))
¢ 2b - b

i3 IOg (1 4 ei(2a+2b:1:+7r)

% 2 2%

-

input LInt [x~3*Cot[a + b*x],x]

~—

output‘ (-1/4xI)*x~4 + (2*%I)*(((-1/2*%I)*x"3*Log[1l + E~(I*(2%a + Pi + 2%b*x))])/b + \
| (((3+I)/2)*(((1/2)*x"2%PolyLog[2, -E~(I*(2%a + Pi + 2%b*x))1)/b - (I*(((-
\1/2*1)*x*PolyLog[3, -E"(I*(2%a + Pi + 2%b*x))])/b + PolyLogl[4, -E~(I*(2*a
+ Pi + 2404))]/(44072)))/6)) /) |

31.  [z3cot(a+bz)dx



rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 4202

rule 7143
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3.1.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x=_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]
Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x))))"(@_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*cxn*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*xx))/(1 + E-(2xI*(e + f*x)))), x], x] /; FreeQ[{c, 4, e, £}, x] && IGt
Q[m, 0]

N\

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + bxx)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

31.  [z3cot(a+bz)dx




rule 7163

input

output

input
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Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.1.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 239 vs. 2(82) = 164.

Time = 0.49 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.38

method | result

izt _ 3ipolylog(2,—e®s+a))g2  3ipolylog(2,e/®>®))a? 94435 | In(14eibeta))g3

ln(l—ei(bw+a))x3

a3 In|

risch -1 52 b2 b3 + b

b

-

Lint(x“B*cot(b*x+a),x,method=_RETURNVERBUSE)

|

-1/4*I*x~4-3*%I/b~2*polylog(2,-exp (I*(b*x+a)))*x~2-3*I/b~2*polylog(2,exp(I*
(b*x+a)) ) *x~2-2%I/b"3*a"3*x+1/b*1n(1+exp (I* (b*x+a)))*x~3+1/b*1n(1-exp(I* (b
*xx+a)) ) *x"3+1/b~4*a”"3*1n(1-exp(I*(b*x+a)))+2/b"4*a"3*1n (exp (I* (b*x+a)))-1/
b~4*a”~3*1n(exp (I*(b*x+a))-1)-3/2%I/b"4*a~4+6%I/b~4*polylog(4,-exp(I*(b*x+a
)))+6*I/b~4xpolylog(4,exp(I*(b*x+a)))+6/b"3*polylog(3,-exp (I*(bxx+a)))*x+6
/b~3%polylog(3,exp(I*(bxx+a)))*x

3.1.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 306 vs. 2(78) = 156.

Time = 0.29 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.03

/z3 cot(a + bz) dx

_ —6ib%2?Liy(cos (2bz + 2a) + i sin (2bx 4 2a)) + 6ib*2?Lig(cos (2bz +2a) — i sin (2bx +2a)) — 4a°Is

p
Lintegrate(x‘3*cot(b*x+a),x, algorithm="fricas")

-/

31.  [z3cot(a+bz)dx
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output | 1/8%(-6*I*b~2*x"2*dilog(cos(2*b*x + 2*a) + I*sin(2xbxx + 2%a)) + 6*I*b"2xx
~2+dilog(cos (2*¥b*x + 2%a) - I*ksin(2¥bkx + 2%a)) - 4*a"3*log(-1/2*cos(2xb*x
+ 2%a) + 1/2*I*sin(2*b*x + 2*%a) + 1/2) - 4*a~3*xlog(-1/2*cos(2xb*x + 2*a)
- 1/2%I*sin(2%b*x + 2%a) + 1/2) + 6*b*x*polylog(3, cos(2*b*x + 2%a) + I*si
n(2*%b*x + 2%a)) + 6*b*x*polylog(3, cos(2*b*x + 2¥a) - I*sin(2xb*x + 2%a))
+ 4% (b~3%x"3 + a~3)*log(-cos(2*b*x + 2*a) + I*sin(2*bxx + 2*a) + 1) + 4x(b
“3%x73 + a"3)*xlog(-cos(2¥bxx + 2*a) - Ixsin(2*b*x + 2*a) + 1) + 3xI*polylo
g(4, cos(2¥bxx + 2%a) + I*sin(2%b*x + 2%a)) - 3*I*polylog(4, cos(2xb*x + 2
*a) - I*sin(2xbxx + 2%a)))/b"4

N\ J

3.1.6 Sympy [F]

/x?’ cot(a + bx) dxr = /x3 cot (a + bzx) dz

~—

inputLintegrate(x**3*cot(b*x+a),x)

-

output LIntegral(x**S*cot(a + bxx), x)

~—/

3.1.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 391 vs. 2(78) = 156.

Time = 0.36 (sec) , antiderivative size = 391, normalized size of antiderivative = 3.87

/z3 cot(a + bx) dxr =
i (bz + a)* — 4i (bz + a)®a + 6i (bz + a)*a? + 4a®log (sin (bz + a)) — 24 bxLis(—eb7 i) — 24 brLis(

~—

B
input Lintegrate (x~3*cot (b*x+a) ,x, algorithm="maxima")

31.  [z3cot(a+bz)dx
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output | -1/4*(Ix(b*x + a)~4 - 4*xIx(b*x + a)~3%a + 6xI*x(bxx + a)~2*a"2 + 4*a”~3xlog(
sin(b*x + a)) - 24xb*x*polylog(3, -e~(Ixb*x + I*a)) - 24*b*x*polylog(3, e~
(Ixbxx + Ixa)) + 4x(-Ix(b*x + a)~3 + 3*I*x(b*x + a) 2*a - 3*I*(b*x + a)*a~2
)*arctan2(sin(b*x + a), cos(b*x + a) + 1) + 4*(I*(b*x + a)~3 - 3*xI*(b*x +

a)"2xa + 3*I*(b*x + a)*a”~2)*arctan2(sin(b*x + a), -cos(b*x + a) + 1) + 12%
(I*(b*x + a)~2 - 2xI*(b*x + a)*a + Ix*a"2)*dilog(-e~ (I*b*x + I*a)) + 12x(I*
(b*x + a)~2 - 2*I*x(b*x + a)*a + I*a~2)*dilog(e” (I*b*x + Ixa)) - 2x((b*x +

a)~3 - 3x(bxx + a)~2*a + 3*(bxx + a)*a"2)*log(cos(b*x + a)~2 + sin(b*x + a
)72 + 2xcos(b*x + a) + 1) - 2%((b*x + a)~3 - 3x(b*x + a)"2*a + 3*(b*x + a)
*a~2)*log(cos(b*x + a)~2 + sin(b*x + a)”~2 - 2xcos(b*x + a) + 1) - 24*Ixpol
ylog(4, -e~(I*b*x + I*a)) - 24*Ixpolylog(4, e~ (I*b*x + I*a)))/b~4

3.1.8 Giac [F]

/z3 cot(a + bx) dx = /z3 cot (bx + a) dx

B
inputLintegrate(x‘S*cot(b*x+a),x, algorithm="giac")

~—

outputLintegrate(x‘S*cot(b*x +a), x)

3.1.9 Mupad [F(-1)]
Timed out.

/z3 cot(a + bz) dr = /z3 cot(a + bz) dz

input‘int(x“B*cot(a + b*x),x)

outputtint(x‘S*cot(a + b*x), x)

31.  [z3cot(a+bz)dx
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3.2 [ 2% cot(a + bx) dx

3.21 Optimalresult . . . ... .. .. ... H2]
3.2.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 52
3.2.3 Rubi [A] (verified) . . . . ... .. ... 53
3.24 Maple [B] (verified) . .. . ... . ... .. 55
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... k%
3.2.6 Sympy [F] . . . . 56!
3.2.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... L6l
328 Giac [F] . . . o 57
3.29 Mupad [F(-1)] . . . o 57

3.2.1 Optimal result

Integrand size = 10, antiderivative size = 74

23 x%log (1 — e%ilatha)
/$200t(a—|—bx)da):_%+x g< be )
iz PolyLog (2, €*(@+t2))  PolyLog (3, e%(+42))
- b2 + 23

output‘-1/3*I*x“3+x“2*1n(1-exp(2*I*(b*x+a)))/b-I*x*polylog(2,exp(2*I*(b*x+a)))/b“
|2+1/2%polylog(3,exp(2+I*(b*x+a))) /b"3 |

3.2.2 Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.84

/x2 cot(a + bz) dx

_ib®z® 4 3b%z% log (1 — (@182 4+ 3p242 log (1 + e~ (@+t2)) + 6ibz PolyLog (2, —e~"*+*)) + 6ibz PolyLo
B 33

-

inputLIntegrate[x“2*Cot[a + b*x],x]

-/

output‘ (Ixb~3*x~3 + 3xb~2*x"2xLog[1 - E~((-I)*(a + b*x))] + 3*%b~2*x"2*Log[l + E~(
\(—I)*(a + b*x))] + (6*I)*b*x*PolyLogl[2, -E~((-I)*(a + b*x))] + (6*I)*b*x*P
‘olyLog[2, E7((-I)*(a + b*x))] + 6*PolyLogl[3, -E~((-I)*(a + b*x))] + 6*Poly
‘Log[3, E"((-I)*(a + b*x))1)/(3+b3)

ERI———.——.,

32. [z*cot(a+bz)dx
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3.2.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.46,
number of steps used = 8, number of rules used = 7, dumber of rules _ ¢ 700 Ryles used

integrand size
= {3042, 25, 4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? cot(a + bz) dz
| 3042

/—x2tan <a+bx+ g) dx

l 25

—/:52 tan (;(Za +7) + bx) dx

l 4202
] et (20+2bz+) 5.2 G
2t [ 7 1 eiat2batm) ¥ T T30
l 2620
o ’Lf zlog (1 + ei(2a+2bw+7r)) dr  ix2 log (1 + ei(2a+2bx+7r)) i3
' b 2 3
| 3011
. [ iz PolyLog (2,—ei(2a+2bz+m) i [ PolyLog(2,—e?(2a+2bz+7m)) g )
) ’L( ( 5 ) _ ( 5 ) ) iz? log (1 +ez(2a+2bw+ﬂ')) iz3
’ b % 3
l 2720
. [ iz PolyL 2,— i(2a+2bz+m) —i(2a+2bz+7) PolyLL 2,— i(2a+2bx+) det(2a+2bz+m) .
; Z(w olyLog( 2be ) Je olyLog( 4b2€ )de ) iz log (1+ez(2a+2bx+ﬂ'))
12 b 2b

.
8
w

7143

€ w

32. [z*cot(a+bz)dx



input

output

rule 25

rule 2620

rule 2720

rule 3011

rule 3042

CHAPTER 3. LISTING OF INTEGRALS 54
. izI%ﬂyLog(2r_e“2a+2bz+ﬂ)) I%ﬂyLog(3f_e“2a+2bz+w)) ’
5 Z( 2b - 402 7:.'1;2 log (1 + ez(2a+2bx+ﬂ-)) ’i$3
7’ - —_——
b 2b 3

LInt[x“2*Cot[a + b*x],x]

~—

((—1/3*I)*x“3 + (2¢I)*(((-1/2*%I)*x~2*Log[1 + E~(I*(2*a + Pi + 2*b*x))])/b +
| (Ix(((I/2)*x*Polylogl[2, -E~(Ix(2%a + Pi + 2xb*x))1)/b - PolyLogl[3, -E~(Ix
(2%a + Pi + 2%b¥x))1/(4%b"2)))/b)

———————.

3.2.3.1 Defintions of rubi rules used

-

LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(C(FL)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x))))"(a_)I1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

N

;
‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

32. [z*cot(a+bz)dx
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rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}, X] && EqQ[b*d, a*e]

3.2.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 197 vs. 2(62) = 124.

Time = 0.35 (sec) , antiderivative size = 198, normalized size of antiderivative = 2.68

method | result

. i3 ia3 ia2 In(14ei(bz+a)) 42 2i polylog (2,—e(bz+a)) ¢ 2 polylog (3,—ei(bz+a) In(1—et(bz+a)) 42
risch _%"_‘g;} 2’{,‘2”” + ( 5 Jo* _ 2ipoly g(bz ) + B g(bs )+ ( 5 L
input Lint (x~2*cot (b*x+a) ,x,method=_RETURNVERBOSE) J

e N

output | -1/3*I*x~3+4/3*I/b"3*a"~3+2+I/b " 2*a~2*x+1/b*1n(1+exp (I*(b*x+a)))*x"2-2*I/b"

2*polylog(2,-exp (I*(b*x+a)))*x+2/b"3*polylog(3,-exp(I*(b*x+a)))+1/b*x1n(1-e
xp(I*(b*x+a)))*x"2-1/b"3*a"2*1n(1-exp (I*(b*x+a)))-2*I/b~2*polylog(2,exp(I*
(b*x+a)))*x+2/b~3*polylog(3,exp(I*(bxx+a)))-2/b~3*a"~2*1n(exp (I* (b*x+a)))+1
/b~3*a”2*1n(exp (I*(bxx+a))-1)

3.2.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 244 vs. 2(59) = 118.

Time = 0.29 (sec) , antiderivative size = 244, normalized size of antiderivative = 3.30

/z2 cot(a + bx) dx
_ —2ibaLiy(cos (2bx + 2a) + i sin (2bx + 2a)) + 2i baLi(cos (2bx + 2a) — i sin (2bz + 2a)) + 2a° log (.

32. [z*cot(a+bz)dx
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input‘integrate(x“Q*cot(b*x+a),x, algorithm="fricas")

output | 1/4%(-2*I*b*x*dilog(cos(2*b*x + 2*a) + Ixsin(2xb*x + 2%a)) + 2*I*b*x*dilog
(cos(2+%b*x + 2%a) - I*sin(2*b*x + 2*a)) + 2+a~2+log(-1/2*cos(2*b*x + 2*a)

+ 1/2xI*sin(2xb*x + 2%a) + 1/2) + 2xa"2xlog(-1/2*cos(2*b*x + 2%a) - 1/2xI*
sin(2xb*x + 2%a) + 1/2) + 2% (b"2*x"2 - a~2)*log(-cos(2*b*x + 2*a) + I*sin(
2xbxx + 2*%a) + 1) + 2x(b"2*x"2 - a~2)*log(-cos(2*b*x + 2*a) - I*sin(2%b*x

+ 2%a) + 1) + polylog(3, cos(2*b*x + 2*a) + I*sin(2xb*x + 2xa)) + polylog(
3, cos(2%b*x + 2%a) - I*sin(2xbxx + 2*a)))/b"3

3.2.6 Sympy [F]

/x2 cot(a + bz) dr = /x2 cot (a + bz) dz

inputtintegrate(x**2*cot(b*x+a),x) J

outputLIntegral(x**2*cot(a + b*x), x) J

3.2.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 257 vs. 2(59) = 118.

Time = 0.32 (sec) , antiderivative size = 257, normalized size of antiderivative = 3.47

/x2 cot(a + bz) dx =
2i (bx + ) — 63 (bx + a)’a + 121 baLiy (—e+79)) + 124 baLiz (eC*+19) — 6 a?log (sin (b + a)) + 6

~

inputLintegrate(x“2*cot(b*x+a),x, algorithm="maxima")

\ J
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-1/6%(2*I*(b*x + a)~3 - 6*%I*(bxx + a) 2*%a + 12xI*bxx*dilog(-e~(I*b*x + I*a
)) + 12xIxb*x*dilog(e” (I*¥b*x + I*a)) - 6%a"2*log(sin(b*x + a)) + 6% (-I*(b*
x + a)”2 + 2%Ix(b*x + a)*a)*arctan2(sin(b*x + a), cos(b*x + a) + 1) + 6x*(I
*(bxx + a)~2 - 2xI*(b*x + a)*a)*arctan2(sin(b*x + a), -cos(b*x + a) + 1) -
3x((b*xx + a)”2 - 2*(bxx + a)*a)*log(cos(b*x + a)~2 + sin(b*x + a)~2 + 2%c
os(b*x + a) + 1) - 3x((b*x + a)~2 - 2*(bxx + a)*a)*log(cos(b*x + a)~2 + si
n(bxx + a)~2 - 2xcos(b*x + a) + 1) - 12+polylog(3, -e~ (Ixbxx + I*a)) - 12%
polylog(3, e~ (I*bxx + Ix*a)))/b~3

3.2.8 Giac [F]

/x2 cot(a + bx) dx = /x2 cot (bx + a) dx

inputLintegrate(x“2*cot(b*x+a),x, algorithm="giac")

/

outputLintegrate(x*2*cot(b*x + a), x)

AN >

3.2.9 Mupad [F(-1)]
Timed out.

/w2 cot(a + bzr) dx = /z2 cot(a+bzx) dz

input Lint(x‘Q*cot (a + b*x),x)

output Lint(x‘Q*cot (a + b*x), x)
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3.3 [ zcot(a + bx) dz

3.3.1 Optimalresult . .. ... ... . .. .. 58]
3.3.2 Mathematica [B] (verified) . . . . . ... ... L Lo bY
3.3.3 Rubi [A] (verified) . . . .. ... .. bY¢)
3.34 Maple [B] (verified) . ... ... . ... .. 61]
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 611
3.3.6 Sympy [F] . . . . 62]
3.3.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 62
338 Giac [F] . . . 62
3.3.9 Mupad [F(-1)] . . . . o 63

3.3.1 Optimal result

Integrand size = 8, antiderivative size = 53

72 xlog (1 — e?(etb2))  §PolyLog (2, e?(a+te)
/xcot(a+bx)dx:_%+ g ( } ) _ y g2(b2 )

output| -1/2+I#x"~2+x*1n(1-exp(2+I* (bxx+a))) /b-1/2+I*polylog (2, exp(2+I* (b*x+a))) /b |
2 |

3.3.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 135 vs. 2(53) = 106.

Time = 3.84 (sec) , antiderivative size = 135, normalized size of antiderivative = 2.55

/z cot(a + bx) dx = % <z2 cot(a)

—ibz(m — 2arctan(tan(a))) — mlog (1 4+ e~%**) — 2(bzx + arctan(tan(a))) log (1 — e(b=+arctan(tan(a))))
bf

_ ei arctan(tan(a))m2 cot(a) /sec2 (a)>

input tIntegrate [x*Cot[a + b*x],x] J
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(x~2%Cot[a] - ((-I)*b*x*(Pi - 2*ArcTan[Tan[al]) - Pi*Logl[l + E~((-2*I)*b*x
)] - 2% (b*x + ArcTan[Tan[al])*Log[1 - E~((2*I)*(b*x + ArcTan[Tan[a]]))] +
Pi*Log[Cos[b*x]] + 2*ArcTan[Tan[a]l]l*Log[Sin[b*x + ArcTan[Tan[a]]]l] + I*Pol
yLog[2, E~((2*I)*(b*x + ArcTan[Tan[al]))])/b~"2 - E~(I*ArcTan[Tan[a]])*x~2%
Cot[al*Sqrt[Sec[al~2])/2

3.3.3 Rubi [A] (verified)
Time = 0.34 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.30, number
of steps used = 7, number of rules used = 6, Bumber of rules _ 75y Ryjes used = {3042,

integrand size
25, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x cot(a + bx) dx

| 3042
/—mtan <a+bx+ E) dx

2
l 25

1
—/xtan (2(2a +7) + bx) dx
l 4202
et(2a+2bz+) 10 ix2
24 - T — —
1+ et(2a+2bz+m) 2
l 2620
o; i [log (1 + e!2a+2e+m) dpr  jzlog (1 + el(2at2bz+m)) ix?
’ 2 2 2
l 2715
o f e—(20+2bz+m) log (1 + ei(2a+2bz+7r)) det(2a+2bz+m) _ iz log (1 + 6i(2a+2bq)+7r)) _ @
4h? 2b 2
l 2838
o _PolyLog (2’ _ei(2a+2bm+7r)) _ it IOg (1 + ei(2a+2bm+7r)) _ @
4p? 2b 2
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input

output

rule 25

rule 2620

rule 2715

rule 2838

rule 3042

rule 4202
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‘ Int [x*Cot[a + b*x],x]

‘/(-1/2*I)*x"2 + (2*xI)*(((-1/2*I)*x*Log[1 + E~(I*(2*a + Pi + 2%b*x))])/b - P
‘olyLog[2, -E"(I*(2%xa + Pi + 2xb*x))]/(4%b72))

-—

3.3.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*(Ce_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Log[1 + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + £xx))/(1 + E~(2*I*(e + f*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]

33.  [zcot(a+bz)dx
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3.3.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 149 vs. 2(43) = 86.

Time = 0.23 (sec) , antiderivative size = 150, normalized size of antiderivative = 2.83

method | result

. iz2 2%iax ia2 ln(1+ei(bz+“))z _ ipolylog(Z,—ei(b“‘“)) ln(l—ei(b“'“))z ln(l—ei(bz"'“))a _
e s e S i L e —
i (ln(cot(bx+a) —i)1n (cot(ba:+a)2 +1) — *ﬁln(cot(bz+a) _i)z —dilog (— *ﬁi(cot(wa-a)-ﬁ-i) > —In(cot(bz+a)—i)In (— i(cot(
In (cot(b:c+a)2+1> z 5
parts — T

~—/

Lint (x*cot (b*x+a) ,x,method=_ RETURNVERBOSE)

‘—1/2*I*x‘2—2*I/b*a*x—I/b‘2*a‘2+1/b*ln(1+exp(I*(b*x+a)))*x—I/b‘Q*polylog(Q,

‘ -exp (I*(b*x+a)))+1/b*x1ln(1-exp (I*(b*x+a)))*x+1/b~2*1n(1-exp (I*(b*x+a)))*a-I ‘
\ /b~2%polylog(2,exp(I*(bxx+a)))+2/b"2*a*1ln(exp(I*(b*x+a)))-1/b"2*a*1ln(exp(I \
*(b*x+a))-1) |

3.3.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 174 vs. 2(40) = 80.

Time = 0.27 (sec) , antiderivative size = 174, normalized size of antiderivative = 3.28

/mcot(a—l—bm) dx =
2alog (—1 cos(2bz +2a) + 3i sin (2bz + 2a) + 3) + 2alog (—3 cos (2bz + 2a) — i sin

(2bz +2a

e A
integrate(x*cot(b*x+a) ,x, algorithm="fricas")

-1/4*%(2xa*log(-1/2*cos(2*b*x + 2*a) + 1/2%I*sin(2%b*x + 2%a) + 1/2) + 2*ax
log(-1/2*cos(2*b*x + 2%a) - 1/2*I*sin(2%b*x + 2*xa) + 1/2) - 2x(b*x + a)*lo
g(-cos(2%b*x + 2%a) + I*sin(2%b*x + 2¥a) + 1) - 2%(b*x + a)*log(-cos(2*b*x
+ 2%a) - I*sin(2*b*x + 2*a) + 1) + I*dilog(cos(2*b*x + 2#a) + I*sin(2*b*x
+ 2%a)) - Ixdilog(cos(2*b*x + 2%a) - I*sin(2%b*x + 2%a)))/b"2

33.  [zcot(a+bz)dx
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3.3.6 Sympy [F]

/xcot(a—l—bx) dr = /xcot (a+ bx)dx

inputLintegrate(x*cot(b*x+a),x) J

outputLIntegral(x*cot(a + b*x), x) J

3.3.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 140 vs. 2(40) = 80.

Time = 0.28 (sec) , antiderivative size = 140, normalized size of antiderivative = 2.64

/z cot(a + bz) dx
—ib2x? + 2i br arctan (sin (bz + a) , cos (bx + a) + 1) — 2i br arctan (sin (bz + a) , — cos (bx + a) + 1) + ¢

input‘integrate(x*cot(b*x+a),x, algorithm="maxima")

output | 1/2%(-I*b~2*%x"2 + 2xI*b*x*arctan2(sin(b*x + a), cos(b*x + a) + 1) - 2%xIxbx*
x*arctan2(sin(b*x + a), -cos(b*x + a) + 1) + bxx*log(cos(b*x + a)~2 + sin(
b*x + a)”2 + 2%cos(b*x + a) + 1) + b*xxlog(cos(b*x + a)~2 + sin(b*x + a)~2

- 2%cos(b*x + a) + 1) - 2xI*dilog(-e~(I*b*x + I*a)) - 2xIxdilog(e” (I*b*x
+ Ixa)))/b"2

3.3.8 Giac [F]

/xcot(a+bx) dr = /xcot (bz + a) dx

—

inputLintegrate(x*cot(b*x+a),x, algorithm="giac")

outputLintegrate(x*cot(b*x + a), x) J

33.  [zcot(a+bz)dx
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3.3.9 Mupad [F(-1)]
Timed out.

/a:cot(a—i—ba:) dz = /xcot(a+bx) dz

input tint (x*cot(a + b*x),x)

output Lint(x*cot(a + b*x), x)

33.  [zcot(a+bz)dx
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3.4 f cot(a+bz) dx

T
3.4.1 Optimalresult . . . ... .. .. ... . . 64
3.4.2 Mathematica [N/A] . . . . . . . . 64
34.3 Rubi [N/A] . . . o 65
3.44 Maple [N/A] (verified) . . . . . .. ... . L 66
3.4.5 Fricas [N/A] . . . . . 66
3.4.6 Sympy [N/A] . . . o e 67
3.4.7 Maxima [N/A] . . . . o 67
3.4.8 Giac [N/A] . . . . o 67
349 Mupad [N/A] . ..o 68

3.4.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ cot(a + bx) o — Tot (cot(a + bx) x>
T Y

X

p
output LUnintegrable (cot (b*x+a)/x,x)

~—

3.4.2 Mathematica [N/A]

Not integrable

Time = 2.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a + bx) dr — / cot(a + bx) i

T T

-

input LIntegrate [Cot[a + b*x]/x,x]

~—

output LIntegrate [Cot[a + b*x]/x, x]

~—

34. f —COt("jbz) dz



CHAPTER 3. LISTING OF INTEGRALS 65

3.4.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot(a + bx) dx

X

l 3042

/_tan (a+bx+g)dx

T

| 25

_/ tan (1(2a + ) + bz)

dxr
T

l 4222

_/ tan (1(2a + m) + bz) e

x

input LInt [Cot[a + Db*x]/x,x] J

$Aborted

N\ J

output

3.4.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
‘Q[u, x]

34. f —COt("jbz) dz
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.14 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ cot (bz + a) i

X

inputLint(cot(b*x+a)/X,X)

e

outputtint(cot(b*x+a)/x,x)

A >

3.4.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a+ bx) dp — / cot (bz + a) i

i T

inputtintegrate(cot(b*x+a)/x,x, algorithm="fricas")

-

output Lintegral(cot (b*x + a)/x, x)

-/

34. f —COt("jbz) dz
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3.4.6 Sympy [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/cot(a+ bx) dr — / cot (a + bz) i

Z T

input ‘ integrate(cot (b*x+a)/x,x)

outputLIntegral(cot(a + b*x)/x, x)

3.4.7 Maxima [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a-l— bx) dp — / cot (bz + a) i

Z T

inputLintegrate(cot(b*x+a)/x,x, algorithm="maxima")

output tintegrate(cot(b*x + a)/x, x)

3.4.8 Giac [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a+ bx) dp — / cot (bz + a) i

T T

inputLintegrate(cot(b*x+a)/x,x, algorithm="giac")

-

output tintegrate(cot(b*x + a)/x, x)

e—

34. f M dz
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3.4.9 Mupad [N/A]

Not integrable

Time = 12.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

Z T

/cot(a—i—bx) dx_/cot(a—i—b:c) i

input‘ int(cot(a + b*x)/x,x)

output Lint(cot(a + b*x)/x, x)

34. f —COt(?bz) dz
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35 f cot(a;—bx) dx
T

3.5.1 Optimalresult . .. ... ... .. .. . ... 69
3.5.2 Mathematica [N/A] . . . . ... .. 69
353 Rubi [N/A] . . . oot 70
3.5.4 Maple [N/A] (verified) . . . . .. . ... L (1]
3.5.,5 Fricas [N/A] . . . . . [Tl
3.5.6 Sympy [N/A] . . . . e 72
3.5.7 Maxima [N/A] . . . . . 72
3.5.8 Giac [N/A] . . . . o 72
3.5.9 Mupad [N/A] . . . 73

3.5.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ cot(a + bx) o — Tot (cot(a + bx)

xr2

xr2

)

p
output LUnintegrable (cot (b*x+a) /x"2,x)

~—

3.5.2 Mathematica [N/A]

Not integrable

Time = 3.73 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a;l—bz) da:z/
x

cot(a + bx)
2

dz

input LIntegrate [Cot[a + b*x]/x"2,x]

~—

output LIntegrate [Cot[a + b*x]/x"2, x]

~—

35. [ —COt(;;L %) 4o
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3.5.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot(a + bx) dx

2

l 3042

/_tan (a+bx+g)dx

2

| 25

_/ tan (1(2a + ) + bz)

dxr

.’)32
l 4222

_/ tan (1(2a + m) + bz) e

2

input LInt [Cot[a + b*x]/x"2,x] J

output | $Aborted

N\

3.5.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
‘Q[u, x]

35. [ —COt(;;L %) 4o
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.5.4 Maple [N/A] (verified)

Not integrable

Time = 0.17 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ cot (bz + a) i

2

inputLint(cot(b*x+a)/x“2,X)

e

outputtint(cot(b*x+a)/x‘2,x)

A >

3.5.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a+ bx) dp — / cot (bz + a) i

2 2

inputkintegrate(cot(b*x+a)/x‘2,x, algorithm="fricas")

-

output Lintegral(cot (b*x + a)/x72, x)

-/

3.5. [ ctath) gy
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3.5.6 Sympy [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/cot(a+ bx) dr — / cot (a + bz) i

2 2

input‘integrate(cot(b*x+a)/x**2,x)

outputLIntegral(cot(a + bxx)/x**2, x)

3.5.7 Maxima [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a-l— bx) dp — / cot (bz + a) i

2 2

inputLintegrate(cot(b*x+a)/x“2,x, algorithm="maxima")

output tintegrate(cot(b*x + a)/x"2, x)

3.5.8 Giac [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/cot(a+ bx) dp — / cot (bz + a) i

x2 xr2

inputLintegrate(cot(b*x+a)/x‘2,x, algorithm="giac")

-

output tintegrate(cot(b*x + a)/x"2, x)

e—

3.5. [ ctath) gy
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3.5.9 Mupad [N/A]

Not integrable

Time = 12.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

x2 x2

/cot(a—i—bx) dx_/cot(a—i—b:c) i

input | int(cot(a + b*x)/x"2,%)

output Lint (cot(a + b*x)/x"2, x)

35. [ —COt(;;L %) 4o
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3.6 [ z° cot?(a + bx) dz

3.6.1 Optimalresult . .. ... .. .. .. ... [74
3.6.2 Mathematica [B] (verified) . . . . . . .. ... Lo 74
3.6.3 Rubi [A] (verified) . . . .. ... .. 75
3.6.4 Maple [B] (verified) . . ... ... .. ... [78
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 78
3.6.6 Sympy [F] . . . . . 79
3.6.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 79
3.6.8 Giac [F] . . . . . R0
3.6.9 Mupad [F(-1)] . . . . . o 1]

3.6.1 Optimal result

Integrand size = 12, antiderivative size = 97

78 1t 2dcot(a+bz)  3z?log (1 — e2ilethn)
/x3cot2(a+bx)dx:—%_%_x co(lc)t—i- z) 3T og(bze )
3iz PolyLog (2, e%(a+t2)) 3 PolyLog (3, e%(**%))

B b3 + bt

output‘—I*x“S/b—1/4*x‘4—x“3*cot(b*x+a)/b+3*x‘2*ln(1—exp(2*I*(b*x+a)))/b“2—3*I*x*p
‘olylog(2,exp(2*I*(b*x+a)))/b‘3+3/2*polylog(3,exp(2*I*(b*x+a)))/b‘4

3.6.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 256 vs. 2(97) = 194.

Time = 1.35 (sec) , antiderivative size = 256, normalized size of antiderivative = 2.64

7
/x3 cot?(a + bz) dz = -7
ie%e (2b%e~ g3 + 3ib?(1 — e72) 2 log (1 — e~*(@%)) 4+ 3ib?(1 — e=%4) 2% log (1 4 e~(+%)) — 6b(1 -

x3 csc(a) csc(a + bx) sin(bx)

b

36.  [z3cot’(a+bz)dz
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input ‘ Integrate[x"3*Cot[a + b*x]~2,x]

output

-1/4xx~4 - (I*E”((2*%I)*a)*((2¥b~3*x"3)/E~((2*I)*a) + (3*I)*b~2*(1 - E~((-2
xI)*a))*x"2xLog[1 - E"((-I)*(a + b*x))] + (3*xI)*b~2x(1 - E~((-2%I)*a))*x"2
*Log[1 + E~((-I)*(a + b*x))] - 6%bx(1 - E~((-2+I)*a))*x*PolyLogl[2, -E~((-I
)*(a + b*x))] - 6%b*(1 - E~((-2*I)*a))*x*PolyLog[2, E~((-I)*(a + b*x))] +
(6*%I)*(1 - E~((-2%I)*a))*PolyLogl[3, -E~((-I)*(a + b*x))] + (6*%I)*(1 - E~((
-2%I)*a))*PolyLog[3, ET((-I)*(a + b*x))]1))/(b74x(-1 + E"((2*¥I)*a))) + (x73

*Csc[a]*Csc[a + b*x]*Sin[b*x])/b

3.6.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.39,

number of steps used = 12, number of rules used = 11, number of rules _ 0.917, Rules
integrand size

used = {3042, 4203, 15, 25, 3042, 25, 4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 23 cot?(a + bz) dx
| 3042

/a:?’tan (a+bx+g)2dx

l 4203

—x2 3
3 ) —z*cot(a+ba)dz /m3dx _ z°cot(a + bx)
b b
| 15

_3[—a’cot(a+bx)dz a’cot(a+bz) z*

b b 4

| 25

3 [a*cot(a+bx)dr  z®cot(a+bx) at
b b 4

l 3042

3[—z?tan (a+bz+ §) do _ zPcot(a+bx) o’

b b 4

| 25

36.  [z3cot’(a+bz)dz
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_3fx2 tan (1(2a + 7) + bz) dx _ zPcot(a+bx) a*

b b 4
l 4202
et(2a+2bz+m) .2
( -2 [ 1tei(2at2batm) d:z;) z3cot(a + bx) x*
b b 4
l 2620
ia® o (i) log(14eCiH2 D) dp g2 log(1-ei(2at2batm))
3(7 - 22( b - 2b z3cot(a+ br) z*
b b 4
l 3011
l(u: PolyLog(Q,—ei(2a+2bz+7r)) _ if PolyLog(2,—ei(2a‘+2bz+ﬂ))da:)
. 3 2b 2b iz2 lo (1 i(2a+2bz+m)
iz g(l+e )
3 "3 21 b - 2b
b
zdcot(a+bz) z*
b 4
l 2720
; <zm PolyLog(Z,—ei(2a+2bz+ﬂ—)) f e—i(2a+2bz+7r) PolyLog(2,—ei(2a+2bz+ﬂ'))dei(2a‘+2bz+ﬂ') >
2b - 4b2 .2 i(2a+2bz+)
T log(l-l—e )
3| % -2 b - 20
b
zdcot(a+bz) z*
b 4
l 7143
i iz PolyLog(2,7ei(2a+2bx+")) _ PolyLog(S,fei(2a+2b$+7r))
iz? 2b 4b2 iz? log(1+ei(2a+2bx+7r))
3 3 2 b - 2b
b
z3cot(a+bz) z*
b 4

input ‘ Int[x~3*Cot[a + b*x]~2,x] ‘

output‘ -1/4*x"4 - (x"3%Cot[a + b*x])/b - (3*((I/3)*x"3 - (2*I)*(((-1/2*I)*x"2*Log ‘
[1 + E"(Ix(2%a + Pi + 2%b¥x))1)/b + (I*(((I/2)*x*PolyLog[2, -E~(I*(2*a + P
i + 24b*x))])/b - Polylogl3, -E~(I*(2%a + Pi + 2%b*x))1/(4%b72)))/b)))/b

36.  [z3cot’(a+bz)dz
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3.6.3.1 Defintions of rubi rules used

ruka15‘Int[(a_.)*(x_)“(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
L{a, m}, x] & NeQ[m, -1]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Log[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Log[1 + (e_.)*((F_)~((c_.)*((a_.) + (b_)*_)ND"(a_)I1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))“n]/ (bcHn*Log[F1)), x] + Simplg*(m/(bxcrnxLoglF1))  Int[(f + ghx)(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruka4202‘1nt[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
#((c + d*x)"(m + 1)/(dx(@m + 1))), x] - Simp[2+¢I  Int[(c + d*x) m*(E~(2xI*(
‘e + £xx))/(1 + E"(2%xIx(e + £*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Qlm, 0]

36.  [z3cot’(a+bz)dz
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rule 4203 | Int [((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

ruk37143/Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

3.6.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 230 vs. 2(85) = 170.

Time = 0.34 (sec) , antiderivative size = 231, normalized size of antiderivative = 2.38

method | result

i(bz+a

risch

ot 2z o+ bia’s _ 2i® | 4;';13 o 3In(1+elCt)a?  Gipolylog(2ei®=te))a | 6polylog(3—e

1 b(e2i(bm+a)_1 B b b2 b3 ba

p
input | int (x"3*cot (b*x+a) ~2,x,method=_RETURNVERBOSE)

output | -1/4*x~4-2%I*x"3/b/ (exp (2*I*(b*x+a))-1)+6%I/b~3%a~2%x-2*I/b*x"3+4*I/b"4*a"
3+3/b~2*1n(1+exp (I*(b*x+a)) ) *x~2-6*I/b"3*polylog(2,exp (I*(b*x+a)))*x+6/b"4
*polylog(3,-exp(I*(bxx+a)))+3/b"2*1n(1-exp (I*(b*x+a)))*x"2-3/b"4*a"2*1n(1-
exp(I*(b*x+a)))-6*I/b~3*polylog(2,-exp(I*(b*x+a)))*x+6/b"4*polylog(3,exp(I
* (b*x+a) )) -6/b~4*a~2x1n (exp (I*(b*xx+a)))+3/b"4*a~2*1n (exp (I*(bxx+a))-1)

3.6.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 372 vs. 2(82) = 164.

Time = 0.28 (sec) , antiderivative size = 372, normalized size of antiderivative = 3.84

/ 7 cot?(a + bx) dz =
bzt sin (2bz + 2a) + 4b323 cos (2bx + 2a) + 45323 + 61 bzLiz(cos (2bx + 2 a) + 4 sin (2bz + 2 a)) sin

36.  [z3cot’(a+bz)dz
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input‘integrate(x“B*cot(b*x+a)“2,x, algorithm="fricas")

output | -1/4* (b~4*x"4*sin(2*b*x + 2*a) + 4*xb~3*x"3*cos(2*b*x + 2%a) + 4*b~3*x"3 +
6xI*bxx*dilog(cos(2*b*x + 2*a) + I*sin(2%b*x + 2+%a))*sin(2*bxx + 2%a) - 6%
I*b*x*dilog(cos(2*b*x + 2%a) - I*sin(2%b*x + 2%a))*sin(2%b*x + 2%a) - 6*a”
2x1log(-1/2%cos(2xb*x + 2*a) + 1/2*%I*sin(2%b*x + 2%a) + 1/2)*sin(2%b*x + 2%
a) - 6xa”2+log(-1/2*cos(2*%b*x + 2%a) - 1/2xI*sin(2*bxx + 2*a) + 1/2)*sin(2
*b*x + 2%a) - 6x(b"2%x"2 - a~2)*log(-cos(2*bxx + 2*a) + I*sin(2*b*x + 2+*a)
+ 1)*sin(2%b*x + 2*a) - 6%(b"2*x"2 - a~2)*log(-cos(2*b*x + 2*a) - I*sin(2
*b*x + 2%a) + 1)*sin(2*bxx + 2*a) - 3*polylog(3, cos(2xb*x + 2*a) + I*sin(
2%bxx + 2*a))*sin(2xb*x + 2%a) - 3*polylog(3, cos(2*b*x + 2xa) - Ixsin(2*b
*x + 2%a))*sin(2xb*x + 2%a))/(b"4*sin(2%bxx + 2%a))

3.6.6 Sympy [F]

/x3 cot?(a + bz) dx = /:c3 cot? (a + bz) dzx

input Lintegrate (x**3*cot (b*x+a)**2,x)

~—

output

Integral (xx*3%cot(a + b*x)**2, x)

\

3.6.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 952 vs. 2(82) = 164.

Time = 0.42 (sec) , antiderivative size = 952, normalized size of antiderivative = 9.81

/ 2 cot?(a + bx) dr = Too large to display

input Lintegrate (x~3*cot (b*x+a) "2,x, algorithm="maxima")

~—

36.  [z3cot’(a+bz)dz
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-

1/2% (2% (b*x + a + 1/tan(b*x + a))*a~3 - 3*((b*x + a) 2xcos(2xbxx + 2%a)~2
+ (b*x + a) 2*sin(2*b*x + 2*a)~2 - 2x(b*x + a) "2*cos(2*b*xx + 2*a) + (b*x +
a)”"2 - (cos(2*bxx + 2%a)~2 + sin(2*b*x + 2*a)~2 - 2*cos(2xbxx + 2%a) + 1)
xlog(cos(b*x + a)~2 + sin(b*x + a)~2 + 2xcos(b*x + a) + 1) - (cos(2*b*x +
2*a)~2 + sin(2*b*x + 2%a)”2 - 2*cos(2*bxx + 2*a) + 1)*log(cos(b*x + a)~2 +
sin(b*x + a)~2 - 2xcos(b*x + a) + 1) + 4*x(b*x + a)*sin(2%b*x + 2+%a))*a~2/
(cos(2%b*xx + 2*a)”2 + sin(2xb*x + 2*a)~2 — 2*cos(2¥bxx + 2*a) + 1) + 2*(-I
*(b*x + a)”4 + 4*xI*(b*x + a)”3*a — 12*%((b*x + a)”2 - 2x(b*x + a)*a - ((b*x
+ a)~2 - 2k(b*x + a)*a)*cos(2¥b*x + 2%a) + (-Ix(b*x + a)~2 + 2xIx(b*x + a
)*a) *sin(2xb*x + 2*a))*arctan2(sin(b*x + a), cos(b*x + a) + 1) + 12x((b*x
+ a)"2 - 2x(bxx + a)*a - ((b*x + a)~2 - 2x(b*x + a)*a)*cos(kxb*x + 2*a) -
(Ix(b*x + a)~2 - 2xIx(b*x + a)*a)*sin(2xb*x + 2%a))*arctan2(sin(b*x + a),
-cos(b*x + a) + 1) + (I*(b*x + a)”4 - 4x(bxx + a)~3*(I*a + 2) + 24x(b*xx +
a) "2+*a)*cos (2xbxx + 2*a) - 24*(b*x*cos(2*b*x + 2*a) + I*b*x*sin(2*b*x + 2%
a) - bxx)*dilog(-e~ (Ixb*x + I*a)) - 24*(b*x*cos(2%b*x + 2¥a) + I*b*x*sin(2
*b*x + 2%a) - b*x)*dilog(e”(I*bxx + I*a)) - 6%(-Ix(bxx + a)~2 + 2xI*(bxx +
a)*xa + (Ix(b*x + a)”2 - 2*%Ix(b*x + a)*a)*cos(2*b*xx + 2*xa) - ((b*x + a)~2
- 2x(b*x + a)*a)*sin(2%b*x + 2¥a))*log(cos(b*x + a)~2 + sin(b*x + a)~2 + 2
xcos(b*x + a) + 1) - 6%(-Ix(bxx + a)~2 + 2xIx(bxx + a)*a + (I*x(b*x + a)~2
- 2xI*x(b*x + a)*a)*cos(2*b*x + 2%a) - ((b*x + a)”2 - 2%(b*x + a)*a)*sin...

3.6.8 Giac [F]

/a:3 cot?(a + bz) dx = /x?’ cot (bz + a)® dz

inputLintegrate(x‘3*cot(b*x+a)‘2,x, algorithm="giac")

-/

outputLintegrate(x‘S*cot(b*x +a)72, x)

~—

36.  [z3cot’(a+bz)dz
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3.6.9 Mupad [F(-1)]
Timed out.

/a:?’ cot?(a + bz) dz = /x3 cot(a+ bz)’ de

inputtint(x‘3*cot(a + b*x)~2,x)

output Lint (x"3*cot(a + b*x)"2, x)

36.  [z3cot’(a+bz)dz
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3.7 [ 2% cot*(a + bx) dz

3.71 Optimalresult . . . . .. ... . .. . 82]
3.7.2 Mathematica [B] (verified) . . . . . ... ... L L Lo ]2
3.7.3 Rubi [A] (verified) . . . . .. ... ]R3
3.7.4 Maple [B] (verified) . . . ... ... ... 85
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... . R0
3.7.6  Sympy [F] . . . . 36l
3.7.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ... .. ¥
3.7.8 Giac [F] . . . o 87
3.79 Mupad [F(-1)] . . . . o ]88

3.7.1 Optimal result

Integrand size = 12, antiderivative size = 74

. 2 3 2 t b
/xzcotz(a—l—bx)dx = —% — % _ w
2z log (1 — e%(*t%))  §PolyLog (2, e2(e+t2))
* b2 N b3

output ‘ -I*x"2/b-1/3*x"3-x"2*cot (b*x+a) /b+2*x*1n (1-exp (2*I* (b*x+a))) /b~ 2-I*polylog
L(2,exp(2*I*(b*x+a)))/b“3

|

3.7.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 153 vs. 2(74) = 148.

Time = 5.80 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.07

/x2 cot?(a + bz) dz = -3

N ibz(m — 2arctan(tan(a))) + mlog (1 + e2%*) + 2(bx + arctan(tan(a))) log (1 — e?(betarctan(tan(a)))) _

z2 csc(a) esc(a + bx) sin(bx)
b

3.7.  [z*cot?(a+ bz)dz
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input ‘ Integrate[x"2*Cot[a + b*x]~2,x]

output | -1/3*x~3 + (I*bkx*x(Pi - 2xArcTan[Tan[al]) + PixLog[l + E~((-2xI)*bxx)] + 2
*(b*x + ArcTan[Tan[a]])*Logl[1l - E~((2*I)*(b*x + ArcTan[Tan[a]]))] - PixLog
[Cos[b*x]] - 2*ArcTan[Tan[a]]*Log[Sin[b*x + ArcTan[Tan[al]]] - I*PolyLogl[2
, ET((2%I)*(b*x + ArcTan[Tan[a]]l))] - b"2*E~(I*ArcTan[Tan[a]])*x~2*Cot [a]*
Sqrt[Sec[al"2])/b~3 + (x~2*Csc[al*Csc[a + b*x]*Sin[b*x])/b

3.7.3 Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.30, number

_ _ number of rules _ _
of steps used = 11, number of rules used = 10, integrand size 0.833, Rules used =

{3042, 4203, 15, 25, 3042, 25, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? cot?(a + bx) dx
| 3042

/x2tan (a—i—bx-l—g)de

l 4203

2 — 2
2 [ —=zcot(a+br)dr /dea: _ z*cot(a + bx)
b b
| 15
_2[~—zcot(a+bx)dr z®cot(a+bx) a°
b b 3
| 25
2 [zcot(a+bx)dr  x’cot(a+bx) o°
b b 3
| 3042

2[—ztan (a+bz+%)dx _ z?cot(a+bx) P

b b 3

| 25

_2f:rtan (3(2a+7) + bz) d B z? cot(a + bx) B z3

b b 3

3.7.  [z*cot?(a+ bz)dz
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l 4202
iz2 . i(2a42bz+m)
2<% —2] de) z? cot(a+bx)
b b 3
l 2620
;2 . iflog(1+ei(2a+2bz+7r))dx iz log(1+ei(2a+2bm+7r))
2<% _21( 2b B 26 )) x2 cot(a + bx) xj
b b 3
l 2715
2 (ﬁ _ 2i<fefi(2a+2bm+7r) log(1+ei(2a+2bm+7r))dei(2a+2bx+7r) _ iz log(1+ei(2a+2bz+7r)) ))
2 4b2 %
b
b 3
l'2838
) . POlyLog(Q,—ei(2a+2bz+7")) iz log(1+ei(2a+2bz+7r))
2(% —22<— 102 - o >> 22 cot(a + bz) ‘,1;3
b b 3

-

inputLInt[x‘2*Cot[a + b*x]~2,x]

~—

output‘—i/B*x‘S - (x"2xCot[a + b*x])/b - (2% ((I/2)*x72 - (2*xI)*(((-1/2*I)*x*Log[1
‘ + E7(Ix(2*a + Pi + 2%b*x))])/b - PolyLog[2, -E~(I*(2%a + Pi + 2*b*x))]/(4
*b72)))) /b

3.7.3.1 Defintions of rubi rules used

ruka15‘Int[(a_.)*(x_)“(m_.), x_Symbol] :> Simp[a*x(x~(m + 1)/(m + 1)), x] /; FreeQ[
‘{a, m}: X] && NeQ[ms _1]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x

)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

3.7.  [z*cot?(a+ bz)dz
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rule 2715 Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
» (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + fxx))/(1 + E"(2xI*x(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

rule 4203 Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] = Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Q{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.7.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 182 vs. 2(66) = 132.

Time = 0.28 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.47

method | result

isch 2 diax 2%a2 2ln(1+ei<b”3+"‘))m 2ipolylog(2,—ei(bz+“)) 21n(1—ei(b’”+“))a:
risc T3 T he@tero1) b 2 BT 2 - b + B2

input Lint (x~2xcot (b*x+a) ~2,x,method=_RETURNVERBOSE) J

3.7.  [z*cot?(a+ bz)dz
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output \ -1/3%x73-2%I*x"2/b/ (exp (2*I* (b*x+a) ) -1) -2%I/b*x"2-4*1/b~2*a*xx-2*I1/b~3*a~2+ \
| 2/b~2%1n(1+exp(I*(b¥x+a))) *x-2+I/b"3*polylog(2,-exp (I* (b*x+a)))+2/b"2+1n(1
‘—exp(I*(b*x+a)))*x+2/b“3*ln(1—exp(I*(b*x+a)))*a—2*I/b‘3*polylog(2,exp(I*(b
*x+a)))+4/b"3*a*1n (exp (I* (b*x+a)))-2/b 3*a*ln(exp(I* (bxx+a))-1) |

3.7.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 281 vs. 2(63) = 126.

Time = 0.28 (sec) , antiderivative size = 281, normalized size of antiderivative = 3.80

/ z? cot?(a + bx) dz =
26323 sin (2bz + 2a) + 66222 cos (2bz + 2a) + 6 b2z* + 6alog (—3 cos (2bz + 2a) + 3i sin (2bz + 2,

~

input Lintegrate (x~2*cot (b*x+a) "2,x, algorithm="fricas")

-/

output | -1/6* (2+¥b~3*x"3*sin (2*b*x + 2*a) + 6*b"2*x"2*cos(2*b*x + 2+%a) + 6¥b~2*x"2

+ 6*axlog(-1/2xcos(2*b*x + 2*a) + 1/2xI*sin(2*b*x + 2*a) + 1/2)*sin(2xb*x

+ 2%a) + 6*axlog(-1/2*%cos(2%bxx + 2%a) - 1/2xI*sin(2%bxx + 2%a) + 1/2)*sin
(2%bxx + 2xa) - 6x(bxx + a)*xlog(-cos(2¥bxx + 2*a) + I*sin(2*b*x + 2xa) + 1
)*sin(2*%b*x + 2%a) - 6%(b*x + a)*log(-cos(2*b*x + 2%a) - I*sin(2xb*x + 2+*a
) + 1)*sin(2%b*x + 2%a) + 3*I*dilog(cos(2xb*x + 2*a) + I*sin(2xb*x + 2*a))
*sin(2+%b*x + 2%a) - 3*I*dilog(cos(2*b*x + 2%a) - I*sin(2xb*x + 2%a))*sin(2
xb*x + 2*xa))/(b~3*sin(2xb*x + 2*a))

3.7.6 Sympy [F]

/932 cot?(a + bz) dz = /m2 cot? (a + bx) dz

input Lintegrate (x**2%cot (b*x+a) **2,x) ‘

output‘ Integral (x**2*cot(a + b*x)**2, x) ‘

3.7.  [z*cot?(a+ bz)dz
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3.7.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 386 vs. 2(63) = 126.

Time = 0.42 (sec) , antiderivative size = 386, normalized size of antiderivative = 5.22

/ z? cot?(a + br) dz

_ —ib°z® + 6 (bx cos (2bx + 2 a) + 4 basin (2bx + 2a) — bx) arctan (sin (bz + a) , cos (b + a) + 1) — 6 (bz

p
inputLintegrate(x‘2*cot(b*x+a)‘2,x, algorithm="maxima")

~—

output | (-I*b~3*x~3 + 6*x(b*x*cos(2*b*x + 2*a) + Ixb*x*sin(2¥b*x + 2*a) - b*x)*arct
an2(sin(b*x + a), cos(b*x + a) + 1) - 6*(b*x*cos(2*b*x + 2+%a) + I*b*x*sin(
2%bxx + 2*a) - b*x)*arctan2(sin(b*x + a), -cos(b*x + a) + 1) + (I*b~3*x"3
- 6xb~2%x"2) *cos(2*b*x + 2*a) - 6x(cos(2xb*x + 2*a) + I*sin(2*bxx + 2*a) -
1)*dilog(-e~ (I*#b*x + I*a)) - 6*(cos(2*b*xx + 2%a) + I*sin(2*b*x + 2%a) - 1
)*dilog(e™ (I*¥bxx + I*a)) - 3*(I*b*x*cos(2*b*x + 2%a) - b*x*sin(2*b*x + 2*a
) - Ixbxx)*log(cos(b*x + a)~2 + sin(b*x + a)~2 + 2*cos(b*x + a) + 1) - 3x(
Ixb*x*cos(2*b*x + 2%a) - bxx*sin(2*bxx + 2*%a) - Ixb*x)*log(cos(b*x + a)~2
+ sin(b*x + a)72 - 2%cos(b*x + a) + 1) - (b73*x"3 + 6*I*b~2xx"2)*sin(2*b*x
+ 2%a))/(-3*I*¥b~3*cos(2*¥b*x + 2%a) + 3*b~3*sin(2xb*x + 2*a) + 3*I*b~3)

3.7.8 Giac [F]

/x2 cot?(a + bz) dz = /x2 cot (bz 4 a)® dz

input Lintegrate (x"2*cot (b*x+a)~2,x, algorithm="giac") J

output Lintegrate (x~2*cot(b*x + a)~2, x) J

3.7.  [z*cot?(a+ bz)dz
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3.7.9 Mupad [F(-1)]
Timed out.

/x2 cot?(a + bz) dz = /x2 cot(a+ bz)’ de

input tint(x“2*cot (a + b*x)~2,x)

output Lint (x~2*cot(a + b*x)"2, x)

3.7.  [z*cot?(a+ bz)dz
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3.8 [ z cot*(a + bx) dx

3.8.1 Optimalresult . .. ... ... .. ... 9]
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 89
3.8.3 Rubi [A] (verified) . . .. ... ... 90
3.8.4 Maple [A] (verified) . ... ... . ... . OT]
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 92
3.8.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 92i
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 93
3.8.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 93
3.8.9 Mupad [B] (verification not implemented) . . ... ... ... ... .. ..., !

3.8.1 Optimal result

Integrand size = 10, antiderivative size = 31

2 .
/xcotz(a +ba) do = _% B xcot(c; + bx) N log(smgczz, + bx))

-

output L—1 /2*x”2-x*cot (b*x+a) /b+1n(sin(b*x+a))/b"2

~—

3.8.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.42

2 . .
/xcot2(a + b do = _% B xco;(a) N log(smg)c; + bx)) L csc(a) csc(ab+ bx) sin(bx)

-

input LIntegrate [x*Cot[a + b*x]"2,x]

-/

output ‘ -1/2%x~2 - (x*Cot[al)/b + Log[Sin[a + b*x]]/b~2 + (x*Csc[a]l*Csc[a + bxx]*S
Lin [b*x1) /b

~

38. [zcot?*(a+bz)dx
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3.8.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {3042,

integrand size
4203, 15, 25, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c cot?(a + bx) dz

J,3042

/xtan (a+b:c+ g)zdaz

l 4203

_ [ —cot(a+bz)dx /mdm _ zcot(a+ bx)
b b
| 15
J —cot(a+bz)dr wzcot(a+tbr) 2?

b b 2

| 25

Jcot(a+bz)dr  zcot(a+bz)

b b 2
l 3042

J—tan(a+br+F)de  wzcot(a+br) o

b b 2

l 25

_ [tan (3(2a+7) +bx)de  xcot(a+bz) z?
b b 2

l 3956

log(—sin(a +bz)) =z cot(a + bx) x?
b2 b 2

input | Int[x*Cot[a + b¥x]"2,x]

-

output L-1/2*x"2 - (x*Cot[a + b*x])/b + Log[-Sin[a + b*x]]/b~2

38. [zcot?*(a+bz)dx

| —
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3.8.3.1 Defintions of rubi rules used

ruk315‘Int[(a_.)*(x_)“(m_.), x_Symbol] :> Simp[a*x(x~(m + 1)/(m + 1)), x] /; FreeQ[
\{a, m}, x] && NeQ[m, -1]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

rule 4203 Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

3.8.4 Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.29

method result size
_x? —(bz+a) cot(bz+a)+In(sin(bz+a))+a cot(bz+a)
default >+ = 40
X —22b%—2bz cot(bz+a)+2 In(tan(bz+a))—In (sec(bz+a)2>
parallelrisch T 45
_z_tan(ba+a)a? In( 1+tan(bz+a)?
In(tan(bz+a)) (
b 2 —
norman tan(bz+a) + b2 2b2 56
. 2? _ 2iz _ 2ia 2iz In(e(=+e) 1)
risch T T TR T peteay T B 57

-

input tint (x*cot (b*x+a) "2, x,method=_RETURNVERBOSE)

e—

output L—1/2*x"2+1/b“2* (- (b*x+a)*cot (b*x+a)+1n(sin(b*x+a))+a*cot (b*x+a))

38. [zcot?*(a+bz)dx
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3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 75 vs.

2(29) = 58.

Time = 0.25 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.42

/x cot?(a + bz) dx =

b*z?sin (2bz + 2a) + 2 bz cos (2bz + 2a) + 2bx — log (—3 cos (2bz + 2a) + 3) sin (2bz + 2a)

20%sin (2bz +2a)

inputLintegrate(x*cot(b*x+a)“2,x, algorithm="fricas")

output‘ -1/2%(b~2*x"2*sin(2*b*x + 2*a) + 2xb*x*cos(2*b*x + 2*a) + 2xb*x - log(-1/2
‘*cos(2*b*x + 2%a) + 1/2)*sin(2xb*x + 2*a))/(b~2*xsin(2*b*x + 2*a))

3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(26) = 52.

Time = 0.21 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.10

(

ox?
22 cot? (a)
2
/ zcot’(a+br)dr=< _
QT
22 - _ log (tan? (a+bx)+1) + log (tan (a+bzx))
[ 2 btan (a+bx) 2b2 b2

fora=0Ab=0
forb=0

fora = —bx
otherwise

input ‘ integrate (x*cot (bxx+a) **2,x)

p
output‘Piecewise((zoo*x**2, Eq(a, 0) & Eq(b, 0)), (x**x2xcot(a)**x2/2, Eq(b, 0)), (
‘zoo*x**2, Eq(a, -b*x)), (-x**2/2 - x/(b*tan(a + b*x)) - log(tan(a + b*x)**

12 + 1)/(2%b*%2) + log(tan(a + b*x))/b**2, True))

38. [zcot?*(a+bz)dx



input

output

input
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3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 269 vs. 2(29) = 58.

Time = 0.36 (sec) , antiderivative size = 269, normalized size of antiderivative = 8.68

/w cot?(a + bx) dx

(bz+a)? cos(2bz+2 a)?+(bz+a)? sin(2bz+2 a)? -2 (bz+a)? cos(2 bz+2 a)+ (br+a)?— (cos(Q br+2 a)?+sin(

2@x+a+6m%$>a—

Lintegrate(x*cot(b*x+a)‘2,x, algorithm="maxima") J

1/2%(2x(b*x + a + 1/tan(b*x + a))*a - ((b*x + a) 2xcos(2*b*x + 2*xa)~2 + (b
*x + a) 2*sin(2xb*x + 2*a)”~2 - 2*(b*x + a) 2xcos(2*bxx + 2¥a) + (b*x + a)~
2 - (cos(2xbxx + 2¥a)~2 + sin(2*b*x + 2*a)~2 - 2*cos(2xb*xx + 2%a) + 1)*log
(cos(b*x + a)~2 + sin(b*x + a)~2 + 2%cos(b*x + a) + 1) - (cos(2xb*x + 2%a)
"2 + sin(2xb*x + 2xa)”2 - 2*cos(2xbxx + 2%a) + 1)*log(cos(b*x + a)~2 + sin
(bxx + a)~2 - 2*cos(b*x + a) + 1) + 4*(b*xx + a)*sin(2*b*x + 2*a))/(cos(2*b
*x + 2%a)”2 + sin(2*b*x + 2*a)”2 - 2*cos(2*bxx + 2*a) + 1))/b"2

3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1026 vs. 2(29) = 58.

Time = 0.73 (sec) , antiderivative size = 1026, normalized size of antiderivative = 33.10

/  cot?(a + bx) dz = Too large to display

integrate(x*cot (b*x+a)~2,x, algorithm="giac")

38. [zcot?*(a+bz)dx
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output | -1/2%(b~2*x"2*tan(1/2*b*x) “2*tan(1/2*a) + b~2*x~2*tan(1/2*b*x)*tan(1/2%a)"
2 - b*x*tan(1/2xb*x) "2*xtan(1/2*a) 2 - b~2*x"2*tan(1/2*b*xx) - b~ 2*x"2*xtan(1
/2%a) + bxx*tan(1/2*b*x)~2 + 4xb*xxtan(1/2*b*x)*tan(1/2*a) - log(16*(tan(1
/2%b*x) “4xtan(1/2*a) "2 + 2*tan(1/2%b*x) "3*tan(1/2*a) 3 + tan(1/2*b*x) "2*xta
n(1/2*a) "4 - 2+tan(1/2*b*x) “3*tan(1/2*a) - 4*tan(1/2*b*x) "2*xtan(1/2*a)”"2 -
2xtan (1/2*b*x)*tan(1/2*a) "3 + tan(1/2*b*x)~2 + 2*tan(1/2*b*x)*tan(1/2+*a)
+ tan(1/2*a) ~2)/(tan(1/2xb*x) “4xtan(1/2*a) 4 + 2*tan(1/2%b*x) “4*tan(1/2*a)
2 + 2xtan(1/2*b*x) “2*%tan(1/2*a)~4 + tan(1/2*b*x) "4 + 4xtan(1/2xb*xx) " 2*tan
(1/2*%a)~2 + tan(1/2*a)~4 + 2xtan(1/2*b*x)~2 + 2xtan(1/2*a)~2 + 1))*tan(1/2
*b*x) "2xtan(1/2%a) + b*xxtan(1/2*a)”2 - log(16*(tan(1/2*b*x) 4*tan(1/2xa)”
2 + 2*xtan(1/2%b*x) "3*tan(1/2*a) "3 + tan(1/2*b*x) " 2*tan(1/2*a)~4 - 2*xtan(1/
2%bxx) “3*xtan(1/2*a) - 4xtan(1/2*b*x) " 2*tan(1/2%a)”2 - 2xtan(1/2*b*x)*tan(1
/2%a)"3 + tan(1/2xb*xx)~2 + 2*tan(1/2%b*x)*tan(1/2*a) + tan(1/2+*a)"2)/(tan(
1/2xb*xx) “4*xtan(1/2+*a) "4 + 2xtan(1/2*b*x) “4*tan(1/2*a)~2 + 2xtan(1/2*b*x) "2
*tan(1/2*a) "4 + tan(1/2%b*x)"4 + 4xtan(1/2*b*x) “2*tan(1/2*a)”"2 + tan(1/2*a
)"4 + 2xtan(1/2*%b*x) "2 + 2*xtan(1/2*a)”2 + 1))*tan(1/2*b*x)*tan(1/2*a)~2 -
bxx + log(16*(tan(1/2xb*x) “4*tan(1/2*a)~2 + 2*tan(1/2*%b*x) "3*tan(1/2*a)"3
+ tan(1/2%b*x) "2xtan(1/2*a) "4 - 2*tan(1/2%b*x) “3*xtan(1/2*a) - 4*xtan(1/2*b*
x) "2xtan(1/2*a) "2 - 2%tan(1/2*b*x)*tan(1/2*a)~3 + tan(1/2*b*x)~2 + 2xtan(1
/2%b*xx)*tan(1/2%a) + tan(1/2+*a)"2)/(tan(1/2*b*x) 4*tan(1/2*a)"4 + 2+tan...

3.8.9 Mupad [B] (verification not implemented)

Time = 12.09 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.74

In (e*%eb®% —1) 120 22 T 2i
2 _ _ _T
/:ccot (a+ bx)dx = b b 2 b (eaitbali 1)

-

input  int(x*cot(a + b*x)~2,x)

N

output‘/log(exp(a*2i)*exp(b*x*2i) - 1)/b72 - (x*2i)/b - x72/2 - (x*2i)/(b*(exp(a*2
i+ b*xx2i) - 1))

N

38. [zcot?*(a+bz)dx
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3.9 [t gy

i
3.9.1 Optimalresult . . .. ... ... ... ... .. 951
3.9.2 Mathematica [N/A] . . . . . . . 951
3.9.3 Rubi [N/A] . . . . o 96
3.9.4 Maple [N/A] (verified) . . . . . . . ... L 97
3.9.5 Fricas [N/A] . . . . . 97
3.9.6 Sympy [N/A] . . . . 97
3.9.7 Maxima [N/A] . . . . .
3.9.8 Giac [N/A] . . . . .
3.99 Mupad [N/A] . . . 99

3.9.1 Optimal result

Integrand size = 12, antiderivative size = 12

/ cot?(a + bzx) e — Tnt (cot2 (a + bx) x)

T T

output LUnintegrable (cot (b*x+a)~2/x,x) J

3.9.2 Mathematica [N/A]

Not integrable

Time = 7.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/cot (a+bzx) dx=/00t (a+bx) ds

Z T

-

input LIntegrate [Cot[a + b*x]~2/x,x]

| —

output LIntegrate [Cot[a + b*x]~2/x, x] J

39. f —COtz(frbm) dz



input

output

rule 3042

rule 4222

CHAPTER 3. LISTING OF INTEGRALS 96

3.9.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(a + bx) e

Z

J’3042

/tan (a+bx+ %)2dw

x

l 4222

2
/cot (c;—i— bx)dm

Int[Cot[a + b*x]~2/x,x]

N

‘$Aborted

3.9.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], I”
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) m*Tanh[(-I)*e - Ix*f*x]"n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]~n, x]]], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

39. f cot?(atbe) g,

T
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3.9.4 Maple [N/A] (verified)

Not integrable

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ cot (bx + a)de

T

input Lint (cot (b*x+a) "2/x,x)

output Lint (cot (b*x+a)~2/x,x%)

3.9.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/cot (a+ bzx) dx:/cot(bz—i-a) i

T T

inputkintegrate(cot(b*x+a)‘2/x,x, algorithm="fricas")

output Lintegral (cot(b*x + a)~2/x, x)

3.9.6 Sympy [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2 2
/cot (a + bx) dz:/COt (a+ bx) i

T T

input Lintegrate (cot (b*x+a) **2/x,x%)

output LIntegral(cot (a + b*x)**2/x, x)

39. f M dz
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3.9.7 Maxima [N/A]

Not integrable

Time = 0.43 (sec) , antiderivative size = 348, normalized size of antiderivative = 29.00

T T

2 2
/cot (a+bzx) dx:/cot(bz—i-a) i

inputLintegrate(cot(b*x+a)‘2/x,x, algorithm="maxima") J

output | - (b*x*cos (2*b*x + 2%a) “2*log(x) + b*x*log(x)*sin(2*b*x + 2%a)~2 - 2%b*x*co
s(2xbxx + 2*a)*log(x) + b*x*log(x) - (b~2*x*cos(2¥b*x + 2*%a)”~2 + b ~2*x*sin
(2%b*x + 2%a)”~2 - 2*b~2*x*cos(2¥b*x + 2¥a) + b~2*x)*integrate(sin(b*x + a)
/(b~2%x"2*cos (b*x + a)~2 + b~2*x"24sin(b*x + a)”~2 + 2*b~2*x"2*cos(b*x + a)
+ b 2%x"2), x) + (b~2%x*cos(2*b*x + 2*a) 2 + b~ 2*x*sin(2xb*x + 2*a)"2 - 2
*b~2*x*cos(2¥b*x + 2*a) + b~2*x)*integrate(sin(b*x + a)/(b"2*x"2*cos(b*x +
a)"2 + b 2xx"2xsin(b*x + a)”2 - 2*%b"2*x"2*cos(b*x + a) + b"2*x"2), x) + 2
*sin (2+%bxx + 2+%a))/(b*x*cos(2%b*x + 2*a)~2 + b*x*sin(2%b*x + 2%a)~2 - 2*b*
x*kcos (2%b*x + 2%a) + b*xx)

3.9.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ cot?(a + bx) dp — / cot (bz + a)® i

T T

-

inputLintegrate(cot(b*x+a)‘2/x,x, algorithm="giac")

|

-/

output Lintegrate (cot(b*x + a)~2/x, x)

39. f cot?(atbe) g,

T
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3.9.9 Mupad [N/A]

Not integrable

Time = 12.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T T

/cotQ(a—f- bx) dp — / cot(a + bz)? i

input tint(cot(a + b*x)~2/x,x)

outputLint(cot(a + b*x)~2/x, X)

39. f —COtz(;erm) dz
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3.10.4 Maple [N/A] (verified) . . . . . . ... ... 102
3.10.5 Fricas [N/A] . . . . . 102
3.10.6 Sympy [N/A] . . . o 102
3.10.7 Maxima [N/A] . . . . . . 103l
3.10.8 Giac [N/A] . . . . o o 103
3.10.9 Mupad [N/A] . . . . 104

3.10.1 Optimal result

Integrand size = 12, antiderivative size = 12

/ cot?(a + bzx) e — Tnt (cot2 (a + bx)

2

2

)

output LUnintegrable (cot (b*x+a)~2/x72,x)

3.10.2 Mathematica [N/A]

Not integrable

Time = 3.87 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

a+bx)

2 2
/cot (a2+ bx) dr — / cot?(
z

2

dx

-

input LIntegrate [Cot[a + b*x]~2/x72,x]

| —

output LIntegrate [Cot[a + b*x]~2/x72, x]

3.10. [ ctlatte) g,



input

output

rule 3042

rule 4222
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3.10.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ cot (a2+ bx) e
T
J’3042
/ tan (a + bx + %)2dw

T2

l 4222
2
/cot (a—i—bx)dx

T2

Int[Cot[a + b*x]~2/x"2,x]

N

‘$Aborted

3.10.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], I”
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) m*Tanh[(-I)*e - Ix*f*x]"n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]~n, x]]], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

3.10. [ttt gy

2
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3.10.4 Maple [N/A] (verified)

Not integrable

Time = 0.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ cot (bx + a)de

x2

input Lint (cot (b*x+a) "2/x"2,x)

outputLint(cot(b*x+a)“2/x“2,x)

3.10.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/cot (a+ bzx) dx:/cot(bz—i-a) i

2 x2

inputtintegrate(cot(b*x+a)‘2/x‘2,x, algorithm="fricas")

output Lintegral(cot (bxx + a)~2/x72, x)

3.10.6 Sympy [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

2 2
/cot (a + bx) dz:/COt (a+ bx) i

T2 x2

input Lintegrate (cot (b*x+a) **2/x**2,x)

output LIntegral(cot (a + b*x)**2/x**2, x)

3.10. [ ctlatte) g,
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3.10.7 Maxima [N/A]

Not integrable

Time = 0.51 (sec) , antiderivative size = 364, normalized size of antiderivative = 30.33

2 2
/cot (a+bzx) dx:/cot(bz—i-a) i

2 x2

inputLintegrate(cot(b*x+a)‘2/x‘2,x, algorithm="maxima")

output | (b*x*cos(2xb*x + 2%a)”~2 + b*x*sin(2*b*x + 2*a) "2 - 2xbxx*cos(2*bxx + 2*a)
+ b*x + 2% (b"2*x"2*cos(2xb*x + 2%a) "2 + b 2*x"2*sin(2*b*x + 2%a) "2 - 2%b"2
*x"2%cos(2¥b*x + 2¥a) + b"2*x"2)*integrate(sin(b*x + a)/(b"2*x"3*cos(b*x +
a)~2 + b™2xx"3*sin(b*x + a)~2 + 2%b~2*x"3*cos(b*x + a) + b"2*x"3), x) - 2
*(b~2%x"2%cos (2%b*x + 2%a)”~2 + b~2*xx"2*sin(2*b*x + 2*a)~2 - 2%b~2*x"2*cos(
2%bxx + 2*%a) + b~2*x"2)*integrate(sin(b*x + a)/(b~2*x"3*cos(b*x + a)"2 + b
~2xx~3*sin(b*x + a)~2 - 2%b~2*x"3*cos(b*x + a) + b"2*x"3), x) - 2*sin(2*bx*
x + 2*xa))/(b*x"2*cos (2*b*x + 2*a) "2 + b*x"2*sin(2xb*x + 2%a) 2 — 2¥b*x"2%*c
0s (2%b*x + 2*a) + b*x"2)

3.10.8 Giac [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ cot?(a + bx) dp — / cot (bz + a)® i

2 x2

-

inputLintegrate(cot(b*x+a)‘2/x‘2,x, algorithm="giac")

|

output Lintegrate (cot(b*x + a)~2/x"2, x)

-/

3.10. [ttt gy

2
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3.10.9 Mupad [N/A]

Not integrable

Time = 12.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 x2

/cotQ(a—f- bx) dp — / cot(a + bz)? i

inputtint(cot(a + b*x)"2/x72,%)

outputlint(cot(a + b*x)"2/x"2, x)

3.10. [ttt gy

2
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3.11

3.11.1
3.11.2
3.11.3
3.11.4
3.11.5
3.11.6
3.11.7
3.11.8
3.11.9

Optimal result . . . . . . .. . .. ..
Mathematica [B] (verified)
Rubi [A] (verified) . . . . . . ... .

Maple [B] (verified)

Fricas [B] (verification not implemented)
Sympy [F] . . . o
Maxima [B] (verification not implemented)
Giac [F] . . .
Mupad [F(-1)] . . . . o

[ 2° cot*(a + bx) dz

3.11.1 Optimal result

Integrand size = 12, antiderivative size = 202

/z3cot3(a+bx)dz:—___+_

3ir? ¥ ' 3z?cot(a+br) z3cot?(a+ bx)

202 20 4

2b2 2b

N 3z log (1 — eZ(atbo)) _ 2Plog (1 — e2ila+bo))

b3
3i PolyLog (2, e%(a+b2))

b
3iz? PolyLog (2, e%(@*2))

2b*

2b?

_ 3z PolyLog (3,€%(*+))  3iPolyLog (4, e*(*+)

263

4b*

output‘-3/2*I*x“2/b”2-1/2*x”3/b+1/4*I*x“4-3/2*x“2*cot(b*x+a)/b“2-1/2*x“3*cot(b*x+
‘a)“2/b+3*x*ln(1—exp(2*I*(b*x+a)))/b“3—x“3*1n(1-exp(2*I*(b*x+a)))/b—3/2*I*p
‘olylog(2,exp(2*I*(b*x+a)))/b‘4+3/2*I*X‘2*polylog(2,exp(2*I*(b*x+a)))/b“2—3
L/2*x*polylog(3,exp(2*I*(b*x+a)))/b‘3—3/4*I*polylog(4,exp(2*I*(b*x+a)))/b‘4

3.11.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 491 vs. 2(202) = 404.

3.11.

| 2® cot®(a + bx) dx
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Time = 6.81 (sec) , antiderivative size = 491, normalized size of antiderivative = 2.43

3 g2
/m3 cot®(a + bx) dx = —lex4 cot(a) — Toe 2(Z +bz)

N e csc(a) (ble~2ozt + 2ib3(1 — e%) 2 log (1 — e~¥(+)) 4 24b3(1 — e=%%) 23 log (1 + e~(@*b2)) — 61

3z? csc(a) esc(a + bzx) sin(bx)

2b2
(a) (bz giarctan(tan(a)) .2 + (ibz(—m+2arctan(tan(a)))— log(1+e~2%%) —2(bz+arctan(tan(a))) log (1—e2i(bo+arctan(

3 csc(a) sec

2b%/sec?(a) (cos?(a) + s

input LIntegrate [x~3xCot[a + b*x]"3,x] J

output

-1/4%(x"4*Cot[a]) - (x"3*Cscl[a + b*x]~2)/(2*%b) + (E~(I*a)*Csclal*((b~4*x"4
Y/ET((2xI)*a) + (2*xI)*b~3*(1 - E~((-2*I)*a))*x"3*Log[l - E~((-I)*(a + b*x)
)] + (2*I)*b~3*(1 - E~((-2*I)*a))*x"3*Log[1l + E~((-I)*(a + b*x))] - 6%b~2x
(1 - E~((-2*I)#*a))*x~2%PolyLog[2, -E~((-I)*(a + bxx))] - 6%b~2x(1 - E~((-2
*I)*a))*x~2xPolyLog[2, E"((-I)*(a + b*x))] + (12*I)*bx(1 - E~((-2*I)*a))*x
*PolyLog[3, -E~((-I)*(a + b*x))] + (12+I)*b*x(1 - E~((-2+I)*a))*x*PolyLog[3
» ET((-I)*(a + b*x))] + 12x(1 - E~((-2xI)*a))*PolyLog[4, -E~((-I)*(a + b*x
))] + 12%(1 - ET((-2%I)*a))*PolyLogl[4, E~((-I)*(a + b*x))]1))/(4*b~4) + (3%
x"2xCsc[a]l*Csc[a + b*x]*Sin[b*x])/(2¥b"2) - (3*Csc[al*Sec[al*(b~2+E~(I*Arc
Tan[Tan[a]]l)*x"2 + ((I*b*x*(-Pi + 2*ArcTan[Tan[a]]) - Pi*Log[l + E~((-2%I)
*b*x)] - 2*(b*x + ArcTan[Tan[a]])*Logl[l - E~((2*I)*(b*x + ArcTan[Tan[al]))
] + Pi*Log[Cos[b*x]] + 2*ArcTan[Tan[a]]*Log[Sin[b*x + ArcTan[Tan[a]]l]l] + I
*PolyLog[2, E~((2+I)*(b*x + ArcTan[Tan[al]))])#*Tan[al)/Sqrt[1 + Tan[a]"~2])
)/ (2%¥b~4xSqrt [Sec[a] "2*(Cos[a] "2 + Sin[a]~2)])

3.11.3 Rubi [A] (verified)

Time = 1.36 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.34,

_ _ number of rules _
number of steps used = 22, number of rules used = 21, integrand size 1.750, Rules

used = {3042, 25, 4203, 25, 3042, 25, 4202, 2620, 3011, 4203, 15, 25, 3042, 25, 4202, 2620,
2715, 2838, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z® cot®(a + bx) dz

311.  [z*cot’(a+ bx)dx
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| 3042
/—:c3tan <a+bx+g>3da¢
| 25
1 3
—/:c3tan (2(2a+7r)+ba:> dx

l 4203

3 [ 2% cot?*(a+bx)dx 2 cot?(a + bx)
2b 2b

l 25

/ —x3 cot(a + bx)dx +

2 cot? bx)d 3 cot?
_/»”17‘9’c0‘6(6L+bac)dnlc+?)fac cot’(a+br)dz _ 2°cot’(a + br)
2b 2b
l 3042

2
[ s ™ 3[z%tan (a+bx+F) " dz  a®cot?(a + bx)
/ x tan(a-l—b:v-i—z)dx—i- % %

| 25

1 3 [ 2%t bz + )2 d 3 ot2
/a:3tan ~(2a+7) + bz ) dz + Jz an(a+ x+2) Z  x°cot (a + bx)
2 2b 2
l 4202
[ S b 3 e ol it
1+ ei(2a+2bz+m) 2% 2% 1
l 2620
3 [ z%tan (a + bx + %)2dm Y 3i [ x%log (1 + ei(2a~|—2bx+ﬂ‘)) dz iz3log (1 + ei(2a~|—2bx~|—ﬂ-))
2b t % o
zdeot’(a +br) | dat
2b 4
l 3011

. ( iz? PolyLog 2,—ei(2a+2ba+m) i [ z PolyLog(2,—ei(2a+2ba+m)) 4y '
31( ( o5 ) _if ( - ) ) iz3 log (1 + ez(2a+2bx+7r))

—% 2 %

+

3 [z?tan (a + bz + %)Qda: _ zPcot’(a+bx) izt

2 2 4
l 4203

311.  [z*cot’(a+ bx)dx
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3 (ix2 PolyLog(2,—e!(a+2bz+m)) 4 [ 3 PolyLog(2,—e'(2a+2b=+m)) 4z

% B ) i3 log (1 + ez’(2a+2bz+ﬂ')>

- —

2b 2b

2 [ —z cot(a+bz)dx 2 22 cot(a+bzx)
3(‘ b — [zdz - b ) _x3cot2(a+ba:) @

2b 2b 4

| 15

iz? PolyLog (27—6i(2a+26z+”)) i [ z PolyLog (2,—ei(2a+2l’z+7"))dx

o 31( o B ) ix3 log (1 + ei(2a+2bm+7r))
[R— Z f—

2b 2b

2 [ —zcot(at+bx)dr  z2 cot(atbz) 3
3 (‘ b - b -3 z3cot?(a+bx) izt

2b 2b 4

l 25

3 (ix2 PolyLog (2,—e#(2e+2bz+m)) _ i [ z PolyLog(2,—e!(2a+2ba+m)) 4y

—24

55 5 ) ix3 log (1 4+ ei(2a+2bw+ﬂ')>

2b 2b

3
%) z3cot?(a+ bx) izt

3 2 [xcot(atbr)dr  z?cot(atbr)
b b

% 2 4
l 3042

3 (im2 PolyLOg(2’_ei(2a+2bw+7r)) _ ifx PolyLOg(2’_ei(2a+2bz+7r))dx

o 5 ) ix3 log (1 + ei(2a+2ba:+7r))

—2 2 2

2 [ —ztan(a+bz+%)dz 22 cot(atbz) 3
3( R b - %) z3cot?(a +bzx) izt

2b 2b 4

l 25

3 (iw2 PolyLog (2,—e#(2a+2bz+m)) _ i [ 2 PolyLog(2,—e!(2a+2bo+m)) 4y

55 5 ) i3 log (1 + ei(2a+26x+7r))

2b 2b

2 [ ztan(:(2a+7)+bz)dz 22 cot(a+bx) 3
3(‘ 5 - ) - %) z® cot?(a + bz) | izt

2 2 4
l 4202

+

+

+

+

_|_

311.  [z*cot’(a+ bx)dx
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. (iz? PolyLog (2,—e!(2at2b24+m)) 4 [ 4 PolyLog(2,—e?(2a+2b2+7)) gy ,
o; 32( % — B ) ix3 log (1 + ez(2a+2bz+ﬂ')> N
— l —
2b 2b
ig? g  _etZat2batm),
3 _2( 5 2] 2 @ateret d””) _ 2Peot(atbz) 28
b b 3
z3cot®(a+ bz) izt
2b 2b 4
| 2620
. (iz? PolyLog (2,—e’(2a+2b24+m)) 4 [z PolyLog(2,—e?(2a+2b2+7)) gy '
0; 31( % — 5 ) ix3 log (1 + ez(2a+2bx+7r)) N
— Z —
2b 2b
9 (z‘:v2 % <1f 105(1+6i(2a+2bz+‘"))dw iz log(1+ei(2a+2bx+7")> ))
iz _o; _
3| — : % 2 z?2 cot(atbr) 3
b b 3
z3cot?(a + bx) izt
2b 4
| 2715
) (iw2 i <fe—i(2a+2ba:+7r) log(1+ei(2a+2ba:+7r))dei(2a+2b$+7") iz log(1+ei(2“+2’”’+’f)) ))
iz? _o; —
3 — ’ w * _ z?cot(at+bz) 23
b b 3
2b
. (iz® PolyLog (2,—e*(20+2bz+m)) [z PolyLog(2,—e*(2a+2bz+m)) gy )
5 3’L< 25 - A ) s log (1 + ez(2a+2bx+ﬂ-))
Z - —
2b 2b
x3 cot?(a + bx) + izt
2b 4
| 2838
. (iz? PolyLog (2,—e¥(26+2bz+m)) [ 4 PolyLog(2,—e*(20+2bz+7)) 4y .
o; 32( % — B ) ix3 log (1 + ez(2a+2ba:+7r)) N
—_— z p—
2b 2b
iz ) polyLog(Z_ei(2a+2bz+‘n’)) iz log(1+ei(2a+2bz+7r))
2\ 2 - 12 - b 9 s
3| — _ z’cot(atbr) g3
b b 3
2b o
z3 cot?(a + bx) N izt
2b 4
| 7163

311.  [z*cot’(a+ bx)dx
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3t

iz PolyLOg(2,_ei(2a+2bz+7r)) ) <

if polyLog(s’_ei(2a+2bm+w))dgv iz polyLog(3’_ei(2a+2bz+7r)) >
2b - 2b

2b b
% z'x3 log (1 + ez(2a+‘
—9 B
2b 2b
- | — —
3| — ’ e ® _ z%cot(a+bz) 23
b b 3
2b
x3 cot?(a + bx) + izt
2b 4
| 2720
[ [ e—#(2a+2batm) polyLog(S,_ei(2a+2bz+7r))dei(2a+2bz+7r) iz PolyLog(S’_ei(2a+2bz+7r))
3 i:l:z PolyLOg(z,_ei(2a+2bz+ﬂ-)) ? 462 — o)
3 % - r
—9 ,
2b
2 <iz2 % < POlyLOg(21—€i(2a+2bz+ﬂ-)) T 10g(1+ei(2a+2bz+7")) ))
-=2i| — —
3| — ’ w » _ z?cot(at+bz) g3
b b 3
z3cot?(a +bx) izt
2b 4
| 7143
311.  [z*cot’(a+ bx)dx
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_{ PolyLog (4’_ei(2a+2bz+‘rr)) iz PolyLog (3’_ei(2a+2bm+7r))
3 ix2 PolyLog (2,_ei(2a+2b$+7r)) ? 4b2 - 25
t 2b - b
% i3 log (1 + ez(2a+2bx+
—92 _
2b 2b
9 <w2 _o4 (_ PolyLog(z,_ei;2a+2bz+7r)) B ix log(1+ei(2a+2bz+r)) ))
3| — ’ ° ® _ z%cot(a+bz) 23
b b 3
2b
x3 cot?(a + bx) + izt
2b 4
inPUtLInt[X‘3*Cot[a + b*x]~3,x] J

output | (I/4)*x~4 - (x"3%Cot[a + b*x]~2)/(2%b) + (3*(-1/3*x"3 - (x"2#Cot[a + b*x])
/b = (2x((I/2)*x~2 - (2*I)*(((-1/2*I)*x*Log[1l + E~(I*(2*a + Pi + 2%b*x))])
/b - PolyLog[2, -E~(I*(2*a + Pi + 2xb*x))]/(4¥b~2))))/b))/(2¥b) - (2*I)*((
(-1/2xI)*x~3%Log[1 + E~(Ix(2%a + Pi + 2xb*x))])/b + (((3*I)/2)*(((I/2)*x"2
*PolyLog[2, -E~(I*x(2*a + Pi + 2%b*x))])/b - (I*(((-1/2*I)*x*PolyLog[3, -E~
(Ix(2%xa + Pi + 2%b*x))])/b + PolyLogl[4, -E~(I*(2*a + Pi + 2%b*x))]/(4*b~2)
)) /1)) /1)

3.11.3.1 Defintions of rubi rules used

rule 15 ‘(Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQl ‘
L{a, m}, x] && NeQ[m, -1] J

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

N J

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*(x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

311.  [z*cot’(a+ bx)dx



rule 2715

rule 2720

rule 2838

rule 3011

rule 3042

rule 4202

rule 4203
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[((c_.) + (d_)*(x)) " (m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d@*(m + 1))), x] - Simp[2+¥I Int[(c + d*x) m*(E~(2*I*(
e + f*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

Int[((c_.) + (@_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-8i
mp [bxd*(m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]
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rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"~(p_.)]1, x_Symbol]l :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bx*x)))"pl/ (b*cxp*Log[F])), x] - Simp[f*(m/(b*cxp*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

3.11.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 443 vs. 2(167) = 334.

Time = 0.22 (sec) , antiderivative size = 444, normalized size of antiderivative = 2.20

method | result

. 3i polylog (2,—ei(bz+a)) z2 3ipolylog (2,et(bz+a)) 42 ia3 In(1+4ei(bz+a)) g3 In(1—ei(bz+a)) g3 a3 In(1—ei(bz+
risch pyg(b2 )z 4 pyg(b2 )2* | 2ia’s _ In( ) ( ) (

b3 b b - b4

N _

input Lint (x~3*cot (b*x+a) "3, x,method=_RETURNVERBOSE)

output | 1/4*I*x~4-1/b*1n(1+exp(I*(b*x+a)))*x"3-1/b*1n(1-exp(I*(b*x+a)))*x"3-1/b"4*
a”3*1n(1-exp (I*(b*x+a)))+x"2% (2*%x*exp (2*xI* (b*x+a) ) ¥b-3*I*exp (2*I* (b*x+a) )+
3*I)/b"2/ (exp(2+I* (b*x+a))-1) "2-2/b~4*a~3*1n(exp (I*(b*x+a)))+1/b 4*a~3*1n(
exp (I*(b*x+a))-1)-6/b"3*polylog(3,-exp(I*(b*x+a)))*x-6/b~3*polylog(3,exp (I
* (bxx+a) ) ) *x+3*I/b~2*polylog(2,-exp (I* (b*x+a)) ) *x~2+3*I/b~2*polylog(2,exp(
I*(b*x+a)))*x"2+2*I/b"3*a~3*x-6+1/b~3*a*x+6/b~4*a*1ln(exp (I*(b*x+a)))-3/b"4
*ax*1n (exp (I* (b*x+a))-1)+3/b~4*1n(1-exp (I*(b*x+a)))*a+3/b~3*1ln(1+exp (I*(b*x
+a)))*x+3/b~3*1n(1-exp (I*(b*x+a)))*x-3*I/b~4*polylog(2,exp(I*(b*x+a)))+3/2
*I/b~4*a~4-6*I1/b~4*polylog(4,-exp(I*(b*x+a)))-6*I/b~4*polylog(4,exp(I*(b*x
+a)) ) -3*I/b~2*x"2-3*I/b"~4*a"2-3*I/b"4*polylog(2,-exp (I*(b*x+a)))
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3.11.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 569 vs. 2(160) = 320.

Time = 0.30 (sec) , antiderivative size = 569, normalized size of antiderivative = 2.82

/ z° cot®(a + br) dx
_ 8b°z% + 1202 sin (2bx 4 2a) — 6 (i b*a® 4 (=i b*z® + i) cos (2bx + 2a) — 4)Lia(cos (2bz + 2a) + 14 sin.

inputLintegrate(x‘3*cot(b*x+a)‘3,x, algorithm="fricas") J

e N

output | 1/8*(8*b~3*x"3 + 12*%b"2*x"2*sin(2*b*x + 2*a) — 6% (I*b"2*x"2 + (-I*b~2xx"2
+ I)*cos(2*%b*x + 2%a) - I)*dilog(cos(2*bxx + 2*a) + I*sin(2*%b*x + 2*a)) -
6% (—I*b~2*x"2 + (I*b~2*x"2 - I)*cos(2xb*x + 2*a) + I)*dilog(cos(2*b*x + 2*
a) - I*sin(2xb*x + 2%a)) - 4%(a”3 - (a”3 - 3*a)*cos(2*b*x + 2%a) - 3*a)*lo
g(-1/2xcos(2xb*x + 2%a) + 1/2xI*sin(2*bxx + 2xa) + 1/2) - 4x(a"3 - (a"3 -

3*a)*cos (2xbxx + 2¥a) - 3xa)*log(-1/2*cos(2*b*x + 2*a) - 1/2%Ixsin(2*b*x +
2%a) + 1/2) + 4*%(b"3*x"3 + a3 - 3%b*x - (b~3*x"3 + a”3 - 3*b*x - 3%a)*co
s(2xbxx + 2*a) - 3*xa)*log(-cos(2*bxx + 2*a) + Ixsin(2*b*x + 2%a) + 1) + 4x
(b™3%x"3 + a”3 - 3x*b*x - (b"3*x"3 + a~3 - 3%b*x - 3%a)*cos(2xb*x + 2*a) -

3*a)*log(-cos(2*b*x + 2%a) - I*sin(2¥b*x + 2%a) + 1) - 3*(I*cos(2*b*x + 2%
a) - I)*polylog(4, cos(2*b*x + 2%a) + I*sin(2*bxx + 2%a)) - 3*(-I*cos(2x*b*
X + 2%a) + I)*polylog(4, cos(2xbxx + 2*%a) - Ixsin(2*¥bxx + 2%a)) - 6% (b*x*c
os(2¥bxx + 2%a) - bx*x)*polylog(3, cos(2xb*x + 2xa) + I*sin(2xb*x + 2%a)) -
6% (bxx*cos (2xb*x + 2*a) - bxx)*polylog(3, cos(2xbk*x + 2%a) - I*sin(2%b*x

+ 2%a)))/(b~4*cos (2xbxx + 2%a) - b~4)

N\ J

3.11.6 Sympy [F]

/a:3 cot*(a + bz) dx = /a:3 cot® (a + bz) dz

~—  /

inputLintegrate(x**3*cot(b*x+a)**3,x)

-

output LIntegral(x**B*cot (a + bkx)**3, x)

~—
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3.11.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1960 vs. 2(160) = 320.

Time = 0.44 (sec) , antiderivative size = 1960, normalized size of antiderivative = 9.70

/ 23 cot®(a + bz) dz = Too large to display

p
inputLintegrate(x“3*cot(b*x+a)“3,x, algorithm="maxima")

~—

output | 1/2*(a"3*(1/sin(b*x + a)~2 + log(sin(b*x + a)~2)) + 2x((b*x + a)~4 - 4x*(b*
X + a)"3%a + 6*(b*x + a)"2*a"2 + 12*%a"2 - 4*((b*x + a)~3 - 3*(b*x + a) 2*a
+ 3%(a"2 - 1)*(b*x + a) + ((b*x + a)"3 - 3*(b*x + a)"2*a + 3*(a"2 - 1)*(b
*x + a) + 3*a)*cos(4xbkxx + 4*xa) - 2k ((bxx + a)~3 - 3x(b*x + a) 2xa + 3*(a”
2 - 1)x(b*x + a) + 3*a)*cos(2xb*x + 2*xa) - (-I*(b*x + a)~3 + 3*xI*(b*x + a)
“2xa + 3x(-I*a~2 + I)*(b*x + a) - 3*I*a)*sin(4xb*x + 4*a) - 2% (I*x(b*x + a)
3 - 3*Ix(b*x + a) 2*a + 3*x(I*a”2 - I)*(b*x + a) + 3*I*a)*sin(2*b*xx + 2*a)
+ 3xa)*arctan2(sin(b*x + a), cos(b*x + a) + 1) - 12%(a*cos(4*bxx + 4%a) -
2*axcos (2xb*x + 2*a) + I*a*sin(4*bxx + 4*a) - 2xI*a*sin(2%bxx + 2*a) + a)
*arctan2(sin(b*x + a), cos(b*x + a) - 1) + 4*%((b*x + a)~3 - 3x(b*x + a) 2%
a + 3*%(a”2 - 1)x(bxx + a) + ((b*x + a)~3 - 3x(bxx + a)”2*a + 3*(a”2 - 1)*(
bxx + a))*cos(4*b*x + 4%a) - 2x((bxx + a)~"3 - 3*(b*x + a)"2*a + 3*x(a"2 - 1
Y*x(bxx + a))*cos(2*b*x + 2*xa) + (I*(b*x + a)~3 - 3*xIx(b*x + a) " 2*a + 3*(I*
a”2 - I)*(b*x + a))*sin(4*b*x + 4%a) + 2% (-Ix(b*x + a)~3 + 3*I*(b*x + a)~2
*a + 3x(-I*a"2 + I)*(b*x + a))*sin(2*bxx + 2*a))*arctan2(sin(b*x + a), -co
s(b*xx + a) + 1) + ((bxx + a)~4 - 4x(b*x + a)~3%a + 6x(a”2 - 2)*(b*x + a)~2
+ 24x(b*x + a)*a)*cos(4xbkxx + 4*xa) - 2x((b*x + a)~4 - 4x(b*x + a)~3*(a -
I) + 6%(a™2 - 2%I%*a - 1)*(b*x + a)~2 - 12%(-I*a~2 - a)*(b*x + a) + 6*a~2)*
cos(2%bxx + 2*a) + 12x((b*x + a)~2 - 2*(b*x + a)*a + a~2 + ((b*x + a)~2 -
2% (b*x + a)*a + a”2 - 1)*cos(4*b*x + 4%a) - 2*%((b*x + a)~2 - 2x(b*x + a...

3.11.8 Giac [F]

/x3 cot®(a + bz) dz = /z3 cot (bx + a)® dr

.
input‘integrate(x‘S*cot(b*x+a)“3,x, algorithm="giac")

output‘ integrate(x~3*cot(b*x + a)~3, x)

311.  [z*cot’(a+ bx)dx
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3.11.9 Mupad [F(-1)]
Timed out.

/a:?’ cot*(a + bz) dx = /x3 cot(a+ bz)’ de

input tint(x“s*cot (a + b*x)~3,x)

output Lint (x"3*cot(a + b*x)~3, x)
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3.12 [ 2% cot*(a + bx) dz

3.12.1 Optimal result . . . . . . . . . .. 117
3.12.2 Mathematica [A] (verified) . . . . . . . .. ... .. L o 117
3.12.3 Rubi [A] (verified) . . . . . ... .. 118
3.12.4 Maple [B] (verified) . . . ... . ... .. 122
3.12.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 123
3.12.6 Sympy [F] . . . . . 123
3.12.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 1241
3.12.8 Giac [F] . . . . . o 124
3.12.9 Mupad [F(-1)] . . . . o o 125

3.12.1 Optimal result

Integrand size = 12, antiderivative size = 126

2 Y 2 2 2 _ o2i(a+bx)
5 .3 _2® it zcot(a+br) z’cot’(a+br) z’log(l—e )
/x cot®(a + bx) dz = T b2 2 -
log(sin(a 4 bx)) = iz PolyLog (2,e%(@+%))  PolyLog (3, e%(a+b®))
+ s + = _ -

output ‘ -1/2%x72/b+1/3%I*x"3-x*cot (b*x+a) /b~2-1/2*x"2*cot (b*x+a) "2/b-x"2*1n(1-exp(
‘ 2+I* (bxx+a)))/b+1n(sin(b*x+a)) /b~ 3+I*x*polylog(2,exp(2*I*(bxx+a)))/b~2-1/2
*polylog(3,exp(2*%I*(b*x+a))) /b3

N J

3.12.2 Mathematica [A] (verified)

Time = 5.70 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.75

/z2 cot*(a + bz) dz =
6bz cot(a) + 2b3z® cot(a) + 3b%z? csc?(a + bx) — 6log(sin(a + bz)) + 2~ (i + cot(a)) (6323 — b3z®

input LIntegrate [x"2*Cot[a + b*x]~3,x] J

312.  [z?cot’(a+ bx)dx
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-1/6*(6*%bxxxCot [a] + 2*b~3*x"3*Cot[a] + 3*b~2*x"2+Csc[a + b*x]~2 - 6xLogl[S
infa + b*x]] + (2%(I + Cot[al)*(I*b~3*x~3 - b~3*x"3*Cot[a] + 3*b~2*x"2xLog
[1 - ET((-I)*(a + bxx))] + 3*%b"2xx"2+Log[1 + E~((-I)*(a + b*x))] + (6*%I)*Db
*x*PolyLog[2, -E~((-I)*(a + b*x))] + (6%I)*b*x*PolyLog[2, E~((-I)*(a + b*x
))] + 6xPolyLog[3, -E~((-I)*(a + b*x))] + 6+PolyLog[3, E"((-I)*(a + b*x))]
)*3in[a])/E~ (I*a) - 6xb*x*Csc[a]*Csc[a + b*x]*Sin[b*x])/b~3

3.12.3 Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.29,

_ _ number of rules _
number of steps used = 18, number of rules used = 17, integrand size 1.417, Rules

used = {3042, 25, 4203, 25, 3042, 25, 4202, 2620, 3011, 2720, 4203, 15, 25, 3042, 25, 3956,
7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 2% cot?(a + bz) dx
| 3042
T\ 3
/ —z%tan <a + bx + 5) dx
| 25
1 3
- /:vz tan (2(2(1 +7) + bx) dx

l 4203

Jxcot?(a+bx)dr  a*cot®(a + bx)
b 2b

| 25

/ —2? cot(a + bx)dx +

t2 bx)d 2 cot?
_/xzcot(a+bx)dm+fmco (a + bz) rT_? cot(a + bz)
b 2b
l 3042

T\ 2
_/—.than (a_i_bx_i_z) d.’L'—l— fItan(a+bI+§) da} _$2C0t2(a—|—bx)
2

b 2
l 25
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2
1 ztan (a+bxr+ %) dr 2 cot? b
/than ~(2a+7)+ bz d:s+f ( 2) _ zcot™(a +bx)
2 b 2b
l 4202
N ¢i(20+2ba-+) 1.2 p [ztan (a + bz + %)2 dr  x?cot?(a+bx) ix?
42 1 + et(2a+2ba+) T+ b B 2b + 3
l 2620
' z'fa:log (1 + ei(2a+2bm+7r)) dr  ir2 log (1 + ei(2a+2bz+7r)) fxtan (a + bz + g)Q de
—2i — + -
b 2b b
zleot’(a+br) | ia®
2b 3
l 3011
./ iz PolyL — i(2a+2bz+) i [ PolyL — i(2a+2bz+7)) 4. )
N 2<zx olyLog (2 2be ) . i [ PolyLog (2 2;3) ) x) i log (1 +ez(2a+2bm+7r)) N
v b 2b
[ ztan (a + bz + %)2dw _ z%cot?(a + bx) N ic®
b 2b 3
l 2720
. ([ iz PolyL — i(2a+2bz+7) —i(2a+2bm+7r)P IvL — i(2a+2bx+m) d i(2a+2bx+m) )
2 2<m olilos(? % ) _ Lo = og(zwe e ) iz? log (1 + ¢i(2at2bz+m))
¢ b 2b
Jztan (a+ bz + 1) dz _ a?cot?(a + bx) N i3
b 2b 3
l 4203
-/ iz PolvL, 27_ i(2a+2bz+) —i(2a+2ln:+7r)P IyvL 2’_ i(2a+2bz+m) d i(2a+2bx+m) )
y 2<m olyLog( 2be ) _Je olyLog( 4b2€ )de ) iz? log (1 + ez(2a+2bx+7r))
t b 2b
_f—cot(;z-i—bx)dx . fmda: . :tcot(lt)z-i-bx) 72 cotz(a + biL‘) @
b 2b 3
l 15
[ iz Polvl, 2,— i(2a+2bx+7) —i(2a+2bz+7) Poly], 2,— i(2a+2bx+m) d i(2a+2bx+7) )
) Z(zx olyLog ( 2be ) _ e olyLog 465 )de ) iz? log (1 +ez(2a+2bz+7r))
(3 b 2b

2 zleot?(a+bz)  iad

b 2b 3

_ [ —cot(atbz)dz  zcot(atbz)
b b
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l 25

iz POlyLOg(27—6i<2a+2bz+ﬂ>) f e—i(2a+2b:c+7r) PolyLog(Q,_ei(2a+2bz+7r))dei(2a+2bz+7r) . .
2% Z( 25 - 2 iz? log (1 + e'G+2e+m)
— z -
b 2b
t(a+bx)d t(a+b 2 ;
[eotlatb)de _ zcotlatbe) _ 2l 2 cot2(q 4 ba) | iad
b 2b 3
l 3042
' iq,-PolyLog(2,—ei(2“+2bw+”)) fe—i(2a+2b:c+7r) PolyLOg(27_ei(2a+2bm+7r))dei(2a+2bz+ﬂ') .
2% Z( 25 - 452 iz? log (1 + e/ +20etm)
—_— z o
b 2b
—tan(a+bzx+7Z )dz t b 2 )
[ ( : 2) __zco (lz)z—i— x) % 22 cotz(a + ba:) i3
b 2b 3

| 25

. ( iz PolyLog (27_ei(2a+2bx+ﬂ)) f e—i(2a+2bz+m) PolyLog (2,_ei(2a+2bm+7r))dei(2a+2b:c+7r) ) )
5 Z( 2b - b2 Z.’L‘2 log (1 + ez(2a+2bz+7r))
—_— Z —_—

b 2b

= 22cot(a+bx) g

b 2% 3
l'3956

_ [tan(3(2a+m)+bz)dz  zcot(atbz)
b b

iz POlyLOg (2,_ei(2a+2bz+7r)) f e—i(2a+2bz+7r) POlyLOg (2’_ei(2a+2bz+7r))dei(2a+2bz+7r) ) )
Z< 20 - b2 ix? log (1 + el(2a+2ba}+7r))

b 2b

—24

% z?cot’(a + bz)  iz?

b 2% 3
l 7143

log(—sin(a+bx))  xcot(atbr)
b2 b

iz POlyLog(Z,—ei(2a+2bz+7")) PolyLog(3’_ei(2a+2bz+w)) ) )
z( 2b - 52 ix? log (1 + et(2a+2bx+7r))

b 2b

—2 +

z 22cot2(a+bz) izl

b 2b 3

log(—sin(a+bz))  zcot(atbxr)
b2 b

.
input  Int[x~2*Cot[a + b*x]~3,x]
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rule 15

rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 3956
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(1/3)#x73 - (x~2%Cot[a + b*x]1"2)/(2#b) + (-1/2+x™2 - (x*Cot[a + b*x])/b +
\Log[-Sin[a + b*x]]1/b"2)/b - (2*xI)*(((-1/2*I)*x"2xLog[1 + E~(I*(2*a + Pi +
\2*b*x))])/b + (Ix(((I/2)*x*PolyLogl[2, -E~(I*(2*a + Pi + 2xbx*x))])/b - Poly
‘Logl3, -E~(I*(2%a + Pi + 2#b*x))1/(4%b72)))/b)

3.12.3.1 Defintions of rubi rules used

‘Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*x(x~(m + 1)/(m + 1)), x] /; FreeQl
\{a, m}, x] && NeQ[m, -1]

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(CCFL)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*x(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))“n]/(bkc*n*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))~nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d4, x] /; FreeQ[{c, d}, x]
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rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4203 | Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/(f*x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
,» x] - Simp[b”2 Int[(c + d*x) m*x(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.12.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 292 vs. 2(110) = 220.

Time = 0.20 (sec) , antiderivative size = 293, normalized size of antiderivative = 2.33

method | result

dia3 2 (IIJ e2i(bz+a)p_;02i(bx+a) +’L) a2 1n(1_ei(bz+a)) _ %iax 2a2 ln(ei(bz+a)) a2 ln(ei(bz+a) _1) .

T 33 b2 (e2i(bz+a) 1) b3 b2 b3 b3 3

risch

input‘int(x‘2*cot(b*x+a)“3,x,method=_RETURNVERBUSE) ‘

output | -4/3*I/b"3%a~3+2*x* (x*exp (2*I* (b*x+a) ) *b-I*exp (2*I* (b*x+a))+I)/b~2/ (exp (2*
Ix(bxx+a))-1) "2+1/b"3*a"2*1n(1-exp (I*(b*x+a)))-2*I/b"2*a"2*x+2/b"3*a~2*1n (
exp(I*(b*x+a)))-1/b"3*a"2*1n(exp (I*(b*x+a))-1)+1/3*xI*x"3-1/b*1n(1+exp(I* (b
*xx+a) ) ) *x"2+2*I/b~2*polylog(2,exp (I* (b*x+a)))*x—1/b*1n(1-exp(I*(b*x+a)))*x
~2+2xI/b~2*polylog(2,-exp (I* (b*x+a)))*x-2/b~3*polylog(3,-exp (I*(b*x+a)))-2
/b~3xpolylog(3,exp (I*(b*x+a)))+1/b~3*1n(1+exp (I*(b*x+a)))-2/b~3*1n(exp (I*(
bxx+a)))+1/b"3*1n(exp (I*(b*x+a))-1)
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3.12.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 425 vs. 2(107) = 214.

Time = 0.30 (sec) , antiderivative size = 425, normalized size of antiderivative = 3.37

/ z? cot®(a + br) dz
_ 4b%2® +4bxsin (2br 4 2a) — 2 (—i bz cos (2bx + 2a) + 4 bx)Liz(cos (2bx + 2a) + i sin (2bz + 2a)) — 2

inputLintegrate(x‘2*cot(b*x+a)‘3,x, algorithm="fricas") J

/

output | 1/4* (4*xb~2xx"2 + 4*xbxx*sin(2*b*x + 2*a) - 2x(-I*b*x*cos(2*b*x + 2*a) + I*b
*xx)*dilog(cos(2*b*x + 2%a) + I*sin(2xb*x + 2%a)) - 2x(I*b*x*cos(2xb*x + 2%
a) - Ixbxx)*dilog(cos(2*b*x + 2%a) - I*sin(2xb*x + 2xa)) + 2x(a"2 - (2”2 -
1)*cos(2¥b*x + 2xa) - 1)*log(-1/2*cos(2*b*x + 2*a) + 1/2xIxsin(2*b*x + 2%
a) + 1/2) + 2¢(a”2 - (a2 - 1)*cos(2*%b*x + 2*xa) - 1)*log(-1/2*cos(2xbxx +
2%a) - 1/2xI*sin(2%bxx + 2%a) + 1/2) + 2%(b72*x"2 - a”2 - (b™2*x"2 - a™2)*
cos(2%bxx + 2*a))*log(-cos(2*bxx + 2*a) + I*sin(2*b*x + 2xa) + 1) + 2*x(b"2
*x"2 - a”2 - (b™2*%x"2 - a"2)*cos(2xbxx + 2*a))*log(-cos(2xb*x + 2xa) - Ix*s
in(2xb*x + 2*a) + 1) - (cos(2xb*x + 2*a) - 1)*polylog(3, cos(2*b*x + 2*a)
+ I*sin(2*b*x + 2*a)) - (cos(2*b*x + 2*a) - 1)*polylog(3, cos(2*b*x + 2xa)
- Ixsin(2*%b*x + 2*a)))/(b~3*cos(2*b*x + 2%a) - b~3)

3.12.6 Sympy [F]

/x2 cot?(a + bx) dz = /m2 cot® (a + bx) dzx

input ‘ integrate (x**2xcot (b*x+a) **3,x) ‘

-

outputLIntegral(x**Q*cot(a + b*x)**3, x)

| —
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3.12.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1208 vs. 2(107) = 214.

Time = 0.45 (sec) , antiderivative size = 1208, normalized size of antiderivative = 9.59

/ z? cot®(a + bz) dz = Too large to display

p
inputLintegrate(x“2*cot(b*x+a)“3,x, algorithm="maxima"

~—

output | -1/2*(a~2*(1/sin(b*x + a)~2 + log(sin(b*x + a)~2)) - 2*x(2x(bxx + a)~3 - 6%
(b*xx + a)"2*a — 6%x((b*x + a)”2 - 2x(bxx + a)*a + ((b*x + a)~2 - 2x(b*x + a
Y*xa — 1)*cos(4*b*x + 4%a) - 2x((b*x + a)”2 - 2%(b*x + a)*a - 1)*cos(2*b*x
+ 2%a) - (-I*(b*x + a)~2 + 2xI*x(b*x + a)*a + I)*sin(4dxbxx + 4x*a) - 2% (I*(b
*x + a)”2 - 2%I*x(bxx + a)*a - I)*sin(2xb*x + 2%a) - 1)*arctan2(sin(b*x + a
), cos(b*x + a) + 1) + 6%(cos(4*b*xx + 4%a) - 2%cos(2*bxx + 2%a) + I*sin(4x*
b*x + 4%a) - 2*xI*sin(2%b*x + 2*a) + 1)*arctan2(sin(b*x + a), cos(b*x + a)
- 1) + 6%x((b*x + a)~2 - 2x(b*x + a)*a + ((b*x + a)~2 - 2*(b*x + a)*a)*cos(
4%b*x + 4*a) - 2x((b*x + a)”2 - 2% (b*x + a)*a)*cos(2*b*x + 2*a) + (I*x(b*x
+ a)~2 - 2xIkx(b*x + a)*a)*sin(4*xb*x + 4*a) + 2% (-I*x(b*x + a)~2 + 2*Ix(b*x
+ a)*a)*sin(2*b*x + 2%a))*arctan2(sin(b*x + a), -cos(b*x + a) + 1) + 2x((b
*x + a)~3 - 3*x(b*x + a)“ 2%a - 6xbxx — 6*a)*cos(4*b*x + 4*a) - 4x((b*x + a)
~3 - 3*(bxx + a)"2%(a - I) - 3*(b*x + a)*(2xI*a + 1) - 3*a)*cos(2xbxx + 2%
a) + 12+ (b*x*cos(4*b*x + 4*%a) - 2xbxx*cos(2*b*x + 2+%a) + I*bxx*sin(4*b*x +
4xa) - 2*I*bxx*sin(2*b*x + 2*a) + bxx)*dilog(-e~ (Ixb*x + I*a)) + 12%(b*xx*
cos(4xb*x + 4xa) - 2%b*x*kcos(2%b*x + 2%a) + I*b*x*sin(4*bxx + 4*a) - 2xIxb
*x*sin(2%bxx + 2*a) + bxx)*dilog(e” (Ixb*x + I*a)) + 3*x(Ix(b*x + a)~2 - 2*I
*(bxx + a)*a + (I*(b*x + a)”2 - 2+I*x(b*x + a)*a - I)*cos(4*xbxx + 4*a) + 2%
(-Ix(b*x + a)~2 + 2xIx(b*x + a)*a + I)*cos(2%b*x + 2%a) - ((b*x + a)~2 - 2
*(b*x + a)*a - 1)*sin(4*b*x + 4%a) + 2*%((b*x + a)~2 - 2x(b*x + a)*a - 1...

3.12.8 Giac [F]

/x2 cot®(a + bz) dz = /z2 cot (bx + a)® dr

-

input integrate(x~2*cot(b*x+a)~3,x, algorithm="giac")

N

output‘ integrate(x~2*cot(b*x + a)~3, x)
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3.12.9 Mupad [F(-1)]
Timed out.

/x2 cot*(a + bz) dx = /x2 cot(a+ bz)’ de

input tint(x“2*cot (a + b*x)~3,x)

output Lint (x"2*cot(a + b*x)~3, x)
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3.13 [ z cot*(a + bz) dz

3.13.1 Optimalresult . . . . .. .. . ... . 126
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 126
3.13.3 Rubi [A] (verified) . . . . . . .. .. 127
3.13.4 Maple [B] (verified) . . . ... ... . ... 130
3.13.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 130
3.13.6 Sympy [F] . . . . . 13T
3.13.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 131
3.13.8 Giac [F] . . . o 132
3.13.9 Mupad [F(-1)] . . . . o o 132

3.13.1 Optimal result

Integrand size = 10, antiderivative size = 91

2 2
3 =z iz® cot(a+bx) xcot’(a+ bx)
/zcot (a—l—bx)dx——%-i-?— 272 - o
zlog (1 — eZla+bo)) N i PolyLog (2, e%(a+t2))

b 2b2

output‘-1/2*x/b+1/2*I*x“2-1/2*cot(b*x+a)/b“2-1/2*x*cot(b*x+a)“2/b-x*ln(1-exp(2*I*
| (b*x+a))) /b+1/2+T*polylog (2, exp(2+I* (bxx+a))) /b2 |

3.13.2 Mathematica [A] (verified)

Time = 4.62 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.97

/w cot®(a + bx) dx
—ibmz — b2z cot(a) — bz csc?(a + br) — mlog (1 + e2%%) — 2brlog (1 — ei(brtarctantan(a))) 4 7]og(cos

input LIntegrate [x*Cot[a + b*x]"3,x] J
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output | ((-I)*b*Pi*x - b~2*x"2xCot[a] - b*x*Csc[a + b*x]~2 - Pi*Log[1l + E~((-2*I)*
b*x)] - 2*b*x*Log[l - E~((2*I)*(bxx + ArcTan[Tan[a]]))] + Pi*Log[Cos [b*x]]
+ 2%ArcTan[Tan[a]]l*(I*b*x - Log[l - E~((2*I)*(b*x + ArcTan[Tan[al]))] + L
og[Sin[b*x + ArcTan[Tan[a]]l]l]) + I*PolyLogl[2, E~((2*I)*(b*x + ArcTan[Tan[a
11))]1 + b~2+E~(I*ArcTan[Tan[a]])*x"2*Cot [a] *Sqrt [Sec[a]l]~2] + Csc[a]l*Csc[a
+ bxx]*Sin[b*x])/(2%b~2)

3.13.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.200, Rules

used = {3042, 25, 4203, 25, 3042, 25, 3954, 24, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:cot3(a + bz) dx
| 3042
/—mtan (a—i— bx + g)gdx
l 25

3
—/xtan (;(2a+7r)+bx> dx

| 4203
2 2
[ cot?(a + bz)dx N / iz cot(a + bx)dz x cot?(a + bx)
2b 2b
| 25
2 2
J cot?(a +ba)dx /xcot(a-{— be) i — z cot”(a + bx)
2b 2b
| 3042

2
t +bx+I)°d 2
_/—xtan(a+bx+g)dx [tan (a+bz + %) T zcot’(a+ bx)

2b 2b
| 25
2
t b ) d 2
J tan (a+2bx+ ) dz +/:ctan (;(2a+ﬂ')+bw> da:——ICOt (;;)—I—ba:)
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| 3954
1 —fldm—%b%z) x cot?(a + bx)
/xtan <2(2a+7r)+b:v> dx + 2% - %
| 24
1 z cot?(a + bz) —%;'bw)—w
/:ctan <2(2a +7) + bx> dx — 9% + o
l 4202
”; (iatotmy  goot?(a + br) —cotlatbe) _ 4 iz?
' | 11 ei@at2batm) % % 2
| 2620
0; i [log (1 + eia+2batm)) g _izlog (1 + i(2a+2batm)) _ zcot?(a+ bx)
' 2b 2b 2b
__cot(atbzr) T g2
2b 2
| 2715
. f e—(2a+2bz+m) log (1 + ei(2a+2bm+ﬂ')) de'(2a+2bz+m) iz log (1 + ei(2a+2bz+ﬂ'))
e 4p? N 2b N
x cot?(a + bx) _cotlatbe) _ 5 @
2b 2b 2
| 2838
o PolyLog (2, —ei(2a+2ba+m)) _dzlog (1+ ei(2a+2batm)) _ zcot?(a+ bx) N
' 42 2b 2b
__cot(atbzr) T g2
2b 2

N

input | Int [x*Cot[a + b*x]"3,x]

|

output‘((I/z)*x‘Q - (x*Cot[a + b*x]~2)/(2*%b) + (-x - Cot[a + b*x]/b)/(2xb) - (2*I)
‘*(((—1/2*1)*X*Log[1 + E7(I*x(2%a + Pi + 2xb*x))])/b - PolyLog[2, -E~(I*(2*a
+ Pi + 2%b*x))]/(4%b72))

I\ J

— ]

3.13.  [zcot’(a+ bz)dx



CHAPTER 3. LISTING OF INTEGRALS

129

3.13.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620

rule 2715

rule 2838

rule 3042

rule 3954

rule 4202

Int [(CFL)~((g_)*((e_.) + (£_0*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) m*x(E~(2*I*(
e + fxx))/(1 + E-(2xI*x(e + f*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, O]
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rule 4203 | Int [((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.13.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 196 vs. 2(75) = 150.

Time = 0.18 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.16

method | result

i(bzta)p_je2i(bata) 44 + %az + ia? In(1+et®zta))g + i polylog (2,—ei(b=+a)) . In(1—ei(b=+a)) _ In(
b b2 b b2 b

iz? 4 2 e?
2 b2 (e2i(bz+a) _1)?

risch

e

input tint (x*cot (b*x+a) ~3,x,method=_RETURNVERBOSE)

~—

output | 1/2*I*x"~2+(2xx*exp (2*I* (b*x+a) ) ¥b—I*exp (2*xI* (b*x+a) )+I)/b~2/ (exp (2*I* (b*x+
a))-1) "2+2xI/b*a*x+I/b"2*a"2-1/b*1n(1+exp (I* (b*x+a))) *x+I/b~2*polylog(2,-e
xp(I*(b*x+a)))-1/b*1n(1-exp (I*(b*x+a)))*x-1/b~2*1n(1-exp(I*(b*x+a)))*a+I/b
~2*polylog(2,exp(I*(b*x+a)))-2/b~2*a*1ln(exp(I*(b*x+a)))+1/b 2*a*1n(exp (I*(
b*x+a))-1)

3.13.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 291 vs. 2(72) = 144.

Time = 0.27 (sec) , antiderivative size = 291, normalized size of antiderivative = 3.20

/w cot®(a + bx) dzx
_ 4bx + (i cos (2bz + 2a) — i)Lix(cos (2bx + 2a) + i sin (2bz + 2 a)) + (—i cos (2bx + 2a) + i)Lis(cos (2

| —

p
inputLintegrate(x*cot(b*x+a)“3,x, algorithm="fricas")
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output | 1/4*(4xbxx + (I*cos(2¥b*x + 2%a) - I)*dilog(cos(2*b*x + 2*a) + I*sin(2%b*x

+ 2¥a)) + (-I*cos(2xb*x + 2xa) + I)*dilog(cos(2*b*x + 2%a) - I*sin(2%b*x
+ 2*%a)) + 2*(akcos(2xb*x + 2*a) - a)*log(-1/2*cos(2*b*x + 2*a) + 1/2xI*sin
(2%bxx + 2#a) + 1/2) + 2*(a*cos(2xb*x + 2*a) - a)*log(-1/2*cos(2*bxx + 2#*a
) - 1/2%I*sin(2*b*x + 2*%a) + 1/2) + 2*(b*x - (b*x + a)*cos(2*bxx + 2*a) +
a)*log(-cos(2*b*x + 2%a) + I*sin(2xb*x + 2*a) + 1) + 2*(b*x - (b*x + a)*co
s(2xbxx + 2*a) + a)*log(-cos(2*b*x + 2%a) — I*sin(2%b*x + 2%a) + 1) + 2*si
n(2xb*x + 2*a))/(b~2*cos(2*b*x + 2*a) - b~2)

3.13.6 Sympy [F]

/x cot*(a + bz) dz = /x cot® (a + bz) dz

inputLintegrate(x*cot(b*x+a)**3,x) J

e

outputLIntegral(x*cot(a + b*x)**3, x)

~—  /

3.13.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 586 vs. 2(72) = 144.

Time = 0.39 (sec) , antiderivative size = 586, normalized size of antiderivative = 6.44

/ z cot®(a + bz) dx
b?z% cos (4bx + 4a) + i b*x?sin (4bx + 4a) + b?z® — 2 (bx cos (4 bz + 4a) — 2bz cos (2bx + 2 a) + i b si

input integrate(x*cot(b*x+a)~3,x, algorithm="maxima")

3.13.  [zcot’(a+ bz)dx
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(b~2%x~2*cos (4*b*x + 4%a) + Ixb~2%x~2*sin(4%bkx + 4%a) + b™2*xx"2 - 2x(bkx*
cos (4*bxx + 4*a) - 2xbkx*cos(2%b*x + 2*a) + Ixbkxx*sin(4*b*x + 4*a) - 2xI*b
*x*sin(2*b*x + 2*a) + b*x)*arctan2(sin(b*x + a), cos(b*x + a) + 1) + 2x(bx*
x*kcos (4*%b*x + 4%a) - 2xbxx*xcos(2*b*x + 2+%a) + Ixb*x*sin(4xb*xx + 4*a) - 2x*I
*bxx*sin (2*%b*x + 2*a) + b*x)*arctan2(sin(b*x + a), -cos(b*x + a) + 1) - 2%
(b™2*x72 + 2*Ixb*x + 1)*cos(2*b*x + 2+%a) + 2*(cos(4*xb*x + 4*a) - 2*cos(2*b
*x + 2%a) + I*sin(4%b*x + 4%a) - 2xIxsin(2%b*x + 2%a) + 1)*dilog(-e~ (I*b*x
+ I*a)) + 2x(cos(4*xb*x + 4*a) - 2*cos(2*b*x + 2+%a) + I*sin(4*bxx + 4*a) -
2*%I*sin(2*%b*x + 2*a) + 1)*dilog(e” (I*b*x + I*a)) - (-Ixb*x*cos(4*b*x + 4%
a) + 2xIxb*x*cos(2%b*x + 2%a) + b*x*ksin(4*b*x + 4%a) - 2*b*x*sin(2*bxx + 2
*a) - Ixb*x)*log(cos(b*x + a)”2 + sin(b*x + a)”~2 + 2*cos(b*x + a) + 1) - (
-Ixb*xx*cos(4*b*x + 4%a) + 2*xI*xb*x*cos(2*b*x + 2*a) + bxx*sin(4*b*x + 4%*a)
- 2%bxx*sin(2*b*x + 2*a) - I*bx*x)*log(cos(b*x + a)~2 + sin(b*x + a)~2 - 2%
cos(b*x + a) + 1) + 2% (-I*b"2%x"2 + 2xbxx — I)*sin(2%b*x + 2*a) + 2)/(-2*I
*b"2xcos (dxbxx + 4*a) + 4*I*xb"2xcos(2xbxx + 2%a) + 2%b"2*sin(4*bxx + 4x*a)
- 4%b"2*sin(2*b*x + 2*a) - 2%I*b~2)

3.13.8 Giac [F]

/xcot3(a+bx) dz = /xcot (bz + a)® dz

p
Lintegrate(x*cot(b*x+a)“3,x, algorithm="giac")

| —

Lintegrate(x*cot(b*x + a)~3, x)

3.13.9 Mupad [F(-1)]
Timed out.

/wcot3(a—|—bz) dr = /:ccot(a+bz)3dz

-

Lint(x*cot(a + b*x)~3,x)

~—

output Lint (xxcot(a + b*x)~3, x)

~—

3.13.  [zcot’(a+ bz)dx
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3.14 [t g,

T
3.14.1 Optimalresult . . . . . .. . . . ... . e 133
3.14.2 Mathematica [N/A] . . . . . . . . . 133l
3.14.3 Rubi [N/A] © .« o oo oo e e 34
3.14.4 Maple [N/A] (verified) . . . . . . ... ... 135
3.14.5 Fricas [N/A] . . . . . 135]
3.14.6 Sympy [N/A] . . . o 136
3.14.7 Maxima [N/A] . . . . . 1361
3.14.8 Giac [N/A] . . . . . 137
3.14.9 Mupad [N/A] . . . IRY(

3.14.1 Optimal result

Integrand size = 12, antiderivative size = 12

/ cot®(a + bzx) e — Tnt (cot3(a + bzx) x)

T T

output LUnintegrable (cot (b*x+a)~3/x,x) J

3.14.2 Mathematica [N/A]

Not integrable

Time = 9.49 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/cot (a+bzx) dx=/00t (a+bx) ds

Z T

-

input LIntegrate [Cot[a + b*x]~3/x,x]

| —

output LIntegrate [Cot[a + b*x]~3/x, x] J

314, [ ctlette) g,
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3.14.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot3(a + bx) e

Z

J’3042

/_tan (a—l—bx-l— %)3d:c

T

| 25

B / tan (3(2a +m) + b:v)3

dz

l 4222

B / tan3 (3(2a + ) + bz)

dx

input | Int[Cot[a + b*x]~3/x,x]

output L$Aborted

3.14.3.1 Defintions of rubi rules used

-/

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
thu, x]

314, [ cotlletb) gy

x

~
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.14.4 Maple [N/A] (verified)

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ cot (bx + a)?’dx

T

-

inputLint(cot(b*x+a)‘3/x,x)

-/

output Lint (cot (b*x+a) ~3/x,x)

-/

3.14.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/cot3(a + bzx) dp — / cot (bx + a)® i

Z T

input integrate(cot(b*x+a)~3/x,x, algorithm="fricas")

N

output‘integral(cot(b*x + a)~3/x, x)

314, [ cotlletb) gy

x
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3.14.6 Sympy [N/A]
Not integrable
Time = 0.36 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

3 3
/cot (a+bzx) dxz/COt (a+bx) s

Z T

inputLintegrate(cot(b*x+a)**3/x,X)

outputtlntegral(cot(a + b*x)**3/x, X)

3.14.7 Maxima [N/A]

Not integrable
Time = 0.76 (sec) , antiderivative size = 763, normalized size of antiderivative = 63.58

/cot3(a + bzx) dp — / cot (bz + a)® i

Z T

p
inputLintegrate(cot(b*x+a)“3/x,x, algorithm="maxima")

| —

output | - (4*xb*x*cos (2*xb*x + 2%a) "2 + 4xb*x*sin(2*b*x + 2*a) "2 - 2xb*x*cos(2*b*x +
2%a) - (2xbxx*cos(2xb*x + 2%a) - sin(2*b*x + 2*a))*cos(4*b*x + 4*a) - (b~2
*x72%cos (dxbxx + 4%a)” 2 + 4%b"2*x"2xcos(2xb*x + 2%a)” 2 + b 2*x"2*sin(4*xb*x
+ 4%a) "2 - 4%b"2*x"2*sin(4*xbkxx + 4*a)*sin(2¥b*x + 2*a) + 4*xb"2kx"2*sin (2%
bxx + 2%a)”2 - 4%b"2*x"2*cos(2xbxx + 2%a) + bT2*x"2 - 2% (2*b"2*xx"2*cos (2*b
*x + 2%a) - bT2%x72)*cos(4*b*x + 4%a))*integrate((b"2*x"2 - 1)*sin(b*x + a
)/ (b~2%x~3*cos(b*x + a)~2 + b"2*x"3*sin(b*x + a)”~2 + 2*xb~2%x"3*cos(b*x + a
) + b™2%x"3), x) + (b"2%x"2%cos(4*b*x + 4%a)”~2 + 4xb~2%x"2*%cos(2xb*x + 2%a
)72 + bT2#x"2*ksin (4*bkx + 4%a) "2 - 4xb"2+x"2*sin(4*b*x + 4*a)*sin(2xb*x +
2%a) + 4xb”"2*x"2*xsin(2xb*x + 2%a)”2 - 4*b"2*%x"2*cos(2xb*x + 2%a) + bT2*x"2
- 2% (2*b~2*x"2%cos (2*b*x + 2%a) - b~2*x"2)*cos(4xb*x + 4*a))*integrate((b
~2%x"2 - 1)*sin(bxx + a)/(b"2*x"3*cos(b*x + a)~2 + b~2*x " 3*sin(b*x + a)~2
- 2xb~2*x"3*cos(b*x + a) + b"2*x"3), x) - (2*b*x*sin(2*b*x + 2*a) + cos(2*
b*x + 2*a) - 1)*sin(4xb*x + 4*a) - sin(2xb*x + 2*a))/(b~2*x"2*cos (4*b*xx +
4%a) "2 + 4%b"2*x"2*cos(2xb*x + 2%a) "2 + b 2*x"2*sin(4*xb*x + 4*a)”2 - 4xb"2
*x"2%sin(4*b*x + 4xa)*sin(2*%b*x + 2%a) + 4*b~2+x"2*sin(2¥b*x + 2%a) "2 - 4x%
b 2*x"2xcos (2xb*x + 2*a) + b72#x"2 - 2% (2xb"2*x"2*cos (2*b*x + 2*a) - bT2#x
~2)*cos (4%b*x + 4%a))

314, [ ottt g

x
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3.14.8 Giac [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/cot (a+bzx) dx:/cot(bz—i-a) i

T T

inputkintegrate(cot(b*x+a)‘3/x,x, algorithm="giac")

outputlintegrate(cot(b*x + a)~3/x, x)

3.14.9 Mupad [N/A]

Not integrable

Time = 12.34 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/cot3(a+ bx) dp — / cot(a + bz)® i

T T

input Lint(cot(a + b*x)~3/x,x)

output Lint (cot(a + b*x)~3/x, x)

314, [ cotlletb) gy

x
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3.15 [ otlttn) gy

2
3.15.1 Optimalresult . . .. ... ... . ... .. . 138
3.15.2 Mathematica [N/A] . . . . . . . . . 138
3153 Rubi [N/A] « © o oo oo oo 39
3.15.4 Maple [N/A] (verified) . . . . . . ... ... 1401
3.15.5 Fricas [N/A] . . . . . 140
3.15.6 Sympy [N/A] . . . o 141
3.15.7 Maxima [N/A] . . . . . . 1411
3.15.8 Giac [N/A] . . . . . o 142
3.15.9 Mupad [N/A] . . . . 142

3.15.1 Optimal result

Integrand size = 12, antiderivative size = 12

/ cot®(a + bzx) e — Tnt (cot3(a + bzx) x)

x2 2

output LUnintegrable (cot (b*x+a)~3/x72,x) J

3.15.2 Mathematica [N/A]

Not integrable

Time = 6.45 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/cot (a+bzx) dx=/00t (a+bx) ds

2 x2

-

input LIntegrate [Cot[a + b*x]~3/x72,x]

| —

output LIntegrate [Cot[a + b*x]~3/x72, x] J

3.15. [ ctlatte) g,
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3.15.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/cot (a2+ bx) e
T

J’3042
3
t b I
/_ an(a—l— :r-|-2) da

2

| 25

tan (3(2a +m) + b:v)3
_u/' :

dz

l 4222

tan3 (3(2a + ) + bz)
_U/) -

dx

input ‘ Int[Cot[a + b*x]~3/x"2,x]

output L$Aborted

3.15.3.1 Defintions of rubi rules used

-/

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
thu, x]

3.15. [ ettt gp

2

~
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.15.4 Maple [N/A] (verified)

Not integrable

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ cot (bx + a)?’dx

2

-

inputLint(cot(b*x+a)‘3/x‘2,x)

-/

output Lint (cot (b*x+a)~3/x"2,x)

-/

3.15.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/cot3(a + bzx) dp — / cot (bx + a)® i

2 2

input  integrate(cot(b*x+a)~3/x"2,x, algorithm="fricas")

N

output‘integral(cot(b*x + a)~3/x72, x)

3.15. [ ettt gp

2
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3.15.6 Sympy [N/A]
Not integrable
Time = 0.32 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

3 3
/cot (a+bzx) dxz/COt (a+bx) s

2 x2

inputLintegrate(cot(b*x+a)**3/x**2,x)

outputtlntegral(cot(a + b*x)**3/x**2, x)

3.15.7 Maxima [N/A]

Not integrable
Time = 0.87 (sec) , antiderivative size = 761, normalized size of antiderivative = 63.42

/cot3(a + bzx) dp — / cot (bz + a)® i

2 x2

p
inputLintegrate(cot(b*x+a)“3/x“2,x, algorithm="maxima"

| —

output | - (4*xb*x*cos (2*xb*x + 2%a) "2 + 4xb*x*sin(2*b*x + 2*a) "2 - 2xb*x*cos(2*b*x +

2%a) - 2% (bxx*cos(2xb*x + 2%a) - sin(2¥b*x + 2*a))*cos(4*b*x + 4*a) - (b~2
*x"3*cos (4xb*xx + 4*a)” 2 + 4%b"2*x"3*cos(2xb*x + 2%a)” "2 + b"2*x"3*sin(4d*xb*x
+ 4%a) "2 - 4%b"2*x"3*sin(4*xbkxx + 4*a)*sin(2¥b*x + 2*a) + 4*xb"2*kx"3*sin(2*
b*x + 2%a)”2 — 4%b~2*x"3*cos(2¥bxx + 2*a) + b72*x"3 - 2% (2*xb"2*x"3*cos(2*b
*x + 2%a) - b72%x73)*cos(4*b*x + 4%a))*integrate((b2*x"2 - 3)*sin(b*x + a
)/ (b~2%x"4*cos(b*x + a)~2 + b"2*x"4*sin(b*x + a)”~2 + 2%xb~2%x"4*cos(b*x + a
) + b™2%xx"4), x) + (b"2%x"3%cos(4*xb*x + 4%a)”2 + 4xb~2*xx"3*cos(2%b*x + 2*a
)72 + b"2#x"3*ksin(4*bkx + 4%a) "2 - 4xb"2+x"3*sin(4*bk*x + 4*a)*sin(2xb*x +

2%a) + 4xb”~2*x"3*sin(2xb*x + 2*a) 2 - 4*b"2*x"3*cos(2xb*x + 2%a) + b"2*x"3
- 2% (2*b~2*x"3*cos(2*b*x + 2*a) - b~2*x"3)*cos(4xb*x + 4*a))*integrate((b
~2%x"2 - 3)*sin(b*x + a)/(b"2*x"4*cos(b*x + a)~2 + b"2*x"4*sin(b*x + a)~2

- 2x%b"2xx"4*xcos(b*x + a) + b™2*%x"4), x) - 2*(b*x*sin(2*%b*x + 2*a) + cos(2x*
b*x + 2*a) - 1)*sin(4xb*x + 4*a) — 2*sin(2%b*x + 2*a))/(b~2*x"3*cos (4*xb*x
+ 4%a) "2 + 4%b"2xx"3*cos(2*b*x + 2%a) "2 + b 2*x"3*sin(4*xb*xx + 4*a)”2 - 4xb
~2%x"3*ksin (4*b*x + 4%a)*sin(2*bxx + 2*a) + 4xb"2*x"3*sin(2xb*x + 2*a)"2 -
4xb~2%x"3*cos (2*b*x + 2%a) + b 2%x"3 - 2% (2*xb~2%x"3*cos(2*b*x + 2%a) - b2
*x~3) *cos (4*b*x + 4%a))

3.15. [ ettt gp

2
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3.15.8 Giac [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/cot (a+bzx) dx:/cot(bz—i-a) i

x2 xr2

inputtintegrate(cot(b*x+a)‘3/x‘2,x, algorithm="giac")

outputlintegrate(cot(b*x + a)~3/x72, x)

3.15.9 Mupad [N/A]

Not integrable

Time = 12.31 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/cot3(a+ bx) dp — / cot(a + bz)® i

T2 z2

input Lint(cot(a + b*x)~3/x72,x)

output Lint (cot(a + b*x)~3/x72, x)

3.15. [ ettt gp

2
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3.16 [l gy
) a+ia cot(e+fx)

3.16.1 Optimalresult . . . . . . ... ... .. .. 143]
3.16.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 143
3.16.3 Rubi [A] (verified) . . . . . . . . . ... 144
3.16.4 Maple [A] (verified) . .. . ... . ... .. 146
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 147
3.16.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 147
3.16.7 Maxima [F(-2)] . . . . . . . 148
3.16.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 148
3.16.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 149

3.16.1 Optimal result

Integrand size = 23, antiderivative size = 189

/ (c+dz)? _ 3id’z  3d(c+dz)®  i(c+dx)’ N (c+dz)*
a+iacot(e+ fx) ~ 8af3 8a f? 4af 8ad
3d3 3id?*(c + dz)
~ 8f%(a+iacot(e+ fz)) ' 4f3(a+ iacot(e + fz))
3d(c + dz)? i(c+ dzx)?
Af2(a+iacot(e + fz))  2f(a+iacot(e+ fz))

output ‘ -3/8%I*d"3*x/a/f~3-3/8*d* (d*x+c) ~2/a/f~2+1/4*I*(d*x+c) ~3/a/f+1/8*(d*x+c) "4

\/a/d—3/8*d“3/f“4/(a+I*a*cot(f*x+e))+3/4*I*d“2*(d*x+c)/f‘3/(a+I*a*cot(f*x+e
\))+3/4*d*(d*x+c)‘2/f“2/(a+I*a*cot(f*x+e))-1/2*I*(d*x+c)‘3/f/(a+I*a*cot(f*x

+e))

3.16.2 Mathematica [A] (verified)

Time = 0.89 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.30

(c+dx)?
a + iacot(e + fx)

/

_ 2f'z(4c® + 6c%dx + ded®a? + dPx®) + (4 f2 + 6c2df? (i 4 2fx) + 6cd® f(—1 + 2ifx + 2f%2?) + d*(—3i

(ctdz)?

3.16. atia cot(e+fz)

dz

J
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input‘ Integrate[(c + d*x)~3/(a + I*axCotl[e + fx*x]),x]

output | (2*%f~4*xx* (4*c™3 + 6*%c”2*d*x + 4*xcxd™2*xx"2 + d"3*x"3) + I*(4*%c~3*%f~3 + 6*c”
2%A*f72% (I + 2xf*xx) + 6kckd™2*f* (-1 + (2*I)*fxx + 2%xf"2%x"2) + d"3*(-3*I -
6*f*x + (6*I)*f~2xx"2 + 4*f~3%x"3))*Cos[2*f*x]*(Cos[2*e] + I*Sin[2*e]) -
(4%c™3*f"3 + 6xc™2kdA*f"2% (I + 2%f*x) + Bxcxd™2kfk (-1 + (2*I)*f*x + 2%xf " 2*x
72) + d73%(-3*%I - 6kf*x + (6%I)*f~2%x"2 + 4*xf~3*x"3))*(Cos[2*e] + I*Sin[2x*

e])*Sin[2*xf*x] )/ (16*%a*xf~4)

3.16.3 Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.09,

_ _ o humber of rules _
number of steps used = 9, number of rules used = 9, integrand size 0.391, Rules used

= {3042, 4206, 3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+dz)3
/ a + iacot(e + fx) de

| 3042
/ (c+ dx)3
a—iatan (e + fr+ %)
l'4206
. dz)?
3id [ icot((ce_: ;cz))a+a dx _ i(c + dz)3 (c+ dx)*
2f 2f(a+iacot(e + fz)) 8ad
| 3042
. (c+dzx)?
3id f a—iatan(e+fz+73) dz _ i(c + d.’L')3 (C + d$)4
2f 2f(a +iacot(e + fx)) 8ad
J’4206
3id i | et faarad® i(c+dz)? 4 (ctda)®
f 2f(a+iacot(e+fx)) 6ad B i(C + d$)3 (C + dx)4
2f 2f(a +iacot(e + fx)) 8ad

l 3042

(c+dz)?3
3.16. [ et da
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id [ ——ckde gy
31/d a—iatan(e+fx+%) _ ,L'(.C+dw)2 + (C+d$)3
f 2f(a+ia cot(e+fzx)) 6ad - i(c n d.’II)3 s (C n d$)4
2f 2f(a + iacot(e + fx)) 8ad
| 4206
g <id | teor(etFayata®® B i(ctdz) 4 (etdn)?
3/Ld 2f 2f(a+iacot(e+fzx)) 4ad _ 1,(C+dl‘)2 + (C+dl‘)3
f 2f(a+ia cot(e+fz)) 6ad
2f -
i(c + dz)3 (c+ dx)*
2f(a +iacot(e + fx)) 8ad
| 3042
df—— 1 _ds
. a—iatan(e+fz+ T iletda cddz
Zd( 2(f 5) _2f(a+z'(a Zi<2+fx>>+( ZZd) \
i(ct+dzx)? (c+dz)
3id f " 2f(atiacot(etfzx)) + 6ad
2f a
i(c+dz)? (c+ dx)*
2f(a +iacot(e + fx)) 8ad
| 3960
id < Gl(LQhﬂ 2f(a+tia COt("H’fﬂ?)) ) i(ct+dzx) + (c+d1:)
2f ~ 2f(a+iacot(et+fx)) 4ad . 9 3
3id _ i(ct+dz) + (ctdo)
f 2f(a+ia cot(e+fz)) 6ad
2f a
i(c+dz)? (c+ dx)*
2f(a +iacot(e + fx)) 8ad
l 24
i(c + dz)3 +
2f(a +iacot(e + fx))
id| ~grarisesiorra <°Zd§> +1d(% (“+w Cot(€+fz))> )
. Z(C+dw) a-Tt+11a cot(e xT a (c+dx)3
3id ~ 2f(a+ia cot(e+f:1:)) f + 6ad
2f *
(c+ dz)*
8ad

(c+dz)?3
3.16. [ et da
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input‘ Int[(c + d*x)~3/(a + I*a*Cot[e + f*x]),x]

output‘ (c + d*x)~4/(8%a*xd) - ((I/2)*(c + d*x)~3)/(f*(a + I*axCot[e + fxx])) + (((

\3*1)/2)*d*((c + d*x)~3/(6*%axd) - ((I/2)*(c + d*x)~2)/(fx(a + I*axCotl[e + f
\*x])) + (Ixd*((c + d*x)~2/(4*xa*d) - ((I/2)*(c + d*x))/(fx(a + I*axCot[e +
‘f*XJ)) + ((I/2)*#d*(x/(2*a) - (I/2)/(f*(a + I*axCotl[e + £xx]))))/£))/£f))/f

3.16.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042

rule 3960

rule 4206

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[a*x((a +
bxTan[c + d*x]) n/(2%b*d*n)), x] + Simp[1/(2%a) Int[(a + bxTan[c + d*x])~
(n+ 1), x1, x] /; FreeQl[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Simp[a*d*(m/(2%b*f))

Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simpl[a*x((c + d*x)"m
/(2xb*f*(a + bxTan[e + f*x]))), x]1) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a~2 + b~2, 0] && GtQ[m, 0]

3.16.4 Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 170, normalized size of antiderivative = 0.90

method result
. 3 4 2 3 2.2 3 4 i(4d323 f3+12cd? f3:2+6id® f222+12c¢2d f3x+12icd? f2z+4c3 f3+6
I'lSCh dsz + d 20ax + 3d zam + % + Sca_d + ( f f f f f f

—6f<(—%d?’a:?’—%cd2z2—czdz—%03)f3+id(%d2m2+cdz+c2)f2+(—%d?’a:—cd(")f—%)ztan(fz+e)+4i(d7w+c> (%a

parallelrisch

derivativedivides | Expression too large to display
default Expression too large to display

(c+dz)?3
3.16. [ et da

8f4a(i+tan(fz+
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input‘int((d*x+c)“3/(a+I*a*cot(f*x+e)),x,method=_RETURNVERBUSE) ‘

output(1/8/a*d“3*x“4+1/2/a*d”2*c*x“3+3/4/a*d*c“2*x”2+1/2/a*c“3*x+1/8/a/d*c“4+1/16
‘ * Ik (4*d~3kx"3*f " 3+6%I*xd"3+L " 2kx"2+12%kCckd "2k L "3*kx"2+12x Ikckd "2k f "2xx+12%c "2
‘*d*f‘3*x+6*I*c‘2*d*f‘2+4*c‘3*f‘3—6*d‘3*f*x-3*I*d‘3—6*c*d‘2*f)/a/f‘4*exp(2*
| Ix(f*x+e))

|

3.16.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.81

/ (c+ dx)3
- dz
a + iacot(e + fx)
283 fat + 8ed? faP + 12 2dfYa? + 8P flr + (M P f3 P + 4i P fP — 62df? — 6icd®f+3d® — 6(—2icd
N 16 af4

p
inputLintegrate((d*x+c)“3/(a+I*a*cot(f*x+e)),x, algorithm="fricas")

~—

output‘1/16*(2*d‘3*f‘4*x‘4 + 8%c*d"2%f74xx"3 + 12%c”2kdA*f"4*x72 + 8xc”3*f"4x*xx + (
‘4*I*d"3*f"3*x"3 + 4xI*c"3*%f"3 - 6*%c”2kd*xf~2 - 6*xI*cxd~2*f + 3*xd~3 - 6*x(-2x% ‘
\I*c*d‘z*f‘s + d73*%£72)*x72 - 6x(—2xI*kc"2kd*f"3 + 2*c*kd"2*%f"2 + I*xd"3*f)*x)
‘*e‘(Q*I*f*x + 2xI*e))/ (axf~4) J

3.16.6 Sympy [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.66

/ (c+ dx)? i

a + iacot(e + fx)
(4ic3 f3 e2ie+12i62df3me2ie _602df262ie+12,icd2 f3m262ie —12Cd2f2:1}€2ie —6Gicd? fe2ie+4id3f3z3€2ie —6d3f2Z2 e2ie_gid3 fze2ie+3d3 621'5)62“
_ 16af4
c3xelie 3c2dr2e?ie cd?x3e2te d3xde2ie
T 2a 4a B 2a B 8a
Ar  3c?dz? N cd?z® &Pzt
2a 4a 2a 8a

input ‘ integrate ((d*x+c)**3/ (a+Ixa*cot (f*x+e)) ,x)

(c+dz)?3
3.16. [ et da
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output | Piecewise (((4*xIxcx*3xf**3xexp(2*%I*e) + 12*%I*cx*2*xd*f**3xx*exp(2*Ixe) - 6*c
*xk 2k d*fxx2xexp (2xIxe) + 12xIkckdk*2kLk*k3kxk*2kexp (2%I*ke) — 12k ckdr*k2xfxk2%
x*exp (2*Ixe) — 6xIkckd**2kfxexp(2*%Ixe) + 4xI*kd**3*xf**3*xx**x3*exp(2*xI*xe) - 6
*kQ** 3k x*k2xx*k*x2%exp (2%xI*e) — B*Ikd**3kfxx*xexp(2xI*e) + 3*d**3*exp(2*I*e))*
exp (2*I*f*x)/(16xa*xf*x4), Ne(axfx*4, 0)), (-cx*3*xxxexp(2xIxe)/(2*%a) - 3*c*
*2kdxx*k*x2kexp (2xI*e) / (4*a) - cxd*x2*xx*3xexp(2*%Ixe)/(2*a) - d**3*x*x*4dxexp (
2xIxe) /(8*a), True)) + c**3*x/(2%a) + 3*cx*k2kd*x**2/(4*a) + ckxd**2xx**3/(2
*a) + dx*3xx*x*x4/(8%a)

3.16.7 Maxima [F(-2)]

Exception generated.

d 3
/ ‘(C + d) dz = Exception raised: RuntimeError
a + iacot(e + fz)

p
inputLintegrate((d*x+c)“3/(a+I*a*cot(f*x+e)),x, algorithm="maxima")

-/

-

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

Ve exponent.

\

3.16.8 Giac [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.23

/ (c+ dx)? i

a + iacot(e + fx)
243 f*zt 4 Bed? i + 4i dB fRaBe e 4 12 2dfia? + 12i od? fPaPeP 20 4 8 3 fhy + 12i Pdf e

inputLintegrate((d*x+c)‘3/(a+I*a*cot(f*x+e)),x, algorithm="giac") J

e N

output | 1/16*(2*xd~3*f"4*x"4 + 8*c*d"2*xf~4*x"3 + 4*xI*d"3*f " 3*xx"3*e” (2xI*xf*x + 2*I*e
)+ 12%cT2kdA*fT4%x72 + 12%xIkckd"2*xf"3kx"2%e” (2% I*xfxx + 2xI*xe) + 8kc ~3*f 4%
X + 12%I*c™2%d*f " 3*x*e” (2*xI*f*kx + 2%IT*e) — 6*%d 3*f "2xx"2xe”™ (2kxI*kf*x + 2*I*
e) + 4xIxc 3*f"3xe” (2xI*f*x + 2%Ike) — 12%ckd~2+f 2kx*xe” (2xIxf*x + 2xIxe)
- 6xcT2kd*f"2%e” (2+¢I*kf*xx + 2*Ike) — 6xI*d"kfrx*e” (2+¢I*f*xx + 2*I*ke) - 6xI*
ckd"2xf*e” (2*%I*f*xx + 2%I*ke) + 3xd"3*e” (2xI*fxx + 2%Ixe))/(axf~4)

(c+dz)?3
3.16. [ et da
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3.16.9 Mupad [B] (verification not implemented)

Time = 13.53 (sec) , antiderivative size = 423, normalized size of antiderivative = 2.24

/ (c+dz)? i
a + iacot(e + fx)
_3dPcos(2e+2fx)+8 fle -4l fPsin(Qe+2fx)+2d frat —6c2d f? cos(2e+2 fx)+ 122 ¢

inputtint((c + d*x)~3/(a + axcot(e + f¥x)*1i),x) J

p

output | (3*d"3*cos(2*e + 2xf*xx) + d"3*sin(2*e + 2xf*x)*3i + 8*xc 3*f 4*xx + c~3*f " 3%
cos(2xe + 2xf*xx)*4i — 4*c”3*f " 3*xsin(2xe + 2kf*x) + 2+%d"3*f"4*xx"4 - 6xc”2*d
*f"2xcos (2%e + 2kf*x) - c”2*d*f"2*sin(2*e + 2kf*x)*6i + 12*%c™2*xd*f~4*x"2 +
8kckd"2+¢f"4*x"3 - 6xd"3*f"2*x"2%cos(2%e + 2xfxx) + d"3*f"3*kx"3*cos(2*e +
2xf*x)k4i — d73*%f"2%x"2*sin(2%e + 2xf*x)*6i - 4*d"3*f 3*x"3*sin(2ke + 2xf*
X) - cxd"2xfxcos(2ke + 2xf*x)*6i + 6kcxd"2xf*sin(2xe + 2%f*x) - d~3*f*x*co
s(2%e + 2xfxx)*6i + 6*%d"3*f*kx*sin(2*e + 2xf*x) - 12%ckd~2*f 2*x*cos(2%e +
2%f*xx) + c”2*%d*f"3*kx*cos(2%e + 2*Ff*x)*12i — c*kd"2*f " 2*x*sin(2xe + 2xf*x)*1
2i - 12%c72xd*f"3xx*sin(2*e + 2*f*x) + c*xd"2*xf"3xx"2*%cos(2%e + 2*f*x)*12i
- 12%c*d"2*f " 3*x"2*sin(2*e + 2*f*x))/(16*axf~4)

(c+dz)?3
3.16. [ et da



CHAPTER 3. LISTING OF INTEGRALS 150
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3.17.1 Optimal result

Integrand size = 23, antiderivative size = 137

/ (c+dz)? >z  i(c+dz)?  (c+dzx)? id?
: T=— + + + :
a + iacot(e + fx) 4a f? daf 6ad 4f3(a+ iacot(e + fx))
d(c+ dz) i(c+ dz)?

2f2(a+iacot(e + fr)) 2f(a+iacot(e+ fz))

output \ -1/4%d"2*x/a/f~2+1/4xT*x (d*x+c) ~2/a/f+1/6* (d*x+c) “3/a/d+1/4%I1*d"2/£f"3/ (a+I*
‘a*cot(f*x+e))+1/2*d*(d*x+c)/f‘2/(a+I*a*cot(f*x+e))-1/2*I*(d*x+c)‘2/f/(a+l*
‘a*cot(f*x+e))

3.17.2 Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.09

(c+dz)?
/ a + iacot(e + fx) de

_ Af°z(3¢* + 3edz + d?2”) + 3((1 +d)cf + d(—1+ (1 +1)f2))((1 +i)cf + d(i + (1 +4) fz)) cos(2fz)(cos

inputLIntegrate[(c + d*x)~2/(a + I*a*Cot[e + f*x]),x] J

(c+dz)?
31T [ gt da
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output‘ (4*f~3xx*x(3%c™2 + 3kckd*x + d™2%x"2) + 3%x((1 + I)*c*kf + d*(-1 + (1 + I)*fx*
\x))*((l + I)xckf + d*x(I + (1 + I)*f#*x))*Cos[2xf*x]*(Cos[2*e] + I*Sin[2*e])
\ + (B*D)*((1 + I)*c*xf + dx(-1 + (1 + D*f*x))*((1 + I)*cxf + d*x(I + (1 + I
‘)*f*x))*(Cos[Q*e] + I*Sin[2+*e])*Sin[2*f*x])/(24*a*xf~3)

3.17.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.07,
number of steps used = 7, number of rules used = 7, Lumber of rules _ ( 304 Ryles used

integrand size
= {3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx) .
a + ia cot(e + fx)

| 3042
2
/ ‘ (c+dz) de
a — iatan (e+f.r+ g)
l 4206
. d: .
id f icot(z:li——ffc)a—l—adx _ Z(C + d.’L‘)2 (C + dI)?’

f 2f(a +iacot(e + fx)) 6ad
| 302

+d

i f a— zatafl e-laffx—l- )d$ _ i(C-i- dm)Q (C + d.’I?)3

f 2f(a+iacot(e + fz)) 6ad

l 4206
id id | st mata®® _ i(ctde) o (etde)
2f 2f(a+ia cot(e+fzx)) 4ad B i(c + dm)2 (C + d.’)ﬁ)?’

f 2f(a+iacot(e + fz)) 6ad

| 3042
% - 1 iz
id Y () — i(c+da) 4 (ctda)®
2f 2f(a+iacot(e+fz)) 4ad ~ i(C i d$)2 N (c + dCL')3

f 2f(a +iacot(e + fx)) 6ad

| 3960

(c+dz)?
31T [ gt da
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id id( falj * — S (aTiacoieF F2) ) _ i(ctdz) + (ctdz)?
i 2f(atiacot(etf2) ' dad ~ i(c+ dx)? (c+ dzx)?
f 2f(a +iacot(e + fx)) 6ad
l 24
idl — i(c+da) + (ctdz)? + Zd<%_m)
) i(c + d)? N 2f(a+iacot(etfz)) 4ad 2 N (c+ dz)?
2f(a +iacot(e + fx)) f 6ad

~—

input LInt[(c + d*x)~2/(a + I*axCot[e + f*x]),x]

output‘((c + d*x)~3/(6*%axd) - ((I/2)*(c + d*x)~2)/(f*x(a + I*axCot[e + f*x])) + (I*
\d*((c + d*x)~2/(4*axd) - ((I/2)*(c + d*x))/(fx(a + I*a*xCot[e + f*x])) + ((
‘1/2)*d*(x/(2*a) - (I/2)/(f*(a + I*axCot[e + fxx]1))))/£))/f

————

3.17.3.1 Defintions of rubi rules used

-

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

—/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3960 Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[a*((a +
bxTan[c + d*x]) n/(2*b*d*n)), x] + Simp[1/(2%#a) Int[(a + b*Tan[c + d*x])~
(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

rule 4206 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*%a*d*(m + 1)), x] + (Simp[a*d*(m/(2*%b*f))

Int[(c + d*x)"(m - 1)/(a + bxTan[e + £*x]), x], x] - Simp[ax((c + d*x)"m
/(2xbxf*(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a2 + b™2, 0] && GtQ[m, O]

(c+dz)?
31T [ gt da
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3.17.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.79

method result
. 223 | dex? | 2z 3 1(2d%2? f2+-4cd f2z+2id? fx+2c? f2+2icdf —d?)e? (fote)
risch %0 T2 T2 Tt 8a /3
. -2 ( (- %d2x2 —cdz—c?) f2+i (%’”—l—c) df — %) fx tan(fz+e)-|—2i(%d2x2+cdx+c2)x 3+ (—d?2?—2cdz—2c?) f2—2i<d71-|—c) dj
parallelrisch 1f3a(ittan(fo1e))
input Lint ((d*x+c) "2/ (a+Ixaxcot (f*x+e)) ,x,method=_RETURNVERBOSE) J

p
output‘1/6/a*d‘2*x“3+1/2/a*d*c*x“2+1/2/a*c‘2*x+1/6/a/d*c‘3+1/8*I*(2*d“2*x‘2*f‘2+2
‘*I*d“2*f*x+4*c*d*f“2*x+2*I*c*d*f+2*c‘2*f“2—d‘2)/a/f‘3*exp(2*I*(f*x+e))

3.17.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.70

/ (c+ dz)? i

a + iacot(e + fx)
AP 4+ 12cdf?x? + 122 f3x — 3 (—2i 2 f22? — 20 f2 + 2cdf +id? + 2 (—2i cdf? + d* f)z)e( fatic
N 24 af3
input Lintegrate ((d*x+c) "2/ (a+I*a*xcot (f*x+e)),x, algorithm="fricas") J

output‘ 1/24% (4%xA~2%f~3%x~3 + 12%c*d*f~3*%x"2 + 12%c™2%f " 3%x — 3% (-2%I*d~2*f " 2*x"2 ‘
|- 2xI*CT2¥E72 + 2xckdf + I*d72 + 2x(-2+Ikckd*£"2 + d2%F)*x)*ke” (Ixfxx +
‘ 2xIxe))/(axf~3) ‘

3.17.6 Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.42

(c+ dx)?
- dz
a + iacot(e + fx)
(2i62f262ie+4icdf2m62ie_2cdfe2ie+2id2f2x2€2ie_2d2fx62ie_id2e2ie)62ifa: 3
8af5 foraf® #0
c2xe2ie Cd:l:262ie d2x3e2ie
T 2a 2a - 6a

cx  cdx® AP

2a+2a+6a

otherwise

(c+dz)?
31T [ gt da
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input | integrate ((d*x+c)**2/ (a+I*axcot(fxx+e)),x)

output | Piecewise (((2*I*c**2xfx*2%exp(2*%I*e) + 4xIxcxdxfx*2kx*kexp(2*I*e) - 2*ckdx*f
xexp(2*Ixe) + 2xI*kd**2xf**kx*x*x2*exp (2*I*xe) — 2*d**2xf*x*xexp(2+I*xe) - I*xd*
*2%exp (2xI*e) ) *exp (2*xI*xf*x) / (8xa*f**3) , Ne(axf**3, 0)), (-cx*2xx*kexp(2xI*e
)/ (2%a) - ckd*xxx*2xexp(2*I*xe)/(2%a) — d**2*x**3*kexp(2*I*e)/(6*a), True)) +
cxx2%x/(2%a) + ckd*x*x2/(2%a) + d¥*k2xx**3/(6%a)

3.17.7 Maxima [F(-2)]

Exception generated.

2
/ ‘(c + dx) dx = Exception raised: RuntimeError
a + iacot(e + fx)

inputLintegrate((d*x+c)‘2/(a+I*a*cot(f*x+e)),x, algorithm="maxima") J

p
output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati ‘
Lve exponent . J

3.17.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.00

(c+ dx)?
/ a + iacot(e + fzx) de

B 4d2f3x3 +12cd 32 + 64 d2f2x2e(2ifx+2ie) +12 C2f3£13 +12¢ cdf2$e(2ifw+2ie) + 64 c2f2e(2ifx+2ie) _ 6d2f1
N 24 af3

-

input | integrate ((d*x+c) "2/ (atI*a*cot(f*x+e)),x, algorithm="giac")

A >

output(1/24*(4*d‘2*f‘3*x“3 + 12xckxd*f73%x"2 + 6*Ikd"2xf"2*x"2%e” (2*%I*f*x + 2%I*e)
\ + 12%c72%f73%x + 12%Ikckxd*xf~2kxke™ (2%I*f*x + 2%xIxe) + 6xIxc™2kxf " 2%ke” (2*I*
‘f*x + 2%T*e) - 6%d " 2xfxxkxe”™ (2kxI*f*x + 2%I*e) - 6xckxdxfxe” (2kxI*kf*x + 2%I*e)
- 3*I*kd"2*xe” (2*I*f*x + 2%I*e))/(axf~3)

/|

N\

317, [l gy

a+iacot(e+fx)
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3.17.9 Mupad [B] (verification not implemented)

Time = 12.78 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.76

(c+dz)? B
/ a + iacot(e + fx) de =

62 f*sin(2e+2fx)—12% Pz —3d*sin(2e+2fx) —4d° f°2° +6cdf cos(2e+2 fz) +6d

input Lint((c + d*x)"2/(a + axcot(e + f*xx)*1i),x) J

output | -(d"2*cos(2*e + 2*f*x)*3i - 3*d"2*sin(2xe + 2kf*x) — 12%c™2*%f"3*x — c”2*f"
2%cos(2%e + 2xf*xx)*6i + 6xc " 2*%f " 2*sin(2*e + 2xf*xx) — 4*d"2*%f"3*x"3 + 6*c*xd
*fxcos(2xe + 2xf*x) + ckd*f*sin(2xe + 2xf*xx)*6i — d"2*%f"2*x"2*cos(2xe + 2%
fxx)*6i + 6%d"2*%f"2xx"2xsin(2%e + 2%f*x) — 12%c*xd*f~3*x"2 + 6xd"2*f*x*cos(
2xe + 2*xfkxx) + d72*f*xksin(2*e + 2xf*x)*61i — ckdkf 2xx*cos(2xe + kf*xx)*12
i + 12xcxd*f"2xx*sin(2xe + 2xfxx))/(24*axf~3)

(c+dz)?
31T [ gt da
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3.18 [ o g

a+ia cot(e+ fx)
3.18.1 Optimal result . . . . . . .. . ... .. 156]
3.18.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 156
3.18.3 Rubi [A] (verified) . . . . . . .. .. 157
3.18.4 Maple [A] (verified) . .. . ... . ... . 158
3.18.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... . 1591
3.18.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 159
3.18.7 Maxima [F(-2)] . . . . . . . 159
3.18.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 160
3.18.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 160

3.18.1 Optimal result

Integrand size = 21, antiderivative size = 84

c+dz idr  (c+dz)? d
/a+iacot(e+fm) v daf + 4ad + 4f%(a + iacot(e + fz))
i(c+dx)
~ 2f(a+iacot(e+ fx))

output \ 1/4%Ixd*x/a/f+1/4% (d*x+c)~2/a/d+1/4%d/£72/ (a+tI*a*cot (fxx+e))-1/2*I* (d*x+c) \
‘/f/(a+I*a*cot(f*x+e)) ‘

3.18.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.27

/ c+dz
. dz
a + iacot(e + fx)
(cos(e + fx) +isin(e + fx)) ((2cf (i + 2fz) + d(—1+ 2ifx + 2f%x?)) cos(e + fx) — i(2¢cf(—i + 2fx) +
8a f?

input LIntegrate [(c + d*x)/(a + Ixa*Cot[e + f*x]),x]

-/

output‘ ((Cos[e + fxx] + IxSin[e + f*x])*((2kcxf*(I + 2xfxx) + d*x (-1 + (2*I)*f*x + \
| 2%£72%x72))*Cos[e + fxx] - Ix(2kckfx(-I + 2xf*x) + dx(1 - (2¥I)*f*x + 2%f |
"2#x72))#Sin[e + £xx1))/(8¥axf"2) |

c+dx
3.18. [ il s do
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3.18.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.07, number

of steps used = 5, number of rules used = 5, Bumber of rules _ , 93¢ Ry jjeq ysed = {3042,

integrand size
4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx
- dzx
a + iacot(e + fx)
l 3042

/ c+dx
- dx
a — iatan (e+f:L'-|— %)

| 4206
id f icot(e—i—lfa:)a—f-a dzx _ Z(C + dfl?) I (C + d$)2
2f 2f(a + iacot(e + fz)) 4ad
| 3042
: 1
i | a—iatan(e+fz+2) dz B i(c+ dx) (c+ dx)?
2f 2f(a + iacot(e + fx)) dad
| 3960
. ldz i
zd<f2a ~ 2f(atia ct)t(e+fx))) B i(c+dz) (c+dz)?
2f 2f(a+iacot(e + fz)) 4ad
| 24
B i(c+dz) (c+ dx)? n ’d<2% = 2f(atia ci)t(e-l—fx)))
2f(a + iacot(e + fx)) 4ad 2f

-

input LInt[(c + dxx)/(a + IxaxCot[e + f*x]),x]

-/

output‘ (c + d*x)~2/(4*xa*xd) - ((I/2)*(c + d*x))/(f*x(a + IxaxCot[e + f*x])) + ((I/2

‘)*d*(x/(2*a) - (I/2)/(f*(a + I*a*xCot[e + f*x]))))/f

N J

c+dx
3.18. [ il s do
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3.18.3.1 Defintions of rubi rules used

ruk324‘Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3960 Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
bxTan[c + d*x]) n/(2*b*d*n)), x] + Simp[1/(2*a) Int[(a + bxTan[c + d*x])~
(n+ 1), x1, x] /; FreeQl[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

rule 4206 Int[((c_.) + (d_.)*(x_)) " (m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*a*d*(m + 1)), x] + (Simp[a*d*(m/(2*b*f))

Int[(c + d*x)"(m - 1)/(a + bxTan[e + £*x]), x], x] - Simp[a*x((c + d*x)"m
/(2xb*f*(a + b*Tan[e + £*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a~2 + b"2, 0] & GtQ[m, O]

3.18.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.60

method result size
: dz? | mc | 1(2dfz+2cftid)e?ifzte)
risch g Tt 8a 2 50
. —f((—dz—2c) f+id)z tan(fz+e)+2¢ (‘%”” +c) x f24+(—dz—2c) f—id
parallelrisch iPaian(ore) 73
M _ —2icf+d + da? tan(fm+e)2 _ (2¢f+id) tan(fz+e) + (2¢f+id)x _ dztan(fzte) + (2cf—id)x tan(fm+e)2
norman 4a 4a f2 4a 4f2q 4af 2af 4af 139
1+tan(fz+e)?

inputLint((d*x+c)/(a+I*a*cot(f*x+e)),x,method=_RETURNVERBOSE)

output L1/4/a*d*x"2+1/2/a*x*c+1/8*I* (2*d*f*x+Ixd+2xc*f) /a/f~2xexp (2*%I* (f*x+e))

c+dx
3.18. [ il s do
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3.18.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.57

/ c+dz 2df2a? + dcf’c + (2idfz + 2icf — d)elifz+2ie)
. dx =
a + iacot(e + fz) 8af?

input Lintegrate ((d*x+c)/(atI*axcot (f*x+e)),x, algorithm="fricas")

~—

output‘ 1/8% (2xd*f~2*x"2 + 4dxckf~2xx + (2kI*d*f*xx + 2xIkckxf — d)*e” (2*¢Ixf*xx + 2xI*
'€))/(ax£"2)

3.18.6 Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.19

: 2ie : 2ie __ J,2ie\ 2ifx
/ c+dx p (icfe +2Zd];z;2 de™)e foraf?#0 cx dx?
. T = hnd
a +iacot(e + fx) _cae?ie _ dg?e?ic otherwise 2a  4a

2a 4a

input | integrate ((d*x+c)/(a+I*axcot(f*x+e)),x)

N\

output‘Piecewise(((2*I*c*f*exp(2*I*e) + 2xI*xd*f*xx*kexp(2*Ixe) - dxexp(2xI*e))*exp(
\2*I*f*x)/(8*a*f**2), Ne(axf**2, 0)), (-cxx*exp(2xIxe)/(2xa) - d*x**2*exp(2
‘*I*e)/(4*a), True)) + c*x/(2%a) + dkx**2/(4%a)

3.18.7 Maxima [F(-2)]

Exception generated.

d
/ - ctax dx = Exception raised: RuntimeError
a + iacot(e + fx)

input Lintegrate ((d*x+c)/(atI*axcot (f*x+e)),x, algorithm="maxima")

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
‘ve exponent.

c+dx
3.18. [ il s do
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3.18.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.76

/ c+dx
a+iacot(e + fx)

_ 9 df2.’IJ2 +4 Cf2.'E + 2 dfxe(% fz+2ie) + 24 cfe(Qi fx+2ie) _ de(% fz+2ie)

N 8af?
inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e)),x, algorithm="giac") J

output‘l/S*(Q*d*f‘Q*x“2 + 4xcxf2xx + 2%Ixdxfxxke” (2xIxfxx + 2%Ixe) + 2xIkckxfxe™(
‘2*I*f*x + 2%xTke) - dke~ (2xIxfkx + 2%Ixe))/(a*f~2) ‘

3.18.9 Mupad [B] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25

/ c+dz
, dr =

a + iacot(e + fx)
dcos(2e+2fx)—2dfiz?+2cfsin(Qe+2fz)—4cf’z+2dfzrsin(2e+2fz)+dsin(2e+
a 8a f?

N

input| int((c + d*x)/(a + a*cot(e + f*x)*1i),x)

f
~—  /

p

Output‘—(d*cos(2*e + 2xfxx) + d*sin(2*e + 2xfxx)*1i - 2xd*f~2*x"2 - c*f*cos(2xe +
\ 2xf*xx) %21 + 2kcxf*sin(2%e + 2xf*xx) — 4xckxf~2%x — d*xf*xkcos(2xe + 2*f*x)*2
Li + 2xd*xf*x*sin(2xe + 2%f*x))/(8xaxf~2)

~

c+dx
3.18. [ il s do
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1
3.19 f (c+dz)(a+iacot(e+/x)) dz

3.19.1 Optimal result . . . . . . . . . ... . 16Tl
3.19.2 Mathematica [A] (verified) . . . . . . . .. ... Lo 161l
3.19.3 Rubi [A] (verified) . . . . . ... .. 162
3.19.4 Maple [A] (verified) . . . . ... .. ... 164
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 165
3.19.6 Sympy [F] . . . . . 165
3.19.7 Maxima [A] (verification not implemented) . ... ... ... ... .. ... 165
3.19.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 166
3.19.9 Mupad [F(-1)] . . . . o oo 166
3.19.1 Optimal result
Integrand size = 23, antiderivative size = 161
1 cos (2e — 2L) CosIntegral (%L +2fz)  log(c + dx)
/ (c+ dz)(a +iacot(e + fz)) do=— 2ad T 2ad
i CosIntegral (2L + 2fz) sin (2e — %)
B 2ad
_ icos (2e — 2¢0) Si(% + 2fx)
. 2f 2ad 2cf
L sin (2e — %) Si(%L + 2fx)
2ad

output ‘ -1/2%Ci (2%c*f/d+2*f*xx) *cos (-2*xe+2xc*f/d) /a/d+1/2*%1n(d*x+c) /a/d-1/2*%I*cos (-
\2*e+2*c*f/d)*Si(2*c*f/d+2*f*x)/a/d+1/2*I*Ci(2*c*f/d+2*f*x)*sin(—2*e+2*c*f/
d) /a/d-1/2%Si (2%c*f/d+2*f*x) *sin (-2%e+2*c*f/d) /a/d

N\

3.19.2 Mathematica [A] (verified)

Time = 0.41 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.48

/ ! dx
(c+dz)(a+iacot(e + fx))

B log(c + dz) — (cos (2e — 2—?) + isin (2e — Z—ZI)) (CosIntegral <M> + iSi(M))

2ad

1
319. [ (o) (ariacot(erya)) 42
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input | Integrate[1/((c + d*x)*(a + I*axCot[e + fxx])),x]

output‘/(Log[c + d*x] - (Cos[2*e - (2xc*f)/d] + I*Sin[2xe - (2%c*f)/d])*(CosIntegr
‘al[(2*f*(c + d*x))/d] + I*SinIntegral[(2*fx(c + d*x))/d]))/(2xa*d)

3.19.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.94,
number of steps used = 8, number of rules used — 8, Lumber of rules _ ( 348 Ryles used

integrand size
= {3042, 4209, 25, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
(c+dz)(a+iacot(e + fz))

l 3042
1
. dz

(c+dz) (a—iatan (e+ fz + 7))

l 4209
if —Sin(cziiﬁfw)dm f—“’s(czjigmdx N log(c + dx)

2a 2a 2ad

l 25
i Sin(fiigfx)dx J de N log(c + dzx)
2a 2a 2ad
l 3042
. i in(2e+2fz+Z
i R [ log(e + o)

2a 2a 2ad

l 3784
i(sin (2e - ?) J m(ci#d)dw + cos (26 - %) J de>
- ( 2 f) 2a ( 2 f) .
9 cos(2zf+=" . 2 sin( 2z f+ ="
cos <2e — %) / ——oxdz 4z —sin (26 - %) il — @ 4 log(c + dx)
+
%2 2ad

l 3042

1
3.19. f (c+dz)(a+ia cot(e+fx)) dx



CHAPTER 3. LISTING OF INTEGRALS 163

in(2 2cf in(2 2cf
cos (26 — %) J —sm( zf:d; +2>dm —sin (26 — %) S 7“(;:0; d )d:r

2a
2cf

in(2zf+2eL 4+ in( 2zf+=3"
i| sin (26— %) f—sm( xc+d; 2>dar:—i—cos (26— %) fism(cidw ¢ )dx
+ log(c + dx)
2a 2ad

l 3780

_COS (23 — %) f Sin(hf:;%f"'g) de — Sin(2€—2§f)§i<2xf+%>
2a

i(sin (26 2cf> f Sin(2zf+%+%) dr + cos(2@—%)8i(2wf+%>
—d

ctdw ¢ ) + log(c + dzx)
2a 2ad

l 3783

. (Coslntegra,l(2xf+23f) sin(2e—%) n cos(2e—%>Si(2mf+%) )

1 7 7
i 2cf 2¢cf 2a 2cf S 2cf -
Coslntegral ( 2z f+ =L 2e—2¢L in(2e—2¢£)Si(2z 5+ 2L
osintegra. ( X +dd )COS( € d ) _ sm( € d )dl< x f+ d ) + log(c_i_dz)
2a 2ad

-

input LInt[l/((c + d*x)*(a + IxaxCot[e + f*x])),x]

-/

output‘Log[c + d*xx]/(2*a*d) - ((I/2)*((CosIntegral [(2*c*f)/d + 2xf*x]*Sin[2*e - (
‘2*c*f)/d])/d + (Cos[2*e - (2*c*f)/d]l*SinIntegral[(2*c*f)/d + 2xf*x])/d))/a
‘ - ((Cos[2*e - (2*c*f)/d]*CosIntegral[(2xc*f)/d + 2*fxx])/d - (Sin[2xe - (
| 2%cxf)/d]*SinIntegral [(2+cf)/d + 2%£*x]1)/d)/(2%a)

-/

3.19.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3780 | Int[sin[(e_.) + (£f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, 4, e, f}, x] && EqQ[d*xe - c*f, 0]

1
319. [ (o) (ariacot(erya)) 42
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rule 3783 | Int[sin[(e_.) + (£f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[dx(e - Pi/2) -
cxf, 0]

rule 3784  Int[sinl[(e_.) + (£f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simpl[Cos[(dx*
e - cxf)/d] Int[Sin[c*(£/d) + £*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
f)/d] Int[Cos[cx(£f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

rule 4209 Int[1/(((c_.) + (d_.)*(x_))*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)), x_Symb
0ol] :> Simp[Loglc + d*x]/(2*axd), x] + (Simp[1/(2*%a) Int[Cos[2*e + 2*fx*x]
/(c + d*xx), x], x] + Simp[1/(2*b)  Int[Sin[2xe + 2*f*x]/(c + d*x), x], x])
/; FreeQ[{a, b, ¢, d, e, £}, x] && EqQ[a~2 + b~2, 0]

3.19.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.42

method result
_ 2i(cf—de) . . . e
risch In(dz+c) n e d Ei; (—szx—Zze—M)
2ad 2ad
; <2 Si(2fa:+2e+ 2cf;d2de) cos( 2Cf;2de) B 2 Ci(2fa:+2e+ 2cf;d2de) sin(chEQde) ) 5
. . o . — +1n(Cf—de+d(fz+e))_Si(2f13+2€+7
derivativedivides E} —
. (2 Si(2fo+2et 28I 5240 ) op 2/ 72de ) 2 Ci(2fat2e+ 2ef2de ) gip (2ef J2de) ) .
— ¢ ¢ 4 In(cf—detd(fate)) Si(2fw+2e+i
default 1 —
inputLint(1/(d*x+c)/(a+I*a*cot(f*x+e)),x,method=_RETURNVERBOSE) J

output \ 1/2*1n(d*x+c) /a/d+1/2/a/d*exp (-2*xI* (c*f-d*e) /d) *Ei (1, -2*I*f*x—2*I*xe—2% (I*c
L*f—I*d*e) /d)

——

1
319. [ (o) (ariacot(erya)) 42
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3.19.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.33

Ei(_Q(—idf;—icf)) 6(_%‘7“#)) g (dzTJrc)

1
dr = —
(c+ dz)(a+iacot(e + fz)) v 2ad
inputtintegrate(1/(d*x+c)/(a+I*a*cot(f*x+e)),x, algorithm="fricas") J

output‘—1/2*(Ei(—2*(—I*d*f*x - Ikcxf)/d)*e” (-2x(-Ixd*e + Ixcxf)/d) - log((d*x + c \
)/d))/ (axd) |

3.19.6 Sympy [F]

: 1
/ 1 d Zf ccot (e+ fx)—ict+dz cot (e+fz)—idz dzx
: T =—
(c+ dx)(a+iacot(e + fz)) a
inputtintegrate(1/(d*x+c)/(a+I*a*cot(f*x+e)),x) J
output L—I*Integral(l/(c*cot(e + f*x) - Ixc + dxxxcot(e + fxx) - Ixd*x), x)/a J

3.19.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.69

1
d
/ (c+dz)(a+iacot(e + fr)) v
£ cos (_ 2(defd—cf) > E, (2(—i (fz+e)dd+ide—icf)> —if E1<2(—i (fz+e)j+ide—icf)) sin <_M> + flog ((fz +

d
2 adf

input Lintegrate (1/(d*x+c)/(atI*a*cot (f*x+e)) ,x, algorithm="maxima") J

output‘ 1/2%(f*cos(-2*(d*e - cxf)/d)*exp_integral_e(1l, 2x(-Ix(f*x + e)*d + Ixdxe - ‘
‘ Ixcxf)/d) - Ixfxexp_integral_e(1l, 2x(-I*(f*x + e)*d + Ixd*e - Ixcx*f)/d)*s ‘
(in(-2%(d*e - c*£)/d) + f*log((£*x + e)*d - dve + ckf))/(akd*f) |

1
319. [ (o) (ariacot(erya)) 42
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3.19.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 351 vs. 2(147) = 294.

Time = 0.28 (sec) , antiderivative size = 351, normalized size of antiderivative = 2.18

1
/ (c+do)(a tiacot(e + fo)) & =
cos (e)” cos (2¢L) Ci <w> + 2 cos () cos (24L) Ci (%) sin (e) — cos (24L) Ci (Mﬁ) S

inputLintegrate(1/(d*x+c)/(a+I*a*cot(f*x+e)),x, algorithm="giac") J

output | -1/2*(cos(e) “2*cos(2*c*f/d) *cos_integral (2« (d*f*x + cxf)/d) + 2xI*cos(e)*c
os(2xcxf/d)*cos_integral (2x(d*f*x + cxf)/d)*sin(e) - cos(2*cxf/d)*cos_inte
gral (2x(dxf*x + c*f)/d)*sin(e)”2 - I*cos(e) 2*cos_integral (2*(dxf*x + cxf)
/d)*sin(2*c*f/d) + 2*cos(e)*cos_integral (2*(d*f*x + c*f)/d)*sin(e)*sin(2*c
*f/d) + I*cos_integral(2*(d*f*x + cxf)/d)*sin(e) 2*sin(2*c*f/d) + I*cos(e)
~2%cos(2xcxf/d)*sin_integral (2% (d*f*x + c*f)/d) - 2*cos(e)*cos(2*c*f/d)*si
n(e)*sin_integral (2% (d*f*x + c*f)/d) - I*cos(2*c*f/d)*sin(e) "2*sin_integra
1(2*%(dxf*xx + c*f)/d) + cos(e) "2*sin(2*c*f/d)*sin_integral (2x(d*f*x + cxf)/
d) + 2xI*cos(e)*sin(e)*sin(2*c*f/d)*sin_integral (2*(d*f*x + c*f)/d) - sin(
e) "2xsin(2xcxf/d)*sin_integral (2x(d*f*x + c*f)/d) - log(d*x + c))/(a*d)

3.19.9 Mupad [F(-1)]

Timed out.

1 1
/(c+dx)(a+iacot(e—|—fa:)) dz = / (a+acot(e+ fx) li) (c+dx)

dz

e

inputtint(1/((a + axcot(e + f*x)*1i)*(c + d*x)),x)

A >

-

output Lint(l/((a + axcot(e + fxx)*1i)*(c + d*x)), x) J

1
3.19. f (c+dz)(a+ia cot(e+fx)) dx
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3.20 [ o da

a-+ia cot(e+fx))
3.20.1 Optimal result . . . . . . .. . .. 167
3.20.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 168
3.20.3 Rubi [A] (verified) . . . . . . ... .. 168
3.20.4 Maple [A] (verified) . . . . .. . .. ... vl
3.20.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. Ival
3.20.6 Sympy [F] . . . . . . 172
3.20.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1721
3.20.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 172
3.20.9 Mupad [F(-1)] « o v v oo e 173

3.20.1 Optimal result

Integrand size = 23, antiderivative size = 166

(c+dz)*(a +iacot(e + fx)) do = - ad?

1
d(c+ dz)(a + iacot(e + fx))
n f CoslIntegral (2%( + 2f:c) sin (26 — %)

/ 1 if cos (2e — %) CosIntegral (2 + 2fz)

ad?
4 f cos (26 — %) Si(% + 2fx)
ad?
N ifsin (2e — 2¢L) Si(%L + 2fz)
ad?

e B

=Ixf*Ci (2%c*xf/d+2*f*xx) *cos (-2*xe+2xc*f/d) /a/d"2-1/d/ (d*x+c) / (a+I*a*xcot (f*x+
‘e))+f*cos(—2*e+2*c*f/d)*Si(2*c*f/d+2*f*x)/a/d‘2-f*Ci(2*c*f/d+2*f*x)*sin(—2
‘*e+2*c*f/d)/a/d‘2—I*f*Si(2*c*f/d+2*f*x)*sin(—2*e+2*c*f/d)/a/d‘2 J

output

1
3.20. [ (c+da)2(atiacot(etfz)) dx
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3.20.2 Mathematica [A] (verified)

Time = 1.34 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.30

1
(c+ dx)%(a +iacot(e + fz))
(cos(e+ f(=S+a)) +isin(e+ f(—S+2))) (d(—cos (e+ f(—-5+x)) +cos(e+ f(&+z)) +i(sin

dz

-

input LIntegrate [1/((c + d*x)"2x(a + I*axCotl[e + f*x])),x]

~—/

output | ((Cos[e + f*x(-(c/d) + x)] + I*Sin[e + f*x(-(c/d) + x)])*(d*(-Cos[e + f*x(-(c
/d) + x)] + Cosle + fx(c/d + x)] + I*(Sinl[e + f*(-(c/d) + x)] + Sin[e + f*
(c/d + x)])) + 2xf*(c + d*x)*CosIntegral [(2xf*(c + d*x))/d]*((-I)*Cos[e -
(fx(c + d*x))/d] + Sin[e - (fx(c + d*x))/d]) + 2*f*(c + d*x)*(Cos[e - (£*(
c + d*x))/d] + IxSin[e - (fx(c + d*x))/d])*SinIntegral[(2xf*(c + d*x))/d])
)/ (2xaxd~2*(c + d*x))

3.20.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used — 8, umber of rules _ ( 348 Ryles used

integrand size
= {3042, 4207, 25, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 :
(c + dz)%(a + iacot(e + fz))

| 3042
1
/ 3 - —~~dz
(c+dz)? (a—iatan (e + fz + F))
| 4207
g, iy ey, 1
ad ad d(c+ dz)(a+ iacot(e + fx))

| 25

1
3.20. f (c+dz)2(a+ia cot(e+ fx)) dzx
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I i 1
ad ad ~ d(c+ dz)(a+iacot(e + fz))
| 3042
ff sm(jj:l(;ifx) dm ff sin(2ec-i—;_2diz+%) da - 1
ad ad d(c+ dx)(a + iacot(e + fz))
l 3784
2¢cf 2cf
f(sin (2e — M) i (m(z_#dm + cos (26 — M) i m@zx;)dx>
cos<2mf+ﬁ> «d sin(2mf+ﬂ)
if <cos <2e — %) [ ——&dx —sin (26 — %) i c_l_dxdda:>
ad1 B
d(c+ dz)(a + iacot(e + fz))
| 3042
sin(2zf+2f 4+ sin( 2z f+2¢f
if (cos (26 — %) i wdm — sin (26 - %) J %tcd)dw)
B ad +
. 2¢cf SIH(zxf+2Cf+ ) 2¢cf Sin(%f‘l'%)
f sin (26 — T) f de + cos <26 — 7) f wa
adl B
d(c+dz)(a+iacot(e + fx))
l 3780
in 2¢f 4 1 in (2e— 2 ) Si 2¢f
of (cos (26 - %) S (2wfi-d; +2>dx _ (e >§1(2xf+ - )>
B ad +
in (22 f+ 2¢f e—2¢£\Si (2254 2¢f
f(sin(2e—2§f)fs <2 f:dx * >d:v+cos(2 d>§1(2 f+d)> 1
ad ~ d(c+ dz)(a+iacot(e + fz))
l 3783
f (Coslntegral (2zf+d26f> sin <2e—¥> n cos (2e—¥>§i (29:f+%> )
ad B
’Lf (Coslntegra,l (fo—i- QCf) cos (26—%) _ sin (26—%)Si (2xf+%) )
d d 1
ad  d(c+ dz)(a+iacot(e + fz))

1
3.20. f (c+dz)2(a+ia cot(e+ fx)) dzx
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input\ Int[1/((c + d*x)~2+(a + I*axCot[e + fxx])),x]

output

-(1/(d*(c + d*x)*(a + I*a*Cot[e + f*x]))) + (£*((CosIntegral[(2xcxf)/d + 2
xf*x] *Sin[2xe - (2*c*f)/d])/d + (Cos[2*e - (2xc*f)/d]*SinIntegral [(2*c*f)/
d + 2*xf*x])/d))/(a*d) - (I*f*x((Cos[2*e - (2*cx*f)/d]*CosIntegral [(2*c*f)/d
+ 2%f*x])/d - (Sin[2*e - (2%c*f)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/d))/(a
*d)

3.20.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 3780

rule 3783

rule 3784

rule 4207

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*xx]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQld*e - cxf, 0]

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
c*xf, 0]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(dx*
e - cxf)/d] Int[Sin[c*(£/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c*
£)/d]  Int[Cosl[cx(£f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x]
&& NeQ[d*e - c*f, 0]

Int[1/(((c_.) + (d_.)*(x_))"2*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + f*x]))~(-1), x] + (-Simp[£f/(a*d)

Int[Sin[2%e + 2xf*x]/(c + d*x), x], x] + Simp[£f/(b*d) Int[Cos[2%e + 2%
fxx]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[a~2 + b2, 0
]

1
3.20. [ (c+da)2(atiacot(etfz)) dx
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3.20.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.63

method result
2i(cf—de) e
ch 1 if 2ilfate) ife"" @  Ei (—2ifz—2ie—w)
T1SC 2d(dz+c)a 2a.d2 (fo-i-%) ad?
. 2cf—2de) .. (2cf—2de . 2cf—2de 2cf—2de
. 2sin(2fmb2e) 4 Sl(2fz+2e+ fdd )sm( fd ) +4 Cl(2fz+26+ fdd )cos( fd )
¢ _(cf—de+d(f:c+e))d+ d
f - 4 - 2(cf—de+
derivativedivides -
o 4 8i(2fz+2e+ Zof ~2de ) sin( 2of~2de ) L (2fz+2¢+ Zof~2de ) cos( Zof ~2de )
il — sin(2fz+2e) + d d
(cf—de+d(fz+e))d d
fl= 4 T 2(cf—de+
default -

input Lint (1/(d*x+c) "2/ (a+I*a*cot (f*x+e)) ,x,method=_RETURNVERBOSE)

output \ -1/2/d/(d*x+c) /a+1/2%I/axf/d"2%exp (2% I* (£*x+e) )/ (I*f*x+I/d*xc*xf)+I/axf/d~2%
‘exp(-2*I*(c*f-d*e)/d)*Ei(l,-2*I*f*x-2*I*e-2*(I*c*f-I*d*e)/d)

3.20.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.45

1
/ (c+ dx)%(a + iacot(e + fz))
e _2(<ideticf) o
2 (idfz +icf)Ei<_2(_ldf;_ZCf)> e( Tt ) — de(2ifat2ie) 4 g
2 (ad3x + acd?)

dz

input Lintegrate (1/(d*x+c) "2/ (a+I*a*xcot (f*x+e)) ,x, algorithm="fricas")

Output‘—1/2*(2*(I*d*f*x + Ixckf)*Ei (2% (-I*d*f*xx - I*c*f)/d)*e” (-2%(-Ixd*e + I*cx*
Lf)/d) - dre~ (2%Ixfxx + 2xI*xe) + d)/(axd~3*x + a*xc*xd~2)

1
3.20. [ (c+da)2(atiacot(etfz)) dx
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3.20.6 Sympy [F]

/ ! dz
(c+ dx)*(a + iacot(e + fz))

. 1
L f c? cot (e+fz)—ic2+2cdz cot (e+ fx)—2icdz+d2z2 cot (e+ fx)—id2z?
a

dz

input Lintegrate (1/ (d*x+c) **2/ (a+I*axcot (f*x+e)) ,x) J

output‘-I*Integral(1/(c**2*cot(e + fxx) - I*c**2 + 2xcxdxxxcot(e + fxx) - 2*%I*kckd
‘*x + dxx2%x**2kcot (e + fkx) - Ikds*ikx*x2), x)/a ‘

3.20.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.73

1
d
/ (c+ dx)%(a +iacot(e + fz)) o
#2 cos (_2 (ded—r:f)> E, (2(—i (fz+e);+z' de—i cf)) — i f2E, (2 (=i (fx~|—e)dd+i de—icf)) sin (_2(ded—cf)> _
B 2 ((fz + €)ad® — ad?e + acdf) f

inputLintegrate(1/(d*x+c)‘2/(a+I*a*cot(f*x+e)),X, algorithm="maxima") J

output‘1/2*(f‘2*cos(—2*(d*e - cxf)/d)*exp_integral_e(2, 2x(-Ix(f*x + e)*d + Ixdxe
‘ - Ixc*f)/d) - I*f~2*exp_integral_e(2, 2x(-Ix(f*x + e)*d + Ixd*e - Ixcxf)/
|d)*sin(-2%(d*e - cx£)/d) - £72)/(((f*x + e)*a*d™2 - a*d™2%e + a*xckd*f)*f)

———

3.20.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 357 vs. 2(161) = 322.

1
3.20. [ (c+da)2(atiacot(etfz)) dx
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Time = 1.08 (sec) , antiderivative size = 357, normalized size of antiderivative = 2.15

1
dx =
(c+ dz)?(a + iacot(e + fx)) v
) . w4c) (e — e 4i ) idetic _2(zideticf)

i —2¢(dx+c)(d;djc—dﬁcﬂ'f)f?Ei(z((d“(“*C dekotif)-idet f)>e< e )_2def2Ei(
- 2 (—i
R

2(dz + c)ad

input Lintegrate (1/(d*x+c) "2/ (a+I*a*xcot (f*x+e)) ,x, algorithm="giac")

-/

output | -1/2%I* (-2xI* (d*x + c)*(I*d*e/(d*x + c) - Ixc*f/(d*x + c) + Ixf)*xf~2«Ei(2x*
((d*x + c)*(Ixd*e/(d*x + c) — I*cxf/(d*x + c) + I*f) - I*d*e + Ixcxf)/d)*e
“(-2*%(-Ixd*e + Ikc*f)/d) - 2xd*exf 2+«Ei(2*x((d*x + c)*(I*d*e/(d*x + c) - Ix*
cxf/(d*x + c) + I*f) - Ixdxe + Ikxcxf)/d)*e” (-2%(-I*d*e + Ixcxf)/d) + 2xcxf
~3*Ei (2% ((d*x + c)*(I*d*e/(d*x + c) - Ixcxf/(d*x + c) + I*f) - Ixd*e + I*c
*f)/d)*e” (-2x (-I*d*e + I*c*f)/d) + Ixd*xf~2xe” (-2k(d*x + c)*(-Ixd*e/(d*x +

c) + Ixcxf/(d*x + c) - I*£f)/d))*d"2/((-Ix(d*x + c)*d"4*(I*d*e/(d*x + c) -

Ixcxf/(d*x + c) + I*f) - d"5*e + cxd~4xf)x*xaxf) - 1/2/((d*x + c)*axd)

3.20.9 Mupad [F(-1)]

Timed out.

dz

1 1
/ (c+ dz)?(a + iacot(e + fx)) de = / (a +acot (e + fx) 1i) (c+dz)?

inputtint(l/((a + axcot(e + f*x)*1i)*(c + d*x)~2),x) J

e

outputkint(l/((a + akxcot(e + f*x)*1i)*(c + d*x)"2), x)

e—

1
3.20. [ (c+da)2(atiacot(etfz)) dx
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1

3.21 J (Cranatiacoterya) 92

3.21.1 Optimal result . . . . . . .. . ... 174
3.21.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 175
3.21.3 Rubi [A] (verified) . . . . . ... .. 175
3.21.4 Maple [A] (verified) . . . .. .. ... .. 178
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 179
3.21.6 Sympy [F] . . . . . 180
3.21.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 180
3.21.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 181
3.21.9 Mupad [F(-1)] . . . . o o [18T]

3.21.1 Optimal result
Integrand size = 23, antiderivative size = 227
/ 1 dr — A
(c+ dx)3(a +iacot(e + fz)) 2ad?(c + dx)
N f? cos (2e — %L) Coslntegral (2 + 2fz)

. ad?
~ 2d(c+ dz)%(a + iacot(e + fx))
if

~ d2(c+dz)(a +iacot(e + fz))
N if? CosIntegral (% + 2fz) sin (2e — %)

ad?
N if? cos (2e — 2L Si (%L + 2f2)
ad?
f?sin (2e — 2%f) Si(z%f +2fz)
B ad3

output‘1/2*I*f/a/d‘2/(d*x+c)+f‘2*Ci(2*c*f/d+2*f*x)*cos(—2*e+2*c*f/d)/a/d“3—1/2/d/
‘(d*x+c)‘2/(a+I*a*cot(f*x+e))-I*f/d‘2/(d*x+c)/(a+I*a*cot(f*x+e))+I*f‘2*cos(
\—2*e+2*c*f/d)*Si(2*c*f/d+2*f*x)/a/d‘B—I*f‘z*Ci(2*c*f/d+2*f*x)*sin(—2*e+2*c
‘*f/d)/a/d“3+f‘2*Si(2*c*f/d+2*f*x)*sin(—2*e+2*c*f/d)/a/d*3

1
321 [ (c+da)3(atiacot(etfz)) dx
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3.21.2 Mathematica [A] (verified)

Time = 1.66 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.25

1
(c+ dz)3(a+iacot(e+ fz))
(cos(e+ f(—<+x)) +isin(e+ f(—5+1z))) <4f2(c + dz)? CosIntegral (%jdz)) <cos (e — @)

dz

-

input LIntegrate [1/((c + d*x)~3x(a + I*axCotl[e + f*x])),x]

~—/

output | ((Cos[e + f*(-(c/d) + x)] + I*Sinl[e + £*x(-(c/d) + x)])*(4x£"2x(c + d*x) 2%
CosIntegral [(2*f*(c + d*x))/d]*(Cos[e - (fx(c + d*x))/d] + I*Sinl[e - (f*(c
+ d*x))/d]) + I*(d*(I*d*Cos[e + fx(-(c/d) + x)] + ((-I)*d + 2xc*xf + 2xdxf
*x)*Cos[e + f*x(c/d + x)] + d*Sin[e + £*(-(c/d) + x)] + d*Sin[e + f*x(c/d +
x)] + (2*%I)*c*f*Sin[e + f*x(c/d + x)] + (2*I)*d*f*x*Sinf[e + f*(c/d + x)]) +
4xf~2%(c + d*x)"2*x(Cos[e - (f*(c + d+*x))/d] + I*Sin[e - (f*(c + d*x))/d])

*SinIntegral [(2*%f*(c + d*x))/d])))/(4*axd"3*(c + d*x)~2)

3.21.3 Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 224, normalized size of antiderivative = 0.99,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.435, Rules

used = {3042, 4208, 3042, 4207, 25, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 d
(c+ dz)3(a + iacot(e + fx)) v
| 3042

1
/ (c+dz)3 (a —iatan (e + fz + %))da:

l 4208

. 1 .
if f (c+dz)2 (i cot(e+ fr)a+a) dzx if _ 1
d 2ad?(c+dz) 2d(c+ dz)%(a+iacot(e+ fz))

l 3042

L dz

3.21. f (ct+dz)3(a+iacot(e+fx))




CHAPTER 3. LISTING OF INTEGRALS 176

: 1
if f (c+dz)?(a—iatan(e+fr+7)) dz n if _ 1
d 2ad?(c+dz) 2d(c+ dz)%(a+iacot(e+ fz))
| 4207
. f f sm(fj_-gifz) de if f cos(CZj—-ngf:c) dz 1
Zf - ad + ad " d(c+dx)(atiacot(e+fx)) ’Lf
d + 2ad?(c + dx)
1

2d(c + dx)?(a + iacot(e + fz))

| 25

ff sm(c2i-5§fa:) dz fo COS(fij{—jfx) dz 1
f ad - ad " d(c+dx)(a+iacot(etfzx)) ’Lf
d + 20d2(c + dz)
1
2d(c + dz)%(a + iacot(e + fz))
| 3042
f (ff sm(CQj—-;zfz) de B lff Sin(Ze:’—dewx-Fg) da _ 1 )
ad ad d(c+dz)(a+iacot(e+fz)) if
d + 2ad?(c + dx)
1
2d(c + dz)?(a + iacot(e + fz))
| 3784
2¢cf sin( 2z 2¢f cos| 2z 2¢f sin( 2z
f(sin(Qe—r‘);f) J 7605(2;{; )dx+cos(2e—y) fi(ij;; )dx> if (cos(2e—2;f) fi(i_f;; )dz—sin<26—¥) J 7(20_{;
Zf ad - ad
) d
if B 1
2ad?(c+dz) 2d(c+ dz)%(a+iacot(e+ fz))
| 3042

2cf 2cf 2cf
if (cos<2e—2§f) fmn(hfc:—dg-kj)dx—sin@ 2?) J de) f<sin(2e—2§f) J Sm(hj:—derT)dz-i-cos( e—ﬁ)j

ad

if 1
2ad%(c+dz)  2d(c+ dz)?(a + iacot(e + fz))

l 3780

1
3.2L. f (c+dz)3(a+ia cot(e+ fx)) dzx
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sin(2cf+2¢f 11 sin(2e— 2¢f i(2zf42¢f sin(2cf+2¢f 4 cos(2e— 261 \Si(2z
if<c0s<2e—2§f)f ¢ ]:dg +5) dz— (2- % )?1(2 f+55 )) f<sin(2e—2§f)f (2 {:d;i +2)dw+ (2e- %5 )dSI(2 £+
Zf - ad + ad
) d
if 1
2ad?(c+dz) 2d(c+ dz)%(a+iacot(e+ fz))
| 3783
f < CosIntegral(2zf+j§f) sin(2ef %) i cos(2ef%)dsi(2zf+¥> ) zf < CosIntegral(2zf+z%f) cos (2ef¥) _ sin(Qef %)?i(21f+¥) A
; /
Zf ad - ad

d
if 1
2ad%(c+dz)  2d(c+ dz)(a + iacot(e + fz))

-

input LInt[l/((c + dxx)~3%(a + I*axCot[e + f*x])),x]

| —

output | ((I/2)*f)/(a*xd"2*(c + d*x)) - 1/(2*d*(c + d*x)"2*%(a + I*a*Cotl[e + f*x])) +
(I*f*(-(1/(d*(c + d*x)*(a + I*xaxCot[e + f*x]))) + (£*((CosIntegral [(2*c*f
)/d + 2xf*x]*Sin[2*e - (2%c*f)/d])/d + (Cos[2%e - (2*cxf)/d]*SinIntegral[(
2xc*xf)/d + 2*%f*x])/d))/(axd) - (Ixf*((Cos[2xe - (2*c*f)/d]l*CosIntegral [(2x
cxf)/d + 2xf*x])/d - (Sin[2%e - (2*cxf)/d]*SinIntegral[(2xcxf)/d + 2*xf*x])
/d))/(axd)))/d

3.21.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

rule 3780 Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, £}, x] && EqQ[d*e - c*f, 0]

1
321 [ (c+da)3(atiacot(etfz)) dx



rule 3783

rule 3784

rule 4207

rule 4208
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Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[dx(e - Pi/2) -
cxf, 0]

Int[sinf(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£/d) + £*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
f)/d] Int[Cos[cx(£f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

Int[1/(((c_.) + (d_.)*(x_))"2%((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + £*x]))~(-1), x] + (-Simp[£f/(axd)

Int[Sin[2%e + 2*f*x]/(c + d*x), x], x] + Simp[f/(b*d) Int[Cos[2*e + 2%
f*x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a"2 + b~2, 0
]

Int[((c_.) + (A_D)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sym
bol] :> Simp[f*((c + d*x)"(m + 2)/(b*d"2*(m + )*(m + 2))), x] + (Simp[2xb*
(f/(a*d*x(m + 1))) Int[(c + d*x)"(m + 1)/(a + b*Tan[e + f*x]), x], x] + Si
mp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + b*Tan[e + f*x])), x]) /; FreeQ[{a, b,
c, d, e, £}, x] && EqQ[2"2 + b~2, 0] && LtQ[m, -1] && NeQ[m, -2]

3.21.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.63

1
3.2L. f (c+dz)3(a+ia cot(e+ fx)) dzx
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method result
_ 2i(cf—de) . . e
. h 1 f2e2i(fz+e) f2e2i(fz+e) f2e d Ei; (_27'.)":17_27/6_M)
T1SC. - 2 - , 2 . ; - 3
4d(dz+c)“a 4a d3 (ifw—i—%) 2a.d3 (zfz-l-%) ad
2 Si(2fat2et 26f=2de (o (2cf=2de) 5 oi(gppq0ey 26f~2de
2 d d _ d
2 cos(2fz+2e) 4 4
il — sin(2fz+2e) +_ (cf—det+d(fz+e))d d
(cf—de+d(fz+e))2d d
f2 - 4
derivativedivides
NE Si(2fz+2e+ 2°f52de) cos( 2°f;2de) 2 Ci(zfz+2e+20ﬂ%)
2 cos(2fz+2e) 4
il — sin(2fz+2e) " (cf—de+d(fz+e))d d
(cf—de+d(fz+e))2d d
f2 - 4
default

-

input Lint (1/(d*x+c) "3/ (a+I*a*cot (f*x+e)) ,x,method=_RETURNVERBOSE)

-/

Output‘—1/4/d/(d*x+c)‘2/a—1/4*f‘2/a/d‘3*exp(2*I*(f*x+e))/(I*f*x+I/d*c*f)“2—1/2*f‘
|2/a/d"3%exp (2+I* (f¥x+e))/ (Ixfxx+I/d*cxf)-£72/a/d 3xexp (-2xI* (cxf-dxe) /d) +E

Li(l,—2*I*f*x—2*I*e—2*(I*c*f—I*d*e)/d)

~

3.21.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.53

1

dz

/

(c+dz)3(a+iacot(e + fx))
4(d2f*? + 2edf*o + ¢ f)Ei (-2 =D ) (-2

_2(—tideticf)

) @+ (26 fx + 2i cdf + d?)e f=+%ie)

4 (ad>z? 4 2 acd*z + ac%d?)

input Lintegrate (1/(d*x+c) "3/ (a+I*a*xcot (f*x+e)) ,x, algorithm="fricas") J

3.21.

L dz

f (c+dz)3(a+ia cot(e+fz))
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OUPUL | 1/4% (4% (d"24£ 24X"2 + 2kCHA*E 24X + C 24E"2)*Ei(-2% (-T*dxfrx - I+ckf)/d)*e |
\“(-2*(-I*d*e + Ixcxf)/d) - d~2 + (2%xI*xd~2xf*xx + 2xIxckd*f + d~2)*e” (2xI*f*
‘x + 2xIxe))/(a*d 5*x~2 + 2kakckd 4*x + axc~2%d~3) ‘

3.21.6 Sympy [F]

1
(c+dx)3(a +iacot(e + fz)) do

. 1
t f 3 cot (e+ fz)—ict+3c2dz cot (e+fx)—3ic?dz+3cd?x? cot (e+ fr)—3icd?xz2+d3z3 cot (e+fx)—id3z3
a

dz

input‘integrate(1/(d*x+c)**3/(a+I*a*cot(f*x+e)),x) ‘

output‘—I*Integral(1/(c**3*cot(e + f*x) - I*cx*3 + 3kckx2kdkx*kcot(e + f*x) - 3*Ix
|CRR2¥d¥x + Bkckdrrkxkr2xcot(e + £x) - SkIrCHAFR¥xHA2 + d¥x3kxrx3*cot (e
‘+ fxx) - I*d**3%x**3), x)/a ‘

3.21.7 Maxima [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.70
1
. dz
(c+dz)3(a+iacot(e + fx))
2 f3 cos <_’~’(d+—cf)> Es (2(—i (fz+e)dd+ide_icf)> 2 f3E, (2(—i (fw-i-e)dd+ide—icf)> sin <_ Lfﬁ > _p
B 4 ((fz + e)’ad3 + ad3e? — 2acd?ef + ac?df? — 2 (ad3e — acdf)(fz +e)) f

input

integrate(1/(d*x+c) 3/ (at+I*axcot(f*x+e)),x, algorithm="maxima")

N\ J

output‘ 1/4x (2x£~3*cos (-2*(d*e - cxf)/d)*exp_integral_e(3, 2*x(-Ix(f*x + e)*d + I*d ‘
(*e - Ixc*f)/d) - 2%I*f 3xexp_integral e(3, 2x(-Ix(f*x + e)*d + Ixd*e - Ixc
*£)/d)*sin(-2%(dxe - c*£)/d) - £73)/(((fxx + e)"2xaxd"3 + axd™3xe”2 - 2xax
‘c*d“2*e*f + axc”2*xd*f"2 - 2x(axd"3*e - axckd"2*f)*(fxx + e))x*f)

1
321 [ (c+da)3(atiacot(etfz)) dx
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3.21.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1558 vs. 2(210) = 420.

Time = 0.30 (sec) , antiderivative size = 1558, normalized size of antiderivative = 6.86

1 .
/ (c+ dz)*(a + ia cot(e + f2)) dx = Too large to display

input  integrate(1/(d*x+c) "3/ (a+I*a*cot(f*x+e)),x, algorithm="giac")

output | 1/4* (4*d~2*f"2*xx"2*cos(e) "2*cos (2*c*f/d) *cos_integral (2% (d*f*x + cxf)/d) +
8*I*d~2xf " 2*x"2*cos (e) *cos(2*c*f/d) *cos_integral (2* (d*f*x + cxf)/d)*sin(e
) = 4xd"2+f"2*x"2%cos (2xcxf/d) *cos_integral (2* (d*f*x + c*f)/d)*sin(e)"2 -
4xT*d~2*f~2+x"2*cos (e) "2*cos_integral (2* (d*f*x + c*f)/d)*sin(2*c*xf/d) + 8%
d~2*f~2*x"2*cos(e) *cos_integral (2% (d*f*x + c*f)/d)*sin(e)*sin(2*cxf/d) + 4
*I*d~2*%f"2*x"2%cos_integral (2* (d*f*x + c*f)/d)*sin(e) "2*sin(2*c*f/d) + 4xI
*d~2xf"2xx"2*cos (e) "2*%cos (2*c*f/d) *sin_integral (2x(d*f*x + c*f)/d) - 8%d~2
*f~2%x"2xcos (e) *xcos (2*%c*f/d) *sin(e) *sin_integral (2x(d*f*x + c*f)/d) - 4*Ix
d~2#f"2*x"2*cos (2xcxf/d) *sin(e) "2*sin_integral (2x (d*f*x + c*f)/d) + 4*xd~2*
£72*x"2xcos(e) "2*sin(2*cxf/d) *sin_integral (2x(d*f*x + c*f)/d) + 8*I*d~2*f"
2+x~2*cos(e)*sin(e) *sin(2*c*f/d) *sin_integral (2* (d*f*x + c*f)/d) - 4*d~2xf
~2xx"2*sin(e) "2*sin(2*c*f/d) *sin_integral (2 (d*f*x + c*f)/d) + 8*c*d*f 2x*x
*xcos (e) "2*cos (2*c*f/d) *cos_integral (2x(d*xf*x + c*f)/d) + 16xIxcxd*f~2xx*co
s(e)*cos(2xc*f/d) *cos_integral (2k (d*f*x + c*f)/d)*sin(e) - 8xcxd*f ~2*xx*cos
(2%c*f/d) *cos_integral (2x (d*f*x + c*f)/d)*sin(e) 2 - 8*I*ckd*f 2*x*cos(e)”
2xcos_integral (2« (d*f*x + c*f)/d)*sin(2*c*f/d) + 16%cxd*f 2*x*cos(e)*cos_i
ntegral (2 (d*f*x + c*f)/d)*sin(e)*sin(2*c*f/d) + 8*I*cxd*f~2*x*cos_integra
1(2%(d*f*x + c*xf)/d)*sin(e) "2*sin(2*c*f/d) + 8*Ixc*d*f~2*x*cos(e) 2*cos(2*
c*xf/d)*sin_integral (2*(d*f*x + c*xf)/d) - 16*cxd*f ~2*x*cos(e)*cos(2*c*f/d)*
sin(e)*sin_integral (2*(d*f*x + c*f)/d) - 8*I*kc*d*f 2xx*cos(2xcxf/d)*sin. ..

N

3.21.9 Mupad [F(-1)]

Timed out.

1 1
/ (¢ + dz)3(a + iacot(e + fz)) do = / (a+acot (e + fz) 1i) (c+dzx)? de

input‘ int(1/((a + a*cot(e + f*x)*1i)*(c + d*x)~3),x)

1
3.2L. f (c+dz)3(a+ia cot(e+ fx)) dzx
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output Lint(l/((a + axcot(e + f*x)*1i)*(c + d*x)"3), x)

1
321 [ (c+da)3(atiacot(etfz)) dx



output
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3.22 [l g,
) (a+ia cot(e+fz))?

3.22.1 Optimal result . . . . . . . . . . ... e 183
3.22.2 Mathematica [A] (verified) . . . . . . . . ... Lo 184
3.22.3 Rubi [A] (verified) . . . . . ... . 184
3.22.4 Maple [A] (verified) . ... ... ... .. 186
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 186
3.22.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. .. .. 187
3.22.7 Maxima [F(-2)] . . . . . . 187

3.22.8 Giac [B] (verification not implemented) . . . . ... ... ... .......
3.22.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ...

3.22.1 Optimal result

Integrand size = 23, antiderivative size = 270

(c+ dx)3 B 3d3eliet2ife  ggBelietdifs g2 2ie+2ifz (c+ dz)
/ (a+iacot(e + fo))2 " 16aft  512a2f% 842 f3

3,id2e4ie+4ifac(c+ dl’) 3de2ie+2ifm(c+ diL')Q
128a2 f3 B 8a2 f?

3de4ie+4ifx(c + dx)2 z-ezie+2ifm(c + dw)3
64a2 f2 4a?f

ietiettife(c 4 dx)®  (c+ dx)*

B 16a2f 16a2d

183
189

3/16*d"3xexp (2xIxe+2*I*f*xx)/a~2/f~4-3/512+%d " 3*exp (4*I*e+4*xI*f*x)/a~2/f~4-3
/8*%Ixd"2xexp (2% Ixe+2*xI*f*x) * (d*x+c) /a~2/£"3+3/128*I*d "~ 2*exp (4*I*xe+4*xI*f*x)
* (d*x+c)/a~2/£73-3/8*d*exp (2*I*e+2*xI*f*x) * (d*x+c) “2/a"~2/£~2+3/64*d*exp (4*1
xe+4*Ixf*xx)* (d*x+c) ~2/a~2/f72+1/4*I*exp (2*I*e+2xI*f*x) * (d*x+c) ~3/a~2/f-1/1
6*I*exp (4*I*e+4*I*xf*x)*(d*x+c) ~3/a~2/f+1/16x(d*x+c)~4/a~2/d

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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3.22.2 Mathematica [A] (verified)
Time = 2.17 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.34
(c+dz)3

(a +iacot(e + fx))?
_ (cos(2(e + fz)) + isin(2(e + fz))) ((32¢°f°(—i + 4fx) + 24c*df* (1 — difx + 8f?x?) + ded?f(3i + 12fa

dx

input LIntegrate[(c + dxx)"3/(a + I*a*Cotl[e + f*x])~2,x] J

output | ((Cos[2*(e + f*x)] + I*Sin[2*(e + f*x)])*((32%c"3*f 3% (-1 + 4xf*xx) + 24*c”
2%d*f 2% (1 - (4*xI)xfxx + 8*f~2%x"2) + 4*xckd ~2xfx(3*xI + 12%f*x - (24*I)*f~2
*x72 + 32%f"3*%x73) + d73*%(-3 + (12*I)*fxx + 24*f"2%x"2 - (32*I)*f"3*x"3 +
32+%f"4xx~4))*Cos[2* (e + f*x)] - I*(-32%(4*c™3*f~3 + 6kc 2*d*f 2% (I + 2xfx*xx
) + 6xcxd"2%xfx (-1 + (2*I)*f*x + 2%f"2%x"2) + d73*%(-3*I - 6*f*xx + (6%I)*f~2
*x"2 + 4xf"3%x"3)) + (32%c”3*f 3% (I + 4*fxx) + 24kc™2kd*f"2x (-1 + (4*I)*f*
X + 8%f"2%xx"2) + 4kxckxd"2+f*(-3%I - 12%f*x + (24*I)*f "2%x~2 + 32%f ~3*x~3) +
d"3%(3 - (12*I)*fxx - 24*f~2%x"2 + (32%I)*f~3*x"3 + 32*%f~4*x"4))*Sin[2* (e
+ £xx)]1)))/(5612%xa~2x£~4)

3.22.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 133 Ryles used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx) da
(a + iacot(e + fx))?
| 3042

/ : (c+dz)? e

. 2
a — iatan (e+fa:+ g))

l 4212
/ _(c+dx)362ie+2ifx N (C+dw)3e4ie+4ifx N (C+d£6)3 e
2a2 4a? 4q?

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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l 2009
3id2(c+dw)e2ie+2ifm 3’id2(0+ dw)e4ie+4ifac B 3d(C+ dw)2e2ie+2if:c 3d(C+diE)2€4ie+4ifz N
8a2 f3 128a2 f3 8a2 f2 64a2 f2
i(c+ dx)3e2ie+2ifx i(c+ dx)3e4ie+4ifx (C+ dm)4 3d362ie+2ifx 3d3e4ie+4ifx
4a2f B 16a2f 16a%d 16a2f4  512a2f*
inputtlnt[(c + d*x)"3/(a + I*a*Cot[e + £*x])~2,x] J

/

output | (3*d~3*E~((2*I)*e + (2*I)*f*x))/(16*xa~2*xf~4) - (3*d"3*E~((4*I)*e + (4*I)x*f
*x))/(512*xa~2*xf~4) - (((3*I)/8)*d~2*E~((2*I)*e + (2*I)*f*x)*(c + d*x))/(a”
2x£~3) + (((3%I)/128)*d"2*%E~((4*I)*e + (4*I)*f*x)*(c + d*x))/(a~2%f~3) - (
3xd*xE~ ((2%I)*e + (2*xI)*fxx)*(c + d*x)~2)/(8*a~2xf72) + (3*d*E~((4*xI)*e + (
4xT)*xfxx)*(c + d*x)~2)/(64*a~2x£72) + ((I/4)*E”~((2*I)*e + (2+I)*f*x)*(c +
d*x)~3)/(a~2*f) - ((I/16)*E~((4*xI)*e + (4*xI)*f*xx)*(c + d*x)~3)/(a~2*f) + (
c + d*x)~4/(16%a"2xd)

3.22.3.1 Defintions of rubi rules used

-/

p
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int [((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx*
x))/(2*%a))~(-n), x], x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] & ILtQ[n, O]

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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3.22.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.05

method result
. Bl d2cx3 3d c2 et 1(32d%x3 F3496¢ d? f3 22 +24id® f2224-96c2d fx+48icd? f2z+32c3 f3424
risch 1602 T 2z + 502 "+ £ 4a2 + T6a2a — 512424

dx 1,2 2 3 dz
_120f<_4(7+c)(7dla; +edate? ) f tid(Ld2a?+eda+c?) £ w 17id3 >ztan(fz+e)2 (64i(d7z+c>(%d2xz+

parallelrisch

input Lint ((d*x+c) "3/ (a+I*a*cot (f*x+e)) 2,x,method=_RETURNVERBOSE) J

output | 1/16/a"2+*d"3*x"4+1/4/a"2xd"2*c*x"3+3/8/a"2xd*c”"2*x"2+1/4/a"2*xc"3*x+1/16/a"
2/d*c”4-1/512%T* (32%d~3%x"3*f ~3+24*I*d~3*f "2+x"2+96*c*xd~2+f ~3*x~2+48*I*c*d
T2%f 7 2%x+96%CcT2kd*f " 3*x+24*%TkcT2%d*f T 2+32%c"3*f "3-12%d "3k *xx—-3*%I*d"3-12%c*
d~2xf)/a~2/f 4*exp (4*I* (f*x+e))+1/16%I* (4*d~3*x"3*f ~3+6*I*d~3*f ~2*x"2+12%c
*xd"2%f " 3kx"2+12% Ikckd 2% f " 2%kx+12%C 2% d*f "3*x+6*%I*C”2*d*f "2+4*c”3*%f"3-6%d"3
*f*x-3*%I*d"3-6xc*xd~2*xf) /a~2/f 4*exp (2+xI* (f*x+e))

3.22.5 Fricas [A] (verification not implemented)
Time = 0.26 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.95
(c+dz)?

(a + iacot(e + fx))?
_ 32d fUat + 128 cd? f2® + 192 Pdf*a? + 128 ¢ fAx + (—32i d® f22® — 320 P f° + 24 2df? + 12icd* f — 3.

T

~—

p
input Lintegrate ((d*x+c) "3/ (at+I*axcot (f*x+e))~2,x, algorithm="fricas")

output | 1/512%(32xd"3*f"4*x~4 + 128*cxd~2*%f "4*x"3 + 192*%c”2xd*f~4*x"2 + 128%c”3*f~
4xx + (=32%I*d"3*%f"3%x"3 — 32%I*kc"3*%f"3 + 24*c™2*%d*f~2 + 12%xI*kckd"2*f - 3%
d"3 - 24%(4*xIxc*d~2+f~3 - A" 3*f"2)*x"2 — 12%(8*xI*c~2*d*f~3 - 4*xcxd"2*xf~2 -
I*@"3*f)*xx) xe” (A*I*f*x + 4xI*e) - 32+ (-4*I*d~3*f~3*x"3 - 4*I*c 3*f"3 + 6%
cT2xd*xf~2 + 6xIkckd"2*%f - 3*%d"3 + 6x(-2xI*xckd~2*f~3 + 4 3*f"2)*x"2 + 6% (-2
*I*xc™2xd*xf~3 + 2kckd"2+%f72 + I*d"3*f)*x)*e” (2*xI*f*x + 2*Ixe))/(a~2xf"4)

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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3.22.6 Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 651, normalized size of antiderivative = 2.41

(c+dz)?
- 5 dx
(a + iacot(e + fx))
(2048ia2c3 f7e2ie+6144ia?c2df " ze2i®—3072a2c2df Se2i®+6144ia%cd? f T w2 e2i¢ —6144acd? fOxe?i® —3072ia2 cd? f5e21€+2048ia2d> f7 z3e2e !
- .'E4 (d364ie_2d362ie) :l:3 (cd264ie_2cd262ie) $2~(302de4ie—602d62ie) x(6364ie_26362ie)
16a2 4a? + 8a? 4a2

EEE_+_3c2dx2_+_cd2x3_+ A3zt
4q2 8a? 4q2 16a2

input  integrate ((d*x+c)**3/ (a+I*a*cot (f*x+e))**2,x)

output | Piecewise ((((2048*I*a**2xcx*3*f*xTxexp (2xI*e) + 6144*xI*a*x*kcr*2xd*f**Txx*
exp(2+I*e) - 3072kax*2kcx*k2xd*xf*x6xexp(2xIxe) + 6144*Tkak*2kckdxk2xf**Txx*
*2*%exp (2xI*e) - 6144*ax*2*ckd**2*f**6xx*kexp(2*xI*xe) - 3072k Ixa**2kckd**2*f*
*x5%xexp (2%xI*e) + 2048*Ika**2kd**3kf**T*kx*x*3kexp (2*%I*ke) — 3072ka**2kd**3xf**
Bxxx*k2kexp (2%I*e) — 3072xI*a**x2*d**3*f**x5*xx*kexp(2*%I*ke) + 1536%*ax*k2xd**3xf*
x4*xexp (2xI*e) ) *exp (2xI*xf*x) + (-512%Ixa**x2kcx*3*xf**7xexp(4*xI*e) - 1536*I*a
*kkQkCHk2xkA*f*xTHx*kexp (4*xI*e) + 384 ax*k2xcx*2xd*f*x6*exp(4*xI*e) — 1536*I*ax
*k2kCkd* k2 fkxkTxx**2kexp (4*%I*e) + T68*ax*2kckd**2*xf**G*xx*exp(4*xI*e) + 192%I
kax*k2kckd**k2xfxk5kexp (4*%I*ke) — 512xIxax*k2kd**3*f**T*xx**3*exp (4*I*e) + 384x%
ak*x2xd**k3kf*x6*xx*k*2kexp (4*xI*e) + 192*I*a**2xdx*3*f*xE5xx*exp(4*xIxe) - 48xax
*2xd*x3*f kx4 *exp (4xIxe) ) kexp (4*I*f*xx)) /(8192%ax*4xf*x8) , Ne(a*x4xf*x8, 0))
, (x*x4x(dx*3xexp(4*I*ke) - 2xd*x3xexp(2xIxe))/(16xa*x*2) + x**3x(ckd**2xexp
(4*xIxe) — 2xckdx*2xexp(2*xIxe))/(4*a**2) + x**x2*(3kck*x2*d*exp(4*I*e) - B*c*
*2xd*exp (2*I*e))/(8*ax*2) + x*(ck*3*exp(4*I*e) — 2kcx*3*xexp(2*I*e))/(4*a**
2), True)) + c**x3*x/(4*%ax*x2) + 3kck*kd*x*k*x2/(8*ka*x*x2) + ckdk*x2*xx*x*x3/(4d*a*x*
2) + dx*3xx*x*x4/(16*a*x*2)

3.22.7 Maxima [F(-2)]

Exception generated.

d 3
/ (@t .(CC;;; (wi_ ) dx = Exception raised: RuntimeError
a+ia e x

input‘integrate((d*x+c)“3/(a+I*a*cot(f*x+e))“2,x, algorithm="maxima")

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

Lve exponent. J

3.22.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 413 vs. 2(204) = 408.

Time = 0.32 (sec) , antiderivative size = 413, normalized size of antiderivative = 1.53
(c+ dx)3

(a +iacot(e + fx))?
3243 f4zt + 128 cd? fAa® — 32i & fixdelifatiic) 4 128 B fxde(2ifat2ie) 4 192 dfix? — 96i cd? fix%e

dz

~—

p
inputLintegrate((d*x+c)“3/(a+I*a*cot(f*x+e))“2,x, algorithm="giac")

output | 1/512*%(32*%d"3*f"4*x~4 + 128*c*xd~2*%f"4*x"3 - 32*%I*d"3*f "3*x"3*ke” (4*I*f*x +

4xT*e) + 128*I*d"3*f " 3xx"3xe” (2kxI*f*x + 2%I*e) + 192xc~2xd*xf~4*x"2 — 96*I*
cxd"2xf " 3xx"2ke” (4*I*f*x + 4*Ixe) + 384xIxckxd~2xf " 3*x"2%e” (2*xI*f*x + 2xI*e
) + 128%c”3*f"4*x - 96*I*xc 2xd*f " 3kxke” (4*I*f*x + 4xIxe) + 24*xd"3*kf " 2%x"2%
e” (4*Ixfxx + 4xIxe) + 384*I*c 2*d*f 3*x*e” (2xI*fxx + 2kI*ke) — 192*%d~3*f 2%
X"2%e” (2%I*f*x + 2%I*ke) - 32kxI*c 3*f " 3ke” (4*xIxf*x + 4xIxe) + 48xc*d ™ 2*xf 2%
x*e” (4xI*fxx + 4xIxe) + 128%I*kc™3*f 3*e”™ (2xI*fxx + 2%I*ke) - 384*ckd 2xf 2%
xke” (2+xI*f*xx + 2%Ike) + 24*c™2xd*xf 2%e” (A*Ixfxx + 4*kIxe) + 12xI*d"3*kfrxxe”
(AxI*f*x + 4%Ixe) - 192kc™2xd*f 2xe” (2*¢I*f*x + 2kxI*e) — 192*xI*d"3*f*x*e” (2
*Ixf*xx + 2%I*e) + 12xIkckd 2xf*e” (A*xI*fxx + 4xIxe) - 192*Ixckxd ™ 2xfxe” (2% I*
f*x + 2xIxe) — 3xd"3*xe” (4*I*f*x + 4*Ixe) + 96xd"3*xe” (2xI*f*x + 2*Ixe))/(a”
2%f~4)

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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3.22.9 Mupad [B] (verification not implemented)

Time = 0.92 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.09

/ (c+dz)? o — o2+ 2 (4P = Pdf6i+6cd® f+d30) i
(

a +iacot(e + fx))? 16 a2 f4
Bzl dr(2A fP+cdf2i—d?) 3i
+ 4a? f 8a2 f3
d* 2 (2¢ f +d1i) 3i
T 8a? f2 )
_ eeditfadi (_ (=323 f3 —c?d f224i+12cd? f + d33i) 1i
512a? f4
dr3li drz(BA f2+cdf4i—d?) 3i
1627 f 128 a2 f3

d?>z? (4cf +d1i) 3i c3x+d3a:4+302da:2+cd2x3
64 a? f? 402  16a? 8 a? 4 a?

inputtint((c + d*x)~3/(a + a*cot(e + f*x)*1i)~2,x)

output

exp(e*2i + f*xx*2i)*((d"3*x"3%1i)/(4*a~2+f) - ((d"3*31i - 4*c~3*f73 - c~2xd*
£72%61i + 6*ckd"2xf)*1i)/(16*%a~2%xf~4) + (d*x*(2*%c™2*xf"2 — 4”2 + c*d*f*21i)*3
1)/ (8*%a~2%f73) + (d™2*x"2%(d*1i + 2%c*f)*31)/(8*%a~2*f72)) - exp(e*x4i + fx*x
*43) % ((d™3*x"3*1i) / (16*%a~2+f) - ((d"3*3i — 32%c™3*f73 - c 2xd*f"2%24i + 12
xckd"2xf)*11)/(512%a~2*xf~4) + (d*x*x(8*c™2*f~2 - d~2 + cxd*f*4i)*3i)/(128%*a
~2%£73) + (d72*%x"2x(d*1i + 4xc*f)*31)/(64*a~2*x£72)) + (c"3*x)/(4*a"2) + (d
~3%x74)/(16*a~2) + (3*c™2%d*x"2)/(8*a~2) + (c*xd~2*x"3)/(4*a~2)

_ (ctdm)®
3.22. f (a+ia cot(e+fx))2 dz
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3.238 [l i

a+ia cot(e+fx))
3.23.1 Optimalresult . . .. .. .. .. ... .. . 190
3.23.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 1901
3.23.3 Rubi [A] (verified) . . . . . . ... .. 1911
3.23.4 Maple [A] (verified) . ... ... ... .. 192
3.23.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 193
3.23.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 193
3.23.7 Maxima [F(-2)] . . . . . . 194
3.23.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 194
3.23.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ... 195

3.23.1 Optimal result

Integrand size = 23, antiderivative size = 202

(C + d.’IJ)2 _ id262ie+2ifz ,L’d2e4ie+4ifa: de2z‘e+2ifz (C + d.’I})
/ (a +iacot(e + fz))? =T 8a? f3 + 128a2f3 4a2 f2
dedietifz(c 4 dg) et (¢ 4 dr)?
+ 32a? f? 4a? f
ietiettife(c + dr)?  (c+dz)?
B 16a2f 12a2d

output‘—1/8*I*d“2*exp(2*I*e+2*I*f*x)/a“2/f”3+1/128*I*d“2*exp(4*I*e+4*I*f*x)/a‘2/f
| "3-1/4xdxexp (2¢Ixe+2+I*f*x) * (d¥x+c) /a~2/£"2+1/32%dxexp (4 Ike+axT*f*x) * (d*x
\+c)/a‘2/f‘2+1/4*I*exp(2*I*e+2*I*f*x)*(d*x+c)‘2/a‘2/f-1/16*I*exp(4*I*e+4*I*
£xx) % (dkx+c) "2/a"2/£+1/12% (d*x+c) ~3/a"2/d |

3.23.2 Mathematica [A] (verified)

Time = 1.00 (sec) , antiderivative size = 255, normalized size of antiderivative = 1.26

(c+ dz)?
(a +iacot(e + fx))?
_ 32f°x(3¢® + 3edz + d?z?) + 48((1 + i)ef + d(=1 + (1 +8)f2)) (L + i)ef + d(i + (1 +4)fx)) cos(2f)(c

dz

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz
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input‘ Integrate[(c + d*x)~2/(a + IxaxCot[e + f*x])~2,x]

output | (32*f~3*x*(3*%c~2 + 3*ckd*x + d"2%x72) + 48%((1 + I)*cxf + d*x(-1 + (1 + I)*
fxx))*((1 + I)*cxf + d*x(I + (1 + I)*f*xx))*Cos[2*f*x]*(Cos[2*e] + I*Sin[2%*e
1) = 3%((2 + 2*I)*c*xf + dx(-1 + (2 + 2*%D)*f*x))*((2 + 2*xI)*kckf + d*(I + (2
+ 2%I)*f#*x))*Cos[4*xf*x]*(Cos[4*e] + I*Sin[4*e]) + (48*I)*((1 + I)*c*f + d
*¥(-1 + (1 + I)*f*x))*((1 + I)*cxf + d*x(I + (1 + I)*f*x))*(Cos[2*e] + I*Sin
[2%e])*Sin[2*xf*x] — 3*(d - (2 + 2*D)*cxf - (2 + 2xI)*kd*xf*x)*(d + (2 - 2%I)
xcxf + (2 - 2*%I)*dxf*x)*(Cos[4*e] + I*Sin[4*e])*Sin[4*f*xx])/(384*a~2*f"3)

& J

3.23.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, number of rules _ () 130, Rules used
integrand size

= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx) i
(a + iacot(e + fx))?
| 3042

/ ( (c+dz)? iz

a —iatan (e + fz + %))2

l'4212
/ _(c+ dw)2622ie+2ifw N (c+ dw)2624ie+4z‘fa: N (C+ ix)2 e
2a 4a 4a
l 2009
_d(c+ dw)ezie+2ifx N d(c—l— dw)e4ie+4ifa: i(c—l— dm)262ie+2ifa: B i(c—l— dm)264ie+4ifa: N
4q2 f2 32a?2 f2 4q? 16a2
f (C+ dw)3f_ id2e2ie+2ifz N ,L-d2ejjlie+4ifx f
12a2d 8a2f3 12842 f3

p
input LInt[(c + d*x)~2/(a + I*axCotl[e + f*x])~2,x]

~—

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz




output
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((-1/8*I)*d"2*E~ ((2*I)*e + (2xI)*f*xx))/(a~2*£73) + ((I/128)*d"2*E~((4*I)*e
+ (4xI)*f*x))/(a~2*x£f"3) - (d*E~((2*I)*e + (2*xI)*f*x)*(c + d*x))/(4*a~2*f"
2) + (d*E"((4*xI)*xe + (4*I)*f*x)*(c + d*x))/(32*xa~2*xf~2) + ((I/4)*E~((2*I)*
e + (2xD)*xfxx)*(c + d*x)~2)/(a"2*f) - ((I/16)*E~((4*I)*e + (4*I)*fxx)*(c +
d*x)~2)/(a~2*f) + (c + d*xx)~3/(12*a~2xd)

3.23.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4212

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D*(x_))"(m )*((a ) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, O]

3.23.4 Maple [A] (verified)

Time = 0.69 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.86

method result

1(8d%2? f24+16cd f2z+4id? fz+8c? f2+4icdf —d?)eti(fzte) 4

1(2d222 f2+4cd f2x+2

: d2z3 de z2 2z
risch 122 T 2z T 222 T 12074 128423

—60((—ld2x2 2 cdg—2 cz)f2+z ( dz +c) df— o )fac tan(fz+e)2+ (48i(%d2$2+cdw+c2)x 3+ (—12d%22—24cdz—T72c2%) f

parallelrisch

96 f3a2 (—1+2i tan(}

p
input Lint ((d*x+c) "2/ (a+I*axcot (f*x+e))~2,x,method= RETURNVERBOSE)

-/

output ‘ 1/12/a"2*d"2*x"3+1/4/a"2*%d*c*xx"2+1/4/a~2%c"2*x+1/12/a"2/d*c~3-1/128*I*(8*d

\‘2*x‘2*f‘2+4*I*d‘2*f*x+16*c*d*f‘2*x+4*I*c*d*f+8*c‘2*f‘2—d‘2)/a‘2/f‘3*exp(4
\*I*(f*x+e))+1/8*I*(2*d‘2*x‘2*f‘2+2*I*d“2*f*x+4*c*d*f‘2*x+2*I*c*d*f+2*c‘2*f
| 72-d"2)/a"2/£"3%exp(2+I* (f4x+e))

-/

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz
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3.23.5 Fricas [A] (verification not implemented)
Time = 0.26 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.76

(c+ dz)?
(a +iacot(e + fx))?
_ 32d%f32% + 96 cdf*x? 4 96 2 f3x — 3 (Bi d2 f2x® + 8i P f? — dcdf — id? 4 4 (4icdf? — d* f)z)eltifo4ie) -
= 384 a2

dz

| —

p
inputLintegrate((d*x+c)“2/(a+I*a*cot(f*x+e))“2,x, algorithm="fricas")

output‘ 1/384% (32*xd"2*%f"3*%x"3 + 96*c*kd*xf~3*%x"2 + 96*c™2*f " 3*kx — 3% (8*I*kd~2xf 2*x"2
\ + 8*%I*c™2+f72 — 4xckxdxf — I*d"2 + 4% (4*I*ckxd*f~2 — d~2*f)*x)*e” (4*I*f*x +
\ 4xT*e) — 48* (—2xI*d~2xf"2%x"2 — 2%I*c™2*%f72 + 2kxckxd*xf + I*d"2 + 2% (-2*I*c
‘*d*f‘Q + d72%f) *x) *e” (2*%I*xfxx + 2xIxe))/(a"2%f"3)

N

3.23.6 Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 405, normalized size of antiderivative = 2.00

(c + dx)?
- 5 dx
(a + tacot(e + fz))
(256ia2c? fPe?®+512ia%cdf®we?i® —256a% cdf*e?'°+256ia2d? fPx2e?'® —256a2d> fAze?i® —128ia2d? f3e2i¢) 2/ T+ (—64ia?c? fOeti® —128ia%cc
N 102404 f6
xs (d2e4ie_2d262ie) + .’112 (cde4ie_20de2ie) z (0264126_20262126)
12a2 4a2 4a?
cr  cdz? AP
+-———-+-————-+

4a? 4a? 12a2

input  integrate ((d*x+c)**2/ (a+I*a*cot (fxx+e))**2,x)

output | Piecewise ((((256*Ixax*2*c**2xfx*5*xexp (2*%I*e) + 512xIxax*2kckd*f**x5xx*xexp (2
xIxe) - 256%ax*k2xcxd*f**xd*exp(2xI*e) + 256*Ixa*x2xd*x2+f**x5*x*k*2*xexp (2*I*e
) - 256%a*x2kd**k2xf*k*4xx*kexp (2*Ixe) — 128*Ixa*x*2xd**2*f**3xexp(2*I*e))*exp
(2%I*f*x) + (-64xIxa*x2*c**x2*f**x5*xexp(4*xI*e) - 128*Ixa**2xckd*f**5xxxexp (4
xIxe) + 32xa*x2kckd*xfx*dkexp(4*I*ke) — 64*xIkax*k2xd**2xf**xE5xx**2xexp(4*I*xe)
+ 32xax*k2xd**2xf*xx4xx*kexp(4xI*e) + 8*kIDkax*2xdx*2xfx*3xexp(4*I*xe))*exp (4*xI*
£*x))/(1024*ax*4*xf**6) , Ne(ax*4xf**x6, 0)), (x*x3*(d**2xexp(4*I*xe) - 2kd**2
*xexp (2*%Ixe))/(12*%a**2) + x**2*(ckdxexp(4xI*e) - 2kcxd*xexp(2*Ixe))/(4*ax*2)
+ xx(cx*2xexp (4xIxe) - 2kcx*2xexp(2xIxe))/(4*ax*2), True)) + cx*2xx/(4*ax
*2) + cxdkx**2/(4xa*x*2) + dx*2xx**3/(12%a**2)

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz
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3.23.7 Maxima [F(-2)]

Exception generated.

d 2
/ (ot i((zcczt (:i_ )2 dx = Exception raised: RuntimeError

input‘integrate((d*x+c)“2/(a+I*a*cot(f*x+e))“2,x, algorithm="maxima") ‘

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

‘ ve exponent. ‘

3.23.8 Giac [A] (verification not implemented)
Time = 0.31 (sec) , antiderivative size = 235, normalized size of antiderivative = 1.16
(c+ dz)?

(a +iacot(e + fx))?
_ 32d% 323 + 96 cdf*a? — 244 A2 fRaPel M ST T4e) 4 964 4P fRx2e(M ST 2e) 4 06 ¢? 3 — 484 cdf*zeltifoTHie)

dz

inputLintegrate((d*x+c)“2/(a+I*a*cot(f*x+e))“2,x, algorithm="giac") J

output | 1/384* (32xd~2*f"3*%x"3 + 96*c*kd*f~3*xx~2 - 24*T*d " 2*f " 2*x"2%e” (4*xI*fxx + 4*I
*xe) + 96xIxd"2xf " 2*kx"2%e” (2*¢I*f*x + 2xIxe) + 96*kc™2*f " 3*x - 48*I*cxd*f~2*x
*e” (AxIxfxx + 4*xIkxe) + 192*I*ckxd*f 2xxkxe” (2*xI*f*x + 2%I*e) — 24xIxc~2xf~2*
e~ (A*Ixfxx + 4xIxe) + 12xd"2*f*x*e” (4*xI*f*xx + 4xIxe) + 96*%I*c 2*f 2%e” (21
*fxx + 2xIxe) — 96%d"2*f*x*e” (2xI*xfxx + 2xI*ke) + 12%ckd*fre” (4*xIxfxx + 4x*I
*x@) — 96kxckxdxfkxe” (2%I*f*x + 2%Ixe) + 3*xIxd"2ke” (4*I*f*x + 4xIxe) — 48*xI*xd”
2%e” (2*%Ixfxx + 2xIxe))/(a”~2*%f"3)

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz
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3.23.9 Mupad [B] (verification not implemented)

Time = 0.60 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.92

(c+dz)® dp — o2t/ @2 ((202 fPredf2i—d)li n d®z?1i
(a + iacot(e + fx))? 8a? f3 4a? f
z(2cf+d1li) i cdirfzai (B fPHcdfi—d?) 1i
102 f2 ) —° < 12842 f3

2?1 dzx(dcf+dli) i 02x+d2x3 cdz?
4a?  12a?  4a?

16 a2 f + 32a2 f? +

inputLint((c + d*xx)"2/(a + a*cot(e + f*x)*1i)~2,x)

output

~—

exp(e*2i + f*xx*2i)*(((2%c™2*£72 - d™2 + c*d*f*2i)*1i)/(8*a"2x£73) + (d"2+*x
“2%1i)/(4*%a”2xf) + (d*xx(d*1i + 2%c*f)*1i)/(4*a"2x£72)) - exp(e*xdi + f*xxx4
1)*(((8%c™2x£72 - d72 + cxd*f*4i)*1i)/(128%a"2%£73) + (d™2*x"2*1i)/(16%a"2
*f) + (d*xx(d*1i + 4xc*f)*1i)/(32*%a~2+%£72)) + (c™2*x)/(4%a”2) + (d"2*x"3)/
(12%a"2) + (c*d*x"2)/(4*a"2)

_ (ctdm)2
3.23. f (a+za00t(€+fw))2 dz
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3.24 [ aatiopds

a+ia cot(e+fx))
3.24.1 Optimal result . . . . . . .. . .. 196
3.24.2 Mathematica [A] (verified) . . . . . ... ... .. L Lo oL 196
3.24.3 Rubi [A] (verified) . . . . . . .. . 197
3.24.4 Maple [A] (verified) . . . .. .. ... .. 198
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 199
3.24.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1991
3.24.7 Maxima [F(-2)] . . . . . . . 200
3.24.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 200
3.24.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 200

3.24.1 Optimal result

Integrand size = 21, antiderivative size = 151

c+dz dp — 3idr  dz* x(c+dx) d
/ (a + iacot(e + fz))? v 16a2f  8a? T 16f%(a + iacot(e + fx))?
i(c+ dx) 3d
~ 4f(a+iacot(e + fz))2 + 16f2 (a2 + ia? cot(e + fz))
i(c+dx)
 Af (a2 + ia? cot(e + fz))

p

output‘3/16*I*d*x/a‘2/f—1/8*d*x‘2/a‘2+1/4*x*(d*x+c)/a‘2+1/16*d/f‘2/(a+I*a*cot(f*x
‘+e))‘2—1/4*1*(d*x+c)/f/(a+I*a*cot(f*x+e))‘2+3/16*d/f‘2/(a‘2+I*a‘2*cot(f*x+
Le))—1/4*1*(d*x+c)/f/(a‘2+I*a‘2*cot(f*x+e))

~

3.24.2 Mathematica [A] (verified)

Time = 1.15 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.09

c+dr d
/ (a + iacot(e + fx))? v
_ —8de® + 16cef + 16¢cf*z + 8df*z” + 8i(2cf + d(i + 2f)) cos(2(e + fz)) + (d — dicf — 4idfz) cos(4(e -

input‘Integrate[(c + d*x)/(a + I*a*Cot[e + f*x])~2,x]

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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output | (-8xd*e~2 + 16%cke*f + 16%cxf~2%x + 8*d*f~2%x"2 + (8*I)*(2xcxf + dx(I + 2%
f*x))*Cos[2*(e + f*x)] + (d - (4*I)*cxf - (4*I)*dxfxx)*Cos[4*(e + f*x)] -
(8*I)*d*Sin[2*(e + f*x)] - 16*%c*f*xSin[2*x(e + f*x)] - 16*d*f*x*Sin[2*(e + f
*x)] + Ixd*Sin[4*(e + f*x)] + 4*cxf*Sin[4*x(e + f*x)] + 4*d*f*x*Sin[4*(e +
£xx)])/(64*a~2%xf"2)

3.24.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.143, Rules used

integrand size
= {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx e
(a + iacot(e + fxz))?
l 3042

c+dx
/ : - 5dx
(a—iatan (e+ fz+ %))

J’4213

d x 1 l d
B /(4{12 ~ 4f (icot(e + fx)a? +a2) 4f(icot(e+fm)a+a)2> T

i(c+ dx) z(c+dx) i(c+dx)
4f (a? + ia? cot(e + fz)) 402 4f(a+iacot(e + fx))?
| 2009
i(c+ dx) z(c+ dx)
 4f (a? + ia? cot(e + fx)) 402
d<— 3 3z L E 1 > B
1612 (a? +ia? cot(e + fz)) 16a%f 8a? 16f2(a+ iacot(e + fx))?
i(c+ dzx)
4f(a + iacot(e + fx))?

;
input | Int[(c + d*x)/(a + I*a*Cot[e + f*x])~2,x]

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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Output‘ (x*x(c + d*x))/(4xa~2) - ((I/4)*(c + d*x))/(fx(a + I*a*Cot[e + f*x])~2) - ( \
(I/8)x(c + d*x))/(f*(a”2 + Ixa~2xCotle + £¥x1)) - dx((((-3+I)/16)*x)/(a~2x
£) + x72/(8%a”2) - 1/(16%£~2%(a + IxaxCot[e + £*x]1)72) - 3/(16%f"2%(a™2 +
‘I*a“2*Cot [e + £xx]))) ‘

3.24.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4213 Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])"n, x]}, Simp[(c + d*x)
“m  u, x] - Simp[d*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, f}, x] & EqQ[a"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

3.24.4 Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.54

method result
: dz? | wmc _ i(ddfz+dcfrid)etifote)  (2dfa+2cf+id)e?i(fote)
risch 8a7 T a2 64aZ f2 + 8aZf?

((2dw2+4xc)f2—5idfac) tan(fz+e)2+ (82'(%”—}—0)9:f2+(—2d:l:—120)f—5id) tan(fz+e)+(—2d x2—4xc) F2+(—3idz—8ic) f+
16f2a2 (—1+2i tan(fz+e)+tan(f.’z:+e)2)

parallelrisch

input Lint ((d*x+c)/(a+I*a*xcot (f*x+e)) ~2,x,method=_RETURNVERBOSE) J

output \ 1/8xd*x"2/a"~2+1/4/a"2*x*c-1/64*I* (4*d*f*x+I*xd+4*c*f) /a~2/f " 2*%exp (4*I* (f*x+ \
|©))+1/8+ Tk (2d*Exx+Td+2xCHE) /a™2/ " 24exp (24 T* (frx+e)) |

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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3.24.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.45

/ c+dx d

(a +iacot(e + fz))?
_ 8df*? +16cf?x + (—4idfz — dicf + d)e /=49 — 8 (—2idfz — 2icf + d)e® /=+2ic)
N 64 a2 f2

inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))*2,x, algorithm="fricas") ‘

output‘1/64*(8*d*f“2*x“2 + 16%cxf 2%x + (—4*Ixd*fxx — 4xIkcxf + d)*e” (4*xI*f*x + 4
L*I*e) - 8k (-2%I*dxfxx - 2kIkckf + d)*e~ (2kI*f*x + 2xI*e))/(a~2%f~2) J

3.24.6 Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.40

c+dx d
/(a+iacot(e+fx))2 o

(12812(120)"3eme+128i¢12df3w62ie —64a2 df262ie) e2ifry (—32ia2 cfletie—32ia2df3retic48a2 df2e4ie) etife fOI' a4f4 # 0

_ 512a4 f4
- [E2 de4ie_2de2ie T Ce4ie_2ce2ie .
( a2 ) ( 1o ) otherwise
n cT n dz?
4a? = 8a?

e

inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))**2,x)

~—

output | Piecewise ((((128*I*ax*2xc*f**3*xexp(2*Ixe) + 128*Ixa**x2kd*f**3*kx*exp(2*I*xe)

- 64*xax*2kdxfx*2xexp (2*I*xe) ) *exp (2*xI*f*x) + (-32kIxax*2xcxf*x3*xexp(4*xIxe)
- 32xIxa**2*d*f**3*x*exp (4xI*e) + 8kax*2xd*f**2xexp(4*xI*e))*exp (4*I*f*x))
/ (512%ax*4xf*x4) , Ne(akxd*xfx*4d, 0)), (x**2%(d*exp(4*Ixe) - 2*d*exp(2*Ixe))
/(8%ax*2) + x*(c*exp(4xIxe) - 2kckexp(2xIxe))/(4*a**2), True)) + cxx/(4*ax*
*2) + dxx**x2/(8%a**2)

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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3.24.7 Maxima [F(-2)]

Exception generated.

c+dzx
/ - i dx = Exception raised: RuntimeError
(a + tacot(e + fx))?
inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))“2,x, algorithm="maxima" J

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
‘ ve exponent. ‘

3.24.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.68

c+dx

d
(a +iacot(e + fx))? N
8df2x? 4+ 16 cf?x — 4i df xe¥ f=+4€) 4 164 df we(? fe+2ie) _ 44 cfeldifotdie) L 16 cfel?ifo+2ie) 4 do(4i fotd
N 64 a2 f?
inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))“2,x, algorithm="giac") J

output‘1/64*(8*d*f‘2*x‘2 + 16%c*xf"2%x — 4xI*d*fixke” (4*I*f*x + 4*I*e) + 16xI*d*f*
‘x*e“(2*I*f*x + 2%Ike) - AxIkckfxe~ (AxIxfxx + 4xIxe) + 16xIxckfke” (2¥I*f*x
‘+ 2xI%e) + dxe~ (4*Ixfxx + 4xIxe) — Skdxe~ (1kIxfxx + 2%Ixe))/(a~2%£~2)

3.24.9 Mupad [B] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.68

/ c+dz dp — o2+ o (2c f+d1i) 1i+ dzli
(a+iacot(e+ fx))2 8a? f? 4a? f
_e€4i+f:l:4i (4Cf+d].l) 1i i dzli d.’l,'2 n cCX
64 a? f? 16 a2 f 8a2  4a?

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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input Lint((c + d*x)/(a + axcot(e + f*x)*1i)~2,x)

output‘exp(e*Qi + £xxx2i)*x(((d*1i + 2xcxf)*1i)/(8*a~2x£72) + (d*x*1i)/(4*a"~2*f))
\— exp(ex4i + fxx*4i)*(((d*1i + 4xc*f)*1i)/(64*a~2+£72) + (d*x*1i)/(16%a~2x%
(£)) + (d*x72)/(8%a™2) + (c*x)/(4%a"2)

_ cHdxr
3.24. f (a+ia cot(e+fx))2 dz
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202

1 5 dx

3.25 f (c+dz)(a+iacot(e+fx))

3.25.1 Optimal result . . . . .. ... ... ..
3.25.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.25.3 Rubi [A] (verified) . . . . . . ... ..
3.25.4 Maple [A] (verified) . . . .. .. ... ...
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.25.6 Sympy [F] . . . . .
3.25.7 Maxima [A] (verification not implemented) . ... ... ... ... ... ..
3.25.8 Giac [B] (verification not implemented) . . . .. .. ... ... .......
3.25.9 Mupad [F(-1)] . . . . o o

3.25.1 Optimal result

Integrand size = 23, antiderivative size = 305

(c+dz)(a+iacot(e + fx))? do = - 2a%d

L cos (4e — ) Coslntegral (%4 + 4fz)
4a%d

/ 1 cos (2e — %) CosIntegral (2 + 2fz)

log(c + dz)
4a%d . \
L CosIntegral (< + 4fz) sin (4e — %)
4a2d
1 CosIntegral (2—? + 2fx) sin (26 — Z—Zi)
B 2a2%d
_icos (2e — 2L) Si(%L + 2f7)
2a2d
sin (26 — %) Si(% + 2fw)
+ 42a2d .
, $eos (4e — %) Si(* + 4fx)
4a02d
sin (46 — %) Si(‘%f + 4fx)
B 4a%d

202
203!
203!
200}
200}
205}
2071

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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output | 1/4*Ci (4*c*f/d+4xf*x)*cos (—4*xe+d*xcxf/d)/a~2/d-1/2*Ci (2xc*f/d+2*f*x) *cos (-2
xe+2*xc*xf/d) /a~2/d+1/4*1n(d*x+c) /a~2/d-1/2xI*cos (-2*e+2xc*f/d) *Si (2xc*f/d+2
*fxx)/a~2/d+1/4*xI*cos (—4*e+4*cxf/d) *Si(4d*xcxf/d+4*f+*x) /a~2/d-1/4*xI*Ci (4d*xc*f
/d+4*f*x) *sin (-4dxe+4d*xc*xf/d) /a~2/d+1/4*Si (d*c*f/d+4*xf*x) *sin(-4*e+d*c*xf/d)/
a~2/d+1/2*xI*Ci (2xcxf/d+2*f*x) *sin (-2*e+2xcxf/d) /a~2/d-1/2%S1i (2*c*f/d+2*f*x
Y*sin(-2*e+2xc*xf/d)/a~2/d

3.25.2 Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.45

1
/ (c+dz)(a+iacot(e + fx)
log(c + dz) — 2(cos (2e — %) + isin (2e — %)) (CosIntegral (M) + iSi(Lﬁ{d@» + (cos (4e —
- 4a2d

2 dx

~

input | Integrate[1/((c + d*x)*(a + I*a*Cot[e + £*x])2),x]

~—

output‘f(Log[c + d*x] - 2%(Cos[2xe - (2xcxf)/d] + I*Sin[2*e - (2%cxf)/d])*(CosInte
‘gral[(Q*f*(c + d*x))/d] + I*SinIntegral[(2xf*(c + d*x))/d]) + (Cos[4xe - (
|4%c#f£)/d] + IxSin[4xe - (4%ckf)/d])*(CosIntegral[(4*f*(c + d*x))/d] + I*Si
‘nIntegral[(lL*f*(c + d*x))/d]))/(4%a”2xd)

-/

3.25.3 Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 133 Ryles used

integrand size
= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1 d
/(c+dx)(a+iacot(e+fx))2 v
l 3042

1

dz
/ (c+dz) (a —iatan (e + fo + %))2

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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| 4211
/ B sin?(2e + 2fx) _ isin(2e +2fz)  isin(4e +4fz) cos?(2e + 2fx) _ cos(2e +2fx) 4 1 i
4a?(c + dz) 2a%(c +dzx) 4a?(c + dzx) 4a?(c + dz) 2a%2(c+dz) = 4a?(c+dzx)
| 2009
i CosIntegral (2m f+ %) sin <2e — %) i CosIntegral (49: f+ %t ) sin <4e def )
— + -
2a2d a?
CoslIntegral (23: f+ % ) cos (26 2ef ) CosIntegral (43: [+ %L ) cos (4e def )
2 + 2 +
a a
sin (26 — M) Sl<2xf + 2Cf> sin (46 — ﬂ) Si(4xf + %)
2a2d B 4a2d B
1 .CoS <2e — y) Si<2a:f + %) % .CcoS (46 — ﬂ) Si<4a:f + %) log(c + dz)
2a2d + 4a2d + 4a2d

input [Int[l/((c + d*x)*(a + I*a*Cotl[e + f*x])~2),x]

| —

output | -1/2%(Cos[2*%e - (2*c*f)/d]*CosIntegral [(2*c*f)/d + 2*f*x])/(a"2+d) + (Cos[
4xe - (4*cx*f)/d]*CosIntegral [(4*cxf)/d + 4*xf*x])/(4*a~2%d) + Loglc + d*x]/
(4xa~2xd) + ((I/4)*CosIntegral[(4*c*f)/d + 4*f*x]*Sin[4*e - (4xcx*f)/d]l)/(a
~2xd) - ((I/2)*CosIntegral[(2xc*f)/d + 2*f*x]*Sin[2%e - (2%c*f)/d])/(a~2xd
) - ((I/2)*Cos[2xe - (2xc*f)/d]*SinIntegral [(2xc*xf)/d + 2*f*x])/(a~2xd) +

(Sin[2%e - (2*cxf)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/(2*a~2+d) + ((I/4)*C
os[4xe - (4xc*f)/d]*SinIntegral [(4xc*f)/d + 4*f*x])/(a~2*d) - (Sin[4*e - (
4xcxf)/d]*SinIntegral [(4*cxf)/d + 4*xf*x])/(4*a~2*d)

3.25.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; Sumg[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4211 Int[((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xf*x]/(
2xa) + Sin[2%e + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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3.25.4 Maple [A] (verified)

Time = 0.71 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.39

method | result size
. n(dete) | € e gy (—2ife-2ie-20eL7ide)) o elmte gy (—4ifz—tie—20elzide) )
risch 4a2d + 2a2d - 4a2d 118
input Lint (1/(d*x+c)/ (a+I*a*cot (f*x+e)) ~2,x,method=_RETURNVERBOSE) J

output‘1/4*ln(d*x+c)/a‘2/d+1/2/a“2/d*exp(—2*I*(c*f—d*e)/d)*Ei(l,—2*I*f*x—2*I*e—2*
‘(I*C*f—I*d*e)/d)—1/4/a‘2/d*exp(—4*I*(c*f—d*e)/d)*Ei(l,—4*I*f*x—4*I*e—4*(I*
\c*f—I*d*e)/d)

3.25.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.29

1
d
/ (c+ dz)(a+ iacot(e + fz))2 "
. . _2(—tideticf) . . _4(=ideticf)
2Ei<_2(—zdf;—ch)> 6< e ) . Ei(_4(—zdff—ch)) €< —_—g ) _ 10g (d:c;-c)
B 4a2d

input Lintegrate (1/(d*x+c) / (atI*a*cot (f*x+e))~2,x, algorithm="fricas") J

output | ~1/4% (2#Ei (-2 (~Tkd#f*x - Tkckf)/d) ke~ (-2%(~Tkdke + Dkckf)/d) - Ei(-4x(-Ix
|QrgAx — Tkcxf)/d)*e” (-4 (-Ixdke + Ikckf)/d) - log((d*x + c)/d))/(a~2*d)

3.25.6 Sympy [F]

/ ! dz
(c+dz)(a+iacot(e + fx))? 1

f ccot? (e+fz)—2iccot (e+fz)—ct+dx cot? (e+fx)—2idx cot (e+fx)—dx
2
a

dz

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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input‘integrate(1/(d*x+c)/(a+I*a*cot(f*x+e))**2,x) ‘

p
output‘-Integral(l/(c*cot(e + fxx)**2 - 2xIxckcot(e + f*x) - c + d*x*cot(e + f*x)
‘**2 - 2xIxdxxxcot (e + f*x) — d*x), x)/ak*2 ‘

3.25.7 Maxima [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.64

1
dxr =
/ (c+ dz)(a+iacot(e + fr))? v
fCOS <_4(ded—cf)> El (4(—i (fx+e)dd+ide—icf)> —9 fCOS (_2(ded—cf)> El (2(—i (fx—l—e)j-{—ide—icf)) +92 fEl (2

input‘integrate(1/(d*x+c)/(a+I*a*cot(f*x+e))“2,x, algorithm="maxima")

output | -1/4*(fxcos(-4*(dxe - cxf)/d)*exp_integral_e(1l, 4x(-I*(f*x + e)*d + Ixd*e
- Ikcxf)/d) - 2xf*cos(-2x(d*xe - c*f)/d)*exp_integral_e(1l, 2*(-Ix(f*x + e)*
d + Ixd*e — Ixc*f)/d) + 2xIxf*exp_integral_e(l, 2*(-Ix(f*x + e)*d + Ixdxe
- Ixc*f)/d)*sin(-2*(d*e - c*f)/d) - Ixfxexp_integral_e(l, 4*x(-Ix(f*x + e)*
d + Ikd*e — I*c*f)/d)*sin(-4*(d*e - cxf)/d) - fxlog((f*x + e)*d - d*e + c*
£))/(a"2xdx*£)

3.25.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 939 vs. 2(279) = 558.

Time = 0.30 (sec) , antiderivative size = 939, normalized size of antiderivative = 3.08

1
dx = Too 1 to displ
/(c+dx)(a+iacot(e-|—fx))2 z 00 large to display
oput Lintegrate(l/(d*x+c)/(a+I*a*C°t(f*X+e))"2,x, algorithm="giac") J

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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output

1/4x(cos(e) “4xcos(4xcxf/d)*cos_integral (4x(d*f*x + c*f)/d) + 4*Ixcos(e) 3%
cos(4xc*f/d)*cos_integral (4* (d*f*x + c*f)/d)*sin(e) - 6*cos(e) "2*cos(4xcxf
/d) *cos_integral (4% (d*f*x + c*f)/d)*sin(e)”~2 - 4xI*cos(e)*cos(4*c*f/d)*cos
_integral (4x(d*f*x + c*f)/d)*sin(e)”3 + cos(4*c*f/d)*cos_integral (4*(d*f*x
+ c*f)/d)*sin(e) "4 - Ixcos(e) “4*cos_integral (4*(d*xf*x + c*f)/d)*sin(4xcxf
/d) + 4xcos(e) " 3xcos_integral (4*(d*f*x + cxf)/d)*sin(e)*sin(4*xcxf/d) + 6*I
xcos (e) "2*cos_integral (4 (d*f*x + c*f)/d)*sin(e) "2*sin(4*c*f/d) - 4xcos(e)
xcos_integral (4*(dxf*x + c*f)/d)*sin(e) “3*sin(4*cxf/d) - I*cos_integral (4%
(d*fxx + cxf)/d)*sin(e) “4*sin(4*cxf/d) + I*cos(e) 4*cos(4xcxf/d)*sin_integ
ral (4% (d*f*x + c*xf)/d) - 4*cos(e) ~3*cos(4*xc*xf/d)*sin(e)*sin_integral (4* (dx*
f*x + cxf)/d) - 6xI*cos(e) 2*cos(4*c*f/d)*sin(e) "2*sin_integral (4* (d*f*x +
cxf)/d) + 4xcos(e)*cos(4*xcxf/d)*sin(e) "3*sin_integral (4 (d*xf*x + c*f)/d)
+ I*cos(4xc*f/d)*sin(e) “4*sin_integral (4*(d*f*x + c*f)/d) + cos(e) 4*sin(4
xc*f/d) *sin_integral (4% (d*f*x + c*f)/d) + 4*I*cos(e) 3*sin(e)*sin(4*c*f/d)
*sin_integral (4*(d*f*x + c*f)/d) - 6xcos(e) 2*sin(e) “2*sin(4*c*f/d)*sin_in
tegral (4% (dxf*x + cxf)/d) - 4xIxcos(e)*sin(e) 3*sin(4*c*f/d)*sin_integral(
4x(dxf*x + cxf)/d) + sin(e) “4*sin(4xc*f/d)*sin_integral (4*(d*f*x + c*f)/d)
- 2xcos(e) "2xcos(2*cxf/d) *cos_integral (2+«(d*f*x + c*f)/d) - 4*I*cos(e)*co
s(2xcxf/d)*cos_integral (2*(d*f*x + cxf)/d)*sin(e) + 2*cos(2*c*f/d)*cos_int
egral (2x(dxf*x + c*f)/d)*sin(e)”2 + 2xIxcos(e) "2*cos_integral (2*(d*f*x ...

input

\

3.25.9 Mupad [F(-1)]

Timed out.

1

1
/ (c+dz)(a + iacot(e + fz))? do = / (a+acot(e+ fz) 1i)® (c+dx) de

int(1/((a + a*cot(e + f*x)*1i)~2%(c + d*x)),x)

output

N

int(1/((a + a*cot(e + f*x)*1i) 2%(c + d*x)), x)

1
3.25. f (c+dz) (atia cot(e+fxz))2 dz
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3.26.1 Optimal result

Integrand size = 23, antiderivative size = 434

/ 1 dp — — 1 cos(2e +2fx)  cos®(2e +2fx)
(c+dz)2(a+idacot(e+ fx))2 ~  4a2d(c+dz)  2a%d(c + dx) 4a%d(c + dx)
_ifcos (2e — %) CosIntegral (% + 2fz)
a’d?
N if cos (46 — %) CoslIntegral (‘%f +4 f:c)
a?d?
_ f Coslntegral (%L + 4fz) sin (4e — %)
a’d?
+ f Coslntegral (2—? + 2fm) sin (26 — 2—?)
a?d?

isin(2e + 2fx) sin?(2e + 2fx)
2a%d(c + dx) 4a02d(c + dzx)
isin(4e + 4fx)  fcos (2e — 2L) Si(%L + 2fz)

 4a2d(c + da) a’d?
N if sin (26 — %) Si(% + fo)
a?d?
f cos (46 — %) Si(% + 4fa:)
B a?d?
B if sin (4e — %) Si(% +4fz)
a?d?

1
3.26. f (c+dz)?(a+ia cot(e+ fx))? dz
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input LIntegrate [1/((c + d*x)~2*%(a + I*axCot[e + fxx])~2),x]

output
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-1/4/a~2/d/ (d*x+c) +I*f£*Ci (dxc*f/d+4*f*x) *cos (—4*xe+d*cxf/d) /a~2/d~2-T*f*Ci (
2%cxf/d+2xf*x) *cos (—2*e+2*c*xf/d) /a~2/d"2+1/2*cos (2%f*x+2*e) /a~2/d/ (d*x+c) -
1/4xcos (2xf*x+2%e) "2/a~2/d/ (d*x+c) +f*cos (-2*e+2*c*f/d) *Si (2*xc*f/d+2*xf*x) /a
~2/d"2-f*xcos (—4*xe+4d*c*f/d) *Si (d*cxf/d+A4xf*xx) /a”~2/d " 2+f*Ci (4*c*f /d+4*f*x) *s
in(-4xe+4dxcxf/d) /a”~2/d"2+I1*f*Si (d*cxf/d+4*xf*x) *sin(-4*e+d*cxf/d) /a~2/d"2-f
*Ci (2*xcxf/d+2*xf*x) *sin (—2%e+2*c*xf/d) /a~2/d"2-I*f*Si (2*c*f/d+2*f*x) *sin (-2*
e+2*c*xf/d) /a~2/d"2+1/2*T*sin (2%f*x+2*e) /a~2/d/ (d*x+c)+1/4*sin (2*f*x+2%e) 2

/a~2/d/(d*x+c)-1/4xI*sin(4*xf*xx+4*e) /a~2/d/ (d*x+c)

3.26.2 Mathematica [A] (verified)

Time = 0.68 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.47

1

(c+ do)’(a + iacot(e + f2)2

B —d + 2d(cos(2(e + fz)) + isin(2(e + fz))) — d(cos(4(e + fz)) + isin(4(e + fz))) + 4f(c + dz) (—icos

N\

(-d + 2xd*x(Cos[2*(e + f*x)] + I*Sin[2*(e + f*x)]) - d*(Cos[4*(e + f*x)] +
I*xSin[4*(e + f*x)]) + 4*f*(c + d*x)*((-I)*Cos[2*e - (2%c*f)/d] + Sin[2*e -
(2%c*£f)/d])*(CosIntegral [(2*f*(c + d*x))/d] + I*SinIntegral[(2*f*(c + d*x
))/dl) + (c + d*x)*((4*I)*f*Cos[4*xe — (4*c*f)/d] - 4*xfxSin[4*e - (4*xcxf)/d
1)*(CosIntegral [(4*f*(c + d*x))/d] + I*SinIntegral[(4*f*(c + d*x))/d]))/(4
*¥a~2+%d"2x(c + d*x))

3.26.3 Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.130, Rules used

integrand size
= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

! d
/ (c+ dz)2(a + iacot(e + fz))2

1
3.26. f (c+dz)?(a+ia cot(e+ fx))? dz
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| 3042
/P : 1 - 5dx
(c+dz)? (a—iatan (e + fz + %))
| 421
/ _sin2(2e +2fz) isin(2e+2fz)  isin(4e +4fx) cos?(2e + 2fzx) _cos(2e +2fx) 4 1 .
4a?(c + dx)? 2a2%(c + dzx)? 4a?(c + dx)? 4a?(c + dx)? 2a%(c+dz)? = 4a?(c+ dz)?
| 2009
f CoslIntegral (4:0 f+ 4 ) sin (46 def ) f CoslIntegral (23: f+ %l ) sin (26 - %)
a?d? + a2d2 -
1 f CosIntegral (2:1: f+ 2 ) cos <2e 2f ) if CosIntegral (4:1: f+ %) cos (46 - %)
a2d? + a2d? +
if sin (26—%) Si(2mf+%> if sin <4e—%> Si(4mf+%)
a2d? B a2d? +
f cos (26 Zcf) Sl<2xf + 2cf> ~ f cos (46 — %) Si<4:cf + %) sin?(2e + 2fz)
a?d? a?d? 4a?d(c + dzx)
isin(2e +2fz) isin(de +4fz) cos?(2e + 2fx)  cos(2e + 2fx) 1

2a%d(c + dx) 4a2d(c + dx) 4a?d(c + dzx) 202d(c +dz)  4a2d(c+ dx)

input{Int[i/((c + d*x)"2*(a + IxaxCot[e + fx*x])~2),x] ‘

output | -1/4*1/(a~2*d*(c + d*x)) + Cos[2%e + 2*f*x]/(2*a~2*d*(c + d*x)) - Cos[2*e
+ 2%f*x] "2/ (4*%a"2xd*(c + d*x)) - (IxfxCos[2*e - (2%c*f)/d]*CosIntegral [(2*
cxf)/d + 2xf*x])/(a"2*d"2) + (I*f*Cos[4*e - (4*c*f)/d]*CosIntegral[(4*c*f)
/d + 4xfxx])/(a"2*d"2) - (f*CosIntegral[(4*c*f)/d + 4xfxx]*Sin[4*e - (4x*c*
£)/d])/(a"2xd"2) + (fxCosIntegral[(2*c*f)/d + 2xf*x]*Sin[2*e - (2%c*f)/d])
/(a"2%d"2) + ((I/2)*Sin[2*e + 2xf*xx])/(a"2*d*(c + d*x)) + Sin[2%e + 2¥f*x]
~2/(4*%a"2*d*(c + d*x)) - ((I/4)*Sin[4*e + 4xfxx])/(a"2*d*(c + d*x)) + (f*C
os[2xe - (2%cxf)/d]*SinIntegral [(2*cxf)/d + 2*xf*x])/(a"2*d"~2) + (I*£f*Sin[2
*e - (2*%c*f)/d]*SinIntegral [(2xc*f)/d + 2*fx*x])/(a"2*d"2) - (f*Cos[4*e - (
4xcxf)/d]*SinIntegral [(4xc*f)/d + 4*fxx])/(a"2*d"2) - (I*f*Sin[4*e - (4*cx
f)/d]*#SinIntegral [(4*cxf)/d + 4*f*x])/(a~2%d"2)

3.26. L s dz

f (c+dz)2(a+ia cot(e+ fx))
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3.26.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4211 Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2%a) + Sin[2*e + 2*fxx]/(2*b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a~2 + b~2, 0] && ILtQ[m, O] && ILtQ[n, O]

3.26.4 Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.44

method | result

_ 2i(cf—de) . . P .
ife2i(fz+e) ife d Eiy (—2zfz—2w—w> if eli(fz+e) ife

_ 4i(cf—de)
1 d
4a2d(dz+c) 2a2d2 (zfz—i— %) a2d? 4a2d2 (me"‘%)

i

risch

input‘int(1/(d*x+c)”2/(a+I*a*cot(f*x+e))”2,x,method=_RETURNVERBOSE) ‘

output‘-1/4/a”2/d/(d*x+c)+1/2*I/a“2*f/d“2*exp(2*I*(f*x+e))/(I*f*x+I/d*c*f)+I/a“2*
| £/d"2%exp (-2%I* (cxf-d*e) /d) *Ei (1, -2+ Ixf*x-2xI*e-2x (I*xckf-T*d*e) /d)-1/4xI/a
‘“2*f/d“2*exp(4*I*(f*x+e))/(I*f*x+I/d*c*f)-I/a“2*f/d“2*exp(—4*I*(c*f-d*e)/d
‘)*Ei(l,—4*I*f*x—4*I*e—4*(I*c*f—I*d*e)/d) \

3.26.5 Fricas [A] (verification not implemented)
Time = 0.30 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.30
1
(c+dz)*(a +iacot(e + fx))
4(idfz +icf)Ei( - 20emien) () g (Cidfe — i cfymi( -1 ) o
4 (a%d?z + a%cd?)

2dm=

_4(—ide+icf)>
=) 4

L dz

3.26. f (c+dz)?(a+ia cot(e+ fx))?
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input‘integrate(l/(d*x+c)”2/(a+I*a*cot(f*x+e))“2,x, algorithm="fricas") ‘

output‘-1/4*(4*(1*d*f*x + Ixc*f)*Ei(-2%(-I*d*f*xx — Ixc*f)/d)*e” (-2%(-I*d*e + I*cx*
(£)/d) + 4x(-Ixdsfrx - Ixckf)*Ei(-4%(-Ixd*frx - Ikcxf)/d)*e”(-4*(-Ixd*e + I
(kc*£)/d) + dxe”(4xIxfkx + 4xIxe) - 2xdve” (2xIxf*x + 2xIxe) + d)/(a”2+%d"3%x
\ + a~2%c*d"2) \

3.26.6 Sympy [F]

1
(c+ dx)%(a +iacot(e + fz))?
1
_ f c2 cot? (e+fz)—2ic? cot (e+ fx)—c2+2cdx cot? (e+ fx)—4icdz cot (e+ fx)—2cdz+d2z2 cot? (e+fz)—2id2x2 cot (e+ fr)—d2x2
a2

dz =

dz

~—

p
inputtintegrate(1/(d*x+c)**2/(a+I*a*cot(f*x+e))**2,x)

p

output\—Integra1(1/(c**2*cot(e + f*x)**x2 — 2kIkcx*2*cot(e + f*x) - c*x*2 + 2kckd*x
\*cot(e + fxx)**2 - 4xIxckd*x*kcot(e + f*x) - 2*ckdkx + d**2*x*k*x2xcot(e + fx*
Lx)**2 - OxTxd**2kx**2kcot (e + f*x) — dhkkkx*x2), x)/ax*2

~

3.26.7 Maxima [A] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.49

1
(c+dz)*(a +iacot(e + fx))?
72 cos (_4(ded—cf)> B, <4(—1: ( fac—i—e)j—i—i de—icf)) —2f%cos (_Q(ded—cf)> B, (2(—2’ (fx~|—e)dd+ide—icf)> +2i f2E;
- 1((fz + e)a2d® — 22

dzr =

inputtintegrate(l/(d*x+c)“2/(a+I*a*cot(f*x+e))‘2,x, algorithm="maxima") J

output | -1/4*(£~2*cos(-4*(d*e - c*f)/d)*exp_integral_e(2, 4x(-I*(f*x + e)*d + I*dx
e - Ixc*xf)/d) - 2xf"2xcos(-2*(d*e - cxf)/d)*exp_integral_e(2, 2x(-I*(fx*x +
e)*d + Ixd*e - Ixcxf)/d) + 2+I*f~2xexp_integral_e(2, 2*(-I*(f*x + e)*d +
Ixd*e - I*cxf)/d)*sin(-2x(d*e - c*f)/d) - I*f 2xexp_integral_e(2, 4x(-Ix(f
*x + e)*d + Ixdxe - Ixcxf)/d)*sin(-4*(d*e - cxf)/d) + £72)/(((f*x + e)*a”2

*d"2 - a”2xd"2%e + a~2kckd*f)*f)

1
3.26. f (c+dz)?(a+ia cot(e+ fx))? dz
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3.26.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2249 vs. 2(410) = 820.

Time = 1.44 (sec) , antiderivative size = 2249, normalized size of antiderivative = 5.18

1
/ (c+ dx)%(a +iacot(e + fz))?

dxr = Too large to display

input  integrate(1/(d*x+c) "2/ (a+I*a*cot(f*x+e)) 2,x, algorithm="giac")

output | 1/4* (4xI*d*f*x*cos(e) “4*cos(4xc*xf/d)*cos_integral (4*(d*f*x + cxf)/d) - 16%
dxf*x*cos(e) “3xcos(4*cxf/d)*cos_integral (4*(d*f*x + c*f)/d)*sin(e) - 24*Ix*
dxf*x*cos(e) “2xcos (4*xcxf/d) *cos_integral (4*(dxf*x + cxf)/d)*sin(e)”2 + 16%
dxf*x*cos(e)*xcos(4*xcxf/d)*xcos_integral (4*(d*f*x + cxf)/d)*sin(e) "3 + 4*Ixd
xf*xxcos(4*cxf/d) *cos_integral (4*(d*f*x + c*f)/d)*sin(e)”"4 + 4xd*fxx*cos(e
) “4xcos_integral (4*(d*f*x + c*f)/d)*sin(4*c*f/d) + 16*I*d*f*x*cos(e) 3*cos
_integral (4x(d*f*x + c*f)/d)*sin(e)*sin(4*c*f/d) 24*d*f*x*cos(e) “2*cos_i
ntegral (4*(d*f*x + c*f)/d)*sin(e) "2*sin(4xcxf/d) - 16xI*xd*f*x*cos(e)*cos_i
ntegral (4*(d*f*x + c*f)/d)*sin(e) “3*sin(4*xcxf/d) + 4*xdxfxx*cos_integral (4x
(d*f*x + cxf)/d)*sin(e) “4*sin(4*c*f/d) - 4*xdxf*x*cos(e) 4*cos(4xc*f/d)*sin
_integral (4*(d*f*x + cxf)/d) - 16*Ixdxf*xx*cos(e) 3*cos(4*xc*f/d)*sin(e)*sin
_integral (4*(d*xf*x + cxf)/d) + 24*d*fxx*cos(e) "2*cos(4xcxf/d)*sin(e) "2*sin
_integral (4x(dxfxx + c*f)/d) + 16*%I*xdxf*x*cos(e)*cos(4*cxf/d)*sin(e) "3*sin
_integral (4x(dxfxx + c*f)/d) - 4xdxf*x*cos(4*c*f/d)*sin(e) "4*sin_integral (
4*(d*fxx + c*f)/d) + 4*xIxd*f*x*cos(e) 4*xsin(4*c*f/d)+*sin_integral (4% (d*f*x
+ cxf)/d) - 16*d*f*x*cos(e) "3*sin(e)*sin(4*c*f/d)*sin_integral (4* (d*f*x +
c*f)/d) - 24xIxdxfxx*cos(e) 2*sin(e) "2*sin(4*c*f/d)*sin_integral (4* (d*f*x
+ c*f)/d) + 16xd*f*x*cos(e)*sin(e) "3*sin(4*c*f/d)*sin_integral (4* (d*f*x +
cxf)/d) + 4xIxd*f*x*sin(e) “4*sin(4xcxf/d)*sin_integral (4% (d*f*x + c*f)/d)
+ 4xIxcxfxcos(e) “4*cos(4xcxf/d)*cos_integral (4x(dxf*x + cxf)/d) - 16%c...

N

3.26.9 Mupad [F(-1)]
Timed out.

1 1

/ (c+ dz)?(a + iacot(e + fx))? do = / (a +acot (e + fz) 1i)® (c+dz)? de

input‘int(l/((a + axcot(e + f*xx)*1i)~2*(c + d*x)~2),x)

1
3.26. f (c+dz)?(a+ia cot(e+ fx))? dz
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output Lint(l/((a + axcot(e + fxx)*1i)"2x(c + d*x)~2), x)

1
3.26. f (c+dz)?(a+ia cot(e+ fx))? dz



output
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3.27 f( (ctdr)” - dz

a+ia cot(e+fx))
3.27.1 Optimalresult . . .. ... .. . ... . 215
3.27.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 276l
3.27.3 Rubi [A] (verified) . . . . . ... .. 216
3.27.4 Maple [A] (verified) . ... ... ... ... 218
3.27.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 218
3.27.6 Sympy [A] (verification not implemented) . . . .. ... ... ... . .... 219
3.27.7 Maxima [F(-2)] . . . . . . . 2201
3.27.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 22T]
3.27.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.27.1 Optimal result

Integrand size = 23, antiderivative size = 396

(¢ + dz)? B gdde2ic+2ife  ggdetictdife  Bebietbifz Qi 2eRiet2ife(c 4 dr)
(a+iacot(e + f2))? ° " 64adft  1024a’f4 172843 2 3203 f3
gid264ie+4ifm(c+ d.’L‘) id2€6ie+6ifm(c+ dx)
25603 f3 B 28843 f3
OdeXe+2f% (¢ 1 dz)?  9detHife(c + dr)?
B 3243 f2 12843 f2
de6ie+6ifx(c+ da:)2 3,i62ie+2ifw(c+ dx)3
B 9643 f2 1643 f
Jiettet4ifz(c 4 dg)3 N €5 t6if2(c + dx)®  (c+ dx)*
32a3 f 4803 f 32a3d

9/64*d"~3*exp (2*Ixe+2*I*f*x)/a~3/f74-9/1024*d~3*exp (4*I*e+4*xIxf*x) /a~3/f"4+
1/1728%d"3*exp (6*I*e+6*xI*f*x)/a~3/f"4-9/32%I*d"2*exp (2*xI*e+2*xI*f*x) * (d*x+C
)/a~3/£73+9/256%I*d"2*%exp (4*I*e+4*I*f*x)* (d*x+c) /a~3/£73-1/288*I*d"2*exp (6
*T*e+6*%Ixf*x) * (d*x+c) /a~3/f73-9/32*d*exp (2% I[*xe+2xT*+f*x) * (d*x+c) ~2/a"~3/f 2+
9/128*d*exp (4*I*e+4xIxf*x) * (d*x+c) "2/a"~3/£72-1/96*d*exp (6*I*e+6xI*f*x) * (d*
x+c)~2/a”~3/£72+3/16xIxexp (2% Ixe+2xI*f*x) * (d*x+c) ~3/a~3/f-3/32xI*exp (4*Ixe+
4xT*f*x)* (d*x+c) "3/a"3/f+1/48*I*xexp (6*xIxe+6*I*f*x)* (d*x+c) ~3/a~3/£f+1/32x(d
xx+c) ~4/a"3/d

_ (ctdm)®
3.27. f (a+za00t(6+fz))3 dz
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3.27.2 Mathematica [A] (verified)

Time = 3.03 (sec) , antiderivative size = 664, normalized size of antiderivative = 1.68

(c+dz)3
(a +iacot(e + fx))3

_ (cos(3(e + fz)) +isin(3(e + fx))) (81i(32cf* + 24c*df?(3i + 4fx) + 12cd® (=7 + 12ifz + 8f*2?) + d

input| Integrate[(c + d#x)"3/(a + IxaxCot[e + £*x1)73,x] |

output | ((Cos[3*(e + f*x)] + I*Sin[3*(e + f*x)])*((81*I)*(32%c"3*f"3 + 24*c~2xd*f"~
2% (3*I + 4xfxx) + 12%xckd"2*%f* (=7 + (12*I)*f*xx + 8*xf~2%x"2) + d"3*(-45%I -
84xfxx + (7T2xI)*f~2%x"2 + 32*xf~3*x73))*Cos[e + f*x] + 16%(36*c”3*xf 3*(I +
6*f*x) + 18%c™2xd*xf~2%x (-1 + (6*I)*f*x + 18*%f~2%xx"2) + 6kckd " 2*f* (-1 - 6xfx*
X + (18*I)*f~2%x~2 + 36*%f~3*x~3) + d~3*(1 - (6*I)*f*x - 18*xf 2%x~2 + (36*I
)*f~3%x~3 + 54*xf~4xx~4))*Cos[3*(e + f*x)] - (4131*I)*d~3*Sin[e + f*x] - 87
48*cxd~2+f*xSin[e + f*x] + (9720%I)*c~2xd*f~2*Sin[e + f£*x] + T776%c”3*f"3%*S
in[e + f*xx] - 8748+d~3*f*x*Sin[e + f*x] + (19440%I)*c*xd"2+f " 2*x*Sin[e + fx*
x] + 23328%c”2*d*f"3*x*Sin[e + f*x] + (9720%I)*d~3*f " 2xx"2*Sin[e + f*x] +
23328*c*d"2*xf " 3xx"2*Sin[e + f*x] + 7776%d"3*f"3*xx"3*Sin[e + f*x] + (16%*I)*
d"3*Sin[3*(e + f*x)] + 96*c*xd"2*f*Sin[3*(e + f*x)] - (288*I)*c~2*d*f~2*Sin
[B3x(e + fxx)] - 576%c~3*xf"3*Sin[3*(e + f*x)] + 96*d"3*f*x*Sin[3*(e + f*x)]
- (576*I)*cxd~2*xf~2xx*Sin[3*(e + f*x)] - 1728*c”~2xd*f " 3*x*Sin[3*(e + f*x)
1 - (3456%*I)*c"3*%f 4xx*Sin[3*(e + f*x)] - (288*I)*d~3*f " 2*xx"2*Sin[3*(e + f
*x)] — 1728*c*d~2*f " 3*x”"2+Sin[3*(e + f*x)] - (5184*I)*c~2%d*f ~4*x~2*Sin[3*
(e + fxx)] - 576xd"3*f"3*xx~3*Sin[3*(e + f*x)] - (3456*I)*c*d 2*f 4*x"3%Sin
[3%(e + f*x)] - (864%I)*d ~3*f~4*x~4*Sin[3*(e + f*x)]))/(27648*%a~3*xf"4)

3.27.3 Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 133 Ryles used
integrand size

— {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ : (c+ dx)3 i

a + iacot(e + fz))3

_ (ctdm)®
3.27. f (a+zaCOt(6+fz))3 dz
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| 3042
d 3
/ (c+ dx) d
(a—iatan (e+ fz+ %))
l 4212
/ 3(c + dx)3eZiet2ifz + 3(c + dx)3etietiifz B (c + dx)3ebietbifz + (c+ dx)3 dx
8a3 8a3 8a3 8a3
l 2009
9id?(c + dx)e?et?fz  9id?(c 4 dx)etiet4ife 3 id?(c + dx)ebietoifz B 9d(c 4 dx)2eiet?ife +
32a3 f3 256a3 f3 288a3 f3 32a3 f2
gd(c+dx)264ie+4ifx d(c+dx)2e6ie+6ifx 3i(C+ dw)3e2ie+2ifw 3i(C+ dw)3e4ie+4ifz
128a3f2  96a3f2 - 16a3f 3203 f -
’L(C+ dm)3eﬁze+6zfm (C—l— dl‘)4 N 9d3e2ze+2zfz 3 9d364ze+47,fa: N d3eﬁze+6zfm
48a3 f 32a3d 64a3 f4 1024a3 f4 1728a3 f4

input‘ Int[(c + d*x)~3/(a + IxaxCot[e + f*x])"~3,x]

output | (9*xd~3*E~((2*I)*e + (2+I)*f*x))/(64*a~3*f~4) - (9%d"3*E~((4*I)*e + (4*I)x*f
*x))/(1024xa"~3*f~4) + (d"3*E~((6*I)*e + (6*I)*f*x))/(1728%a~3*xf£~4) - (((9%*
I)/32)*d"2+E~((2%I)*e + (2*I)*f*x)*(c + d*x))/(a~3*f~3) + (((9%I)/256)*d"2
*E~((4*xI)*e + (A*I)*f*x)*(c + d*x))/(a"3*xf~3) - ((I/288)*d"2+E~((6*I)*e +
(6xI)*f*x)*(c + d*x))/(a~3+£73) - (9*d*E~((2*I)*e + (2*I)*f*xx)*(c + d*x)"2
)/ (32%a~3*%f~2) + (9*d*E~((4*I)*e + (4*xI)*f*x)*(c + d*x)~2)/(128*%a~3*f~2) -

(d*E~((6%I)*e + (6xI)*f*x)*(c + d*x)~2)/(96*%a~3*£72) + (((3*I)/16)*E~((2x*
Dxe + (2*D)*xfxx)*(c + d*x)~3)/(a”3*f) - (((3*%I)/32)*E~((4*I)*e + (4*I)*fx*
x)*(c + d*x)~3)/(a"3%f) + ((I/48)*E~((6xI)*e + (6xI)*f*x)*(c + d*x)~3)/(a”
3xf) + (c + d*x)~4/(32%a~3%*d)

3.27.3.1 Defintions of rubi rules used

N J

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[ul

:> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

LQ [u, x]

_ (ctdm)®
3.27. f (a+za00t(6+fz))3 dz
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rule 4212‘Int[((c_.) + (d_D)*(x))"(m)*((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)1)"(n)), ‘
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~(2x(a/b)*(e + f*
‘x))/(2*a))“(—n), x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] & EqQ[a~2 + b~2 ‘

, 0] && ILtQ[n, 0] |

3.27.4 Maple [A] (verified)

Time = 1.00 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00

method result
. Bt d2czd 3d i(36d3x3 f3+108cd? f3z2+18id3 f222+108c2d f3x+36icd? f2z+3¢
risch 325 T 85 T+ 16a3 “+ g 8a3 + 32a3d + 172843 /4

4(dz Ld222ycd 3 39( 42 1 c)a? .
—6264(— (F+e) (3 i +edotc?) f +id(%d2w2+cdw+c2)f2—1 ( 217*:) f_73(7);3‘;3>fwtan(fw+e)3+<2592i(d;‘

parallelrisch

derivativedivides | Expression too large to display
default Expression too large to display

input ‘ int ((d*x+c) "3/ (a+I*a*cot (f*x+e)) ~3,x,method=_RETURNVERBOSE) J

output | 1/32/a"3%d~3*x"4+1/8/a"3*d"2*c*xx~3+3/16/a"3*d*c"2*x"2+1/8/a"3*c~3*x+1/32/a
~3/d*c”4+1/1728*%I* (36%dA"3*x"3*f " 3+18*I*d"3*f " 2*kx"2+108*c*d~2*f ~3*x"2+36* I *
ckxd"2%f " 2%x+108*%c”2%d*f " 3*x+18*[*c™2*%d*xf"2+36*c”3*f " 3-6*d "3k f*x-I*d"3-6*c*
d~2*f)/a~3/f"4*xexp (6*I* (fxx+e))-3/1024*I* (32*%d~3*x"3*f ~"3+24*I*d " 3*f ~"2*x "2+
96xc*kd™2*f " 3%x"2+48%I*ckd 2% f " 2*x+96*kCcT2kd*f " 3*kx+24*I*Cc"2*d*xf"2+32%c"3*£ "3
—-12%d"3*f*x-3*I*d"3-12*c*d~2*f) /a~3/f ~4*exp (4xI* (f*x+e))+3/64*I*(4*d"3*x"3
*f73+6%I*d"3%f " 2%xx"2+12%ckd " 2%xf "3%kxT2+12%Ikc*kd 2% f T 2%x+12%CcT2%d*f T3 *kx+6* I *
CT2xd*f"2+4%c”3*f " 3-6+d"3*f*x—-3*%I*d"3-6*c*d"2xf) /a~3/f 4*exp (2*xI* (fxx+e))

3.27.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 360, normalized size of antiderivative = 0.91

/ (c+dzx)
. dz
(a +iacot(e + fx))3
_ 864 d3 fAzt + 3456 cd? fA23 + 5184 df*x? + 3456 3 fix — 16 (—36i d f3x® — 361 ¢ f3 + 18 c?df? + 61 cd?

input Lintegrate ((d*x+c) "3/ (atI*a*cot (f*x+e))"3,x, algorithm="fricas") J

_ (ctdm)®
3.27. f (a+za00t(€+fz))3 dz
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output | 1/27648* (864*d~3*f~4*x"4 + 3456%cxd~2xf~4*xx"3 + 5184*c™2*d*f~4*xx~2 + 3456%
c"3xf~4xx - 16%(-36%I*d"3*f"3%x"3 - 36*I*c~3*f"3 + 18*c™2*d*f~2 + 6xI*xc*xd™
2%f - d73 + 18*(-6xI*ckd"2*f~3 + d"3*f72)*x"2 + 6*x(-18*I*c~2*d*f~3 + 6*xc*xd
~2%f72 + Ixd"3*f)*x)*e” (6*%I*f*x + 6xIxe) — 81*%(32*%I*d"3*f"3*x"3 + 32*xI*c”3
*f73 - 24%c”2*d*f"2 - 12*%I*kckxd~2*f + 3%d~3 + 24*%(4xIxc*xd"2*%f~3 - d"3*f"2)*
X"2 + 12%(8*I*c™2xd*f~3 — 4d*xckd"2*%f"2 - I*d"3*f)*x)*e” (4d*xI*f*x + 4*I*e) -
1296 (—4*I*d~3*f"3*x"3 — 4xI*c"3*f"3 + 6kc 2xd*f"2 + 6%I*xcxd"2+f — 3*d~3 +

6% (—2xI*c*d"2*f~3 + d"3*f"2)*x"2 + 6x(-2%I*c”~2xd*f~3 + 2kcxd~2*f"2 + I*d~
3xf)*x)*xe” (2xI*xfxx + 2*xIxe))/(a~3*f~4)

3.27.6 Sympy [A] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 932, normalized size of antiderivative = 2.35

(c+ dx)?
- X
(a +iacot(e + fx))3
(21233664ia8c? f11e2¢¢+63700992ia®c2df 11 ze2i¢ — 3185049605 c2df 102t +63700992iab cd? f1 1 x2e2*¢ —63700992a5 cd? f10re?i —31850496ia°
- :E4 (_d386ie+3d384ie_3d362ie) 11)3 (_Cd2e6ie+3cd264ie_3cd262ie) + $2(_362d66ie+902d64ie_gc2de2ie) x(_0366i5+36364i6_3c361
32a3 + 8a3 16a3 8a3

Axr  3cRdx®  cd’zx®  dPxt

8a3+ 16a3 + 8a3 + 32a3

input\integrate((d*x+c)**3/(a+I*a*cot(f*x+e))**B,X)

_ (ctdm)®
3.27. f (a+za00t(€+fz))3 dz
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Piecewise ((((21233664*I*a*x6*xc**x3*xf*x11xexp(2*%I*xe) + 63700992k Ika* Gk Ckk 2k

dxf*x11kxxexp(2*Ixe) - 31850496*a**6*ck*2kd*xfx*k10%exp(2+xI*e) + 63700992xI*
ax*xBxckd**x2*fk*k11kx*x*2*xexp (2%xIxe) — 63700992*a**Bxc*d* *2xf*x10*x*exp (2*xI*e
) — 31850496*I*a*x*6*ckxd**2xfx*9*exp (2+%I*e) + 21233664*I*a**x6xdx*3*f*x11*x*
*3%exp (2xIxe) — 31850496%ax*6xd**3xf**10*kx**2kexp (2*%I*e) — 31850496*I*a**6
*xQ**3xf*x9xx*kexp(2xI*e) + 15925248 ax*6xd**3xf**8xexp (2*I*e) ) *exp (2+xI*f*x)
+ (-10616832*I*a*xx6*ck*3xf*x11*xexp (4*xIxe) — 31850496*I*kax*6*cr*2xd*fr*k11x%
x*exp(4xIxe) + 7962624%a*x6xck*2kd*f**x10%exp(4*I*e) — 31850496%[*a**6*c*d*
*2xfxx11xx**2xexp (4*I*e) + 15925248xa**6xcxd*x2xf*x10*x*exp(4*I*e) + 39813
12%Ixa*x*x6*xckd**2xf*x*9*xexp (4*I*e) - 10616832*I*a**6xdx*3*f*x11*x**3*xexp (4*I
*xe) + T7962624%a*x6xdx*3*f*x10*x**x2xexp (4*xIxe) + 3981312k Ika**6xd**3*xf**9*x
xexp (4*Ixe) - 995328*a**6*d**3*f**8*exp (4*I*e))*xexp (4*xIxfxx) + (2359296%I*
ax*xB6xck*3xf*x11xexp(6*Ixe) + TO77888*I[xa**xB*kck*2xd*f**x11xx*kexp(6xI*e) - 11
79648*a**x6*ck*x2xd*f*x*10%exp (6xI*e) + TO77888*I*ax*Bkckd**2xf**11kx**2*kexp (
6xIxe) — 2359296%a**6xckd**2*f**10*x*exp(6*xI*e) — 393216 Ika**Bxckd**2*f*x*
9xexp(6*I*e) + 2359296 I*a*x*6xd**3*f*x11xx**3kexp(6*I*e) — 1179648 ax*6xd*
*3*f*x10*x**2xexp (6*I*e) — 393216*I*a**Bkd**3kfx*Ikxkexp(6*I*e) + 65536%ax
*x6*d*x3*f**x8*exp (6xI*e) ) xexp (6*I*f*x))/(113246208*a**9*f*x12) , Ne (a*x*9xf*x*
12, 0)), (x**4x(-dx*3xexp(6*I*e) + 3*d**3xexp(4*xI*e) - 3*kd**3xexp(2xI*e))/
(32%a**3) + x*k*3x(—cxd*x*2xexp(6*I*e) + 3*xckxd**2xexp(4xIxe) — 3*ckd**x2xe...

3.27.7 Maxima [F(-2)]

Exception generated.

d 3
/ o+ z’c(zccjt (:i— ) dx = Exception raised: RuntimeError

.
integrate ((d*x+c) "3/ (atI*a*cot(f*x+e))~3,x, algorithm="maxima")

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

Lve exponent.

-

_ (ctdm)®
3.27. f (a+zaCOt(6+fz))3 dz
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3.27.8 Giac [A] (verification not implemented)
Time = 0.40 (sec) , antiderivative size = 593, normalized size of antiderivative = 1.50
(c+dz)3

(a +iacot(e + fx))3
B 864 d3f4.'154 + 3456 Cd2f4.’L'3 + 5761 d3f3x3e(6i fr+6ie) _ 25923 d3f3x3e(4z' fzt+die) + 51844 d3f3x3e(2i fr+2ie) 4

;
integrate ((d*x+c) "3/ (atI*a*cot(f*x+e))~3,x, algorithm="giac")

1/27648* (864*d~3*f~4*x~4 + 3456%cxd"2*f ~4*x~3 + B576*I*d"3*f " 3*x"3*e” (6*I*f
*x + 6%Ixe) - 2592%I*d"3*f 3*x"3*e” (4*I*f*xx + 4*xI*e) + 5184*I*kd"3*f " 3*x~3*
e” (2+Ixfxx + 2xIxe) + 5184*c 2*d*f 4*x"2 + 1728*%I*kckd " 2*f " 3*x"2%e”~ (6*xI*f*xx
+ 6%I%e) — TT7T76xIxcxd”2xf"3*x"2%e” (4*I*f*x + 4xIxe) + 15552*kI*c*d™2+f " 3*x
~2xe” (2xIxfxx + 2kI*e) + 3456%c™3*f 4xx + 1728*%I*kc”2*d*f " 3*x*e” (6*xI*xf*xx +

6*%I*e) - 288*d~3*f " 2xx"2ke” (6*%I*f*x + 6xIxe) — T7776*%Ikc”2*d*f " 3*x*e”™ (4*xI*f
*x + 4xIxe) + 1944%d"3*f"2*x"2%e” (4*xI*xf*xx + 4*xI*e) + 15552*%I*c™2*d*f " 3*xx*e
T(2xIxfxx + 2%Tke) — T776%d"3*f " 2xx"2xe”™ (2xI*f*xx + 2%I*e) + 576xI*xc~3*f 3%
e~ (6*%I*xfxx + 6xIxe) — 576kckd"2%f " 2*x*e” (6*xI*fxx + 6kI*ke) — 2592%I*c~3*f~3
ke~ (4xI*f*x + 4%Ixe) + 3888*ckxd~2+f "2kxxe~ (4*xI*f*x + 4%I*e) + 5184%I*c”3*f
~3%e” (2*I*f*xx + 2%I*ke) - 15552%ckd~2%f 22kx*e™ (2xI*f*x + 2xI*e) - 288*c~2+*d
*f"2%e” (6*I*f*xx + 6%Ixe) — 96%Ixd 3*fkxxe” (6xI*f*x + 6%xI%e) + 1944%c™2xd*f
“2xe” (4xIxf*x + 4*Ixe) + 972xI*d 3*xfix*e” (4d*I*xfxx + 4xIkxe) — T776xc”2*d*f~
2%e” (2*%I*xfxx + 2xIxe) — TT776*I*d"3*f*x*e” (2xIxfxx + 2kI*ke) — 96*I*c*d 2*fx*
e~ (6*%I*f*xx + 6xIxe) + 972kI*kc*d " 2*f*e” (4*xIxfxx + 4xIkxe) — T776*%I*c*d"2xf*e
“(2xIxfxx + 2*I*ke) + 16*%d"3*e” (6*xI*f*xx + 6kxI*ke) - 243*%d"3*e” (4*xI*xfxx + 4x*I
*e) + 3888*d"3ke” (2*%I*f*x + 2xIxe))/(a"3*f"4)

_ (ctdm)®
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3.27.9 Mupad [B] (verification not implemented)

Time = 13.93 (sec) , antiderivative size = 418, normalized size of antiderivative = 1.06

/ (c+dz)? o — o2+ 2 _(F128 f* = P d f*18i + 18cd® f + d°9i) i
(

a+iacot(e + fz))3 64 a3 f4
dBr33i dr (22 f2+cdf2i—d?) 9
1607 f 324 3
@2 (2¢f +d1i) 9%
32a3 f? )
_ eeditfadi (_ (96 f3 —2d f272i+36¢cd® f +d®9i) li
1024 3 f4
dr33i drx (82 fP+cdf4i—d?) 9
2a5f 256 a3 f3
& 2* (4c f +d1i) i
128 a3 f? )
| gebi+S a6 (_(_3603 fP—cAdf?18i+6cd® f+d*1i) 1i
1728 a3 f4
B3l dr (182 f2+cdf6i—d?) li
48a f 288 a3 f3

dz?(6cf+dli) 1 c3z+d3z4+3czdz2+cd2x3
96 a® f? 8a3  32a? 16 a3 8 a3

input Lint((c + d*x)~3/(a + a*cot(e + f*x)*1i)~3,x)

output

exp(e*2i + f*x*2i)*((d~3*x~3*31i)/(16*a~3*f) - ((d"3*9i - 12*c~3*£f~3 - c™2%
A*f~2%181 + 18*%c*xd~2*f)*1i)/(64*a~3*xf~4) + (d*xk(2xc ™ 2*f"2 - d~2 + cxd*f*2
i)*9i)/(32%a~3*£73) + (d72*x"2x(d*1i + 2%c*f)*9i)/(32*a~3*£f72)) - exp(ex4i
+ fxx*4i)*((d"3*%x73*%31)/(32*%a~3*f) - ((d"3%9i - 96*c”3*f~3 - c~2xA*f"2*%72
i + 36xcxd"2*xf)*1i)/(1024%a~3*%£74) + (d*x*(8*c™2*f"2 - d72 + cxd*xf*x4i)*9i)
/(256%a~3*£73) + (d"2*x"2*(d*1i + 4*c*f)*9i)/(128*a~3*xf"2)) + exp(ex6i + £
*x%61)* ((d"3*x"3*%1i)/(48*%a~3*f) - ((d"3*1i — 36%c”3*f"3 - c 2*d*f"2*18i +
6*xckd"2xf)*1i)/(1728*%a"~3*f~4) + (d*x*(18*c™2*xf~2 — d™2 + c*xd*f*6i)*1i)/(28
8xa~3*f~3) + (d"2*x"2*(d*1i + 6*xc*f)*1i)/(96*a~3*f"2)) + (c~3*x)/(8*a~3) +

(d"3%x74)/(32*%a"3) + (3*c™2xd*x"2)/(16*a~3) + (c*d~2*xx~3)/(8*a"3)

_ (ctdm)®
3.27. f (a+za00t(€+fz))3 dz
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3.28 [ (ctde) g

a+ia cot(e+fx))
3.28.1 Optimalresult . . .. ... ... . .. ... . 223
3.28.2 Mathematica [A] (verified) . . . . . . . . ... Lo 224
3.28.3 Rubi [A] (verified) . . . . . . ... .. 224
3.28.4 Maple [A] (verified) . ... ... ... ... 226
3.28.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 220
3.28.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. .. .. 227
3.28.7 Maxima [F(-2)] . . . . . . 2271
3.28.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 228
3.28.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 229

3.28.1 Optimal result

Integrand size = 23, antiderivative size = 294

/ (c + dz)? o _3id2e2ie+2ifz . 3id2etietdife ~ id2ebietbife
(a +iacot(e + fx))3 32a3 f3 256a3 f3 864a3 f3
3de2ie+2ifz(c + d.’E) 3de4ie+4ifac(c + dl’)
B 1643 f2 64a3 f2
debetbifz(c 4 dx)  3ie%et?ifz(c 4 dr)?
B 14443 f2 1643 f
Jigtettife(c 4 dx)?  jebetbifz(c 4 dg)? (¢ +dz)d
B 3243 f 48a3 f 24a3d

output | -3/32*I*d"2%exp (2*I*e+2*I*f*x) /a~3/f"3+3/256*I*d"2*exp (4*xIxe+4xIxf*x)/a~3/
£73-1/864*I*d"2*exp (6*Ixe+6xI*f*x) /a~3/£~3-3/16*d*exp (2*I*e+2*I*f*x) * (d*x+
c)/a~3/£72+3/64*d*exp (4*xI*e+4*Ixf*x) * (d*x+c) /a~3/£72-1/144*d*exp (6*I*e+6*1
*xf*x) * (d*x+c) /a~3/£72+3/16%I*exp (2*xI*xe+2*I*f*x) * (d*x+c) ~2/a~3/f-3/32*I*exp
(4*Ixe+4xT*f*xx) * (d*x+c) ~2/a"~3/f+1/48*Ixexp (6*I*e+B*I*f*x)* (d*x+c) "2/a"3/f+
1/24% (d*x+c)~3/a~3/d

_ (ctdm)2
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3.28.2 Mathematica [A] (verified)
Time = 1.04 (sec) , antiderivative size = 369, normalized size of antiderivative = 1.26
(c+ dz)?

(a +iacot(e + fx))3
_ 288f%x(3c® 4 3cdx + d?z?) + 648((1 + é)cf + d(—1 + (1 +14)fx))((L + é)ef + d(i + (1 + i) fz)) cos(2fz

dx

input LIntegrate[(c + d*x)~2/(a + I*a*Cot[e + f*x])~3,x] J

output

(288*f~3*x* (3%c”™2 + 3kckd*xx + d"2*x"2) + 648*%((1 + I)*cxf + d*x(-1 + (1 + I

Yxfxx) )k ((1 + I)*c*f + d*(I + (1 + I)*f*x))*Cos[2*f*x]*(Cos[2*e] + I*Sin[2
xe]) — 81x((2 + 2*%I)*c*f + d*(-1 + (2 + 2xI)*f*kx))*((2 + 2*I)*cxf + dx(I +
(2 + 2xI)*f*xx))*Cos[4*f*x]*(Cos[4*e] + I*Sin[4*e]) + 8+%((3 + 3*I)*cxf + d
*(=1 + (3 + 3*xD)*fxx))*((3 + 3*I)*c*kf + A*x(I + (3 + 3*I)*f*x))*Cos[6xfxx]*
(Cos[6xe] + I*Sin[6*e]) + (648+I)*((1 + I)*c*f + d*(-1 + (1 + I)*f*x))*((1
+ I)xcxf + d*x(I + (1 + I)*f*x))*(Cos[2*e] + I*Sin[2*e])*Sin[2*f*x] - 81%(
d - (2 + 2xI)*kc*kf - (2 + 2xD)*dxf*x)*(d + (2 - 2*I)*kc*kf + (2 - 2%I)*d*f*x)
*(Cos[4*e] + I*Sin[4*e])*Sin[4*f*x] + (8*I)*((3 + 3*I)*c*f + d*(-1 + (3 +
3*¥D)*f*x))*((3 + 3*xI)*kckf + d*(I + (3 + 3*I)*f*xx))*(Cos[6*e] + I*Sin[6*e])
*Sin[6*%f*x])/(6912*xa~3*f"3)

3.28.3 Rubi [A] (verified)
Time = 0.51 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.130, Rules used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx)? i
(a +iacot(e+ fx))3
| 3042

/ (c+ dz)? dx
(a —iatan (e + fz + %))3

l 4212

_ (ctdm)2
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/ < 3(c+dw)262z’e+2ifm N 3(c+dw)2e4z’e+4ifm B (c+dm)266ie+6ifa: N (c+da:)2> p

8a3 8a3 8a3 8a3
l 2009
3d(c+ dw)eQie+2ifz 3d(c—|— dz)e4ie+4ifz d(c+ dw)e6ie+6ifx N 3i(c+ dw)262ie+2ifz B
16a3 f2 64a3 f2 144a3 f2 16a3 f
3i(c+ dx)2e4ie+4ifm i(C—l— dm)266ie+6ifm (C + d.’L')3 3id2e2ie+2ifx 3Z~d2e4ie+4ifz idZeGie-i-Gifz
32a3f 48a3 f T oudd T 3248 f3 t 25643 3 864a3f3

~—

inputLInt[(c + d*x)~2/(a + I*axCot[e + f*x])~3,x]

output | (((-3%I)/32)*d"2*E~((2*I)*e + (2*I)*f*x))/(a~3*£~3) + (((3*I)/256)*d~2+E"(
(4xI)*e + (4xI)*f*x))/(a"3*£73) - ((I/864)*d"2*E~((6*xI)*e + (6xI)*f*x))/(a
~3%xf"3) - (3*%d*E~((2*I)*e + (2*I)*f*x)*(c + d*x))/(16*a~3+%f~2) + (3*d*E~((
4xI)*e + (AxI)*f*x)*(c + d*x))/(64*a~3*f"2) — (A*E~((6*I)*e + (6*I)*f*xx)*(
c + dxx))/(144*a~3*%£f"2) + (((3*I)/16)*E~((2*I)*e + (2*I)*f*x)*(c + d*x)~2)
/(a~3%f) - (((3*%I)/32)*E~((4*I)*e + (4*I)*f*xx)*(c + d*x)~2)/(a~3*f) + ((I/
48)*E~ ((6*%I)*e + (6*I)*fxx)*(c + d*x)~2)/(a"3*f) + (c + d*xx)~3/(24*a"3%*d)

3.28.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4212 Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int([ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, O]

_ (ctdm)2
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3.28.4 Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 238, normalized size of antiderivative = 0.81

method result

. 223 | dez? i(18d2a? f2436cd f2a+6id? fz+18c? f2+6icdf —d?)efif=Fe)  3i(8d%z2 f241
risch 2107 T 57 T3 8a3 + 24a3d + 864a3 f3

3(24(d?23+3d 22 c+3z c?) f3+6i (—29d2x2 —58cdr—36¢?) 2+ (139d%2+180cd) f+81id?) tan(fz+e)3+6 (108i( $d2z?-

parallelrisch

derivativedivides | Expression too large to display
default Expression too large to display

input‘int((d*x+c)“2/(a+I*a*cot(f*x+e))“3,x,method=_RETURNVERBOSE)

output | 1/24/a"3*d"2*x"3+1/8/a"3*d*cxx"2+1/8/a"3*c”2*x+1/24/a~3/d*c~3+1/864*I* (18%
A" 2%x 2% "2+6x I #d "2+ L *xx+36*%Ccxd*f " 2*x+6*Ikckd*f+18*c"2xf"2-d"2) /a~3/f " 3*exp
(6*%Ix(fxx+e))—-3/256*I* (8*d~2%x "2+~ 2+4*I*d~2*f*x+16*ckd*f ~2xx+4*T*cxd*f+8*
c"2x£72-d"2) /a"~3/f"3*exp (4*xI* (fxx+e) ) +3/32%I* (2xd~2+x 2% £ ~2+2% [*d~2*f *x+4%
cxd*f " 2xx+2xTkcxd*f+2%c”2%f"2-d"2) /a~3/f " 3*exp (2xI* (f*x+e))

3.28.5 Fricas [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.72
(c + dx)?

(a +iacot(e + fx))3
_ 288d%f3x° + 864 cdf3x® + 864 ¢ f3x — 8 (—18i d* f2x? — 18i P f2 + 6 cdf + 1 d® + 6 (—6i cdf? + d2f)x)e(

dz

input Lintegrate ((d*x+c)~2/(a+I*a*cot (f*x+e))~3,x, algorithm="fricas") J

-

output | 1/6912* (288*%d"2*f"3*x~3 + 864*cxd*f " 3*x"2 + 864*c”~2*xf " 3*x — 8% (-18*I*d~2*f
T2%x72 — 18%I*c"2*%f"2 + 6kckd*f + I*d"2 + 6k (—6kI*xckd*f~2 + d™2xf)*x)*e” (6
*Ixfxx + 6xIke) — 81%(8%I*d"2*f 2%x"2 + 8xI*kc 2*%f"2 — 4*ckxd*f - I*d~2 + 4x*
(AxIxcxd*xf~2 — d72%f)*x)*e” (4*xIxfxx + 4xI*xe) — 648%(—2*%I*d"2*%f " 2%xx~2 — 2*I
*C"2xf72 + 2kckdkf + I*xd"2 + 2x (—2xI*ckd*f~2 + d72*f)*kx)*e” (2xI*f*x + 2%I*
e))/(a"3*f"3)

_ (ctdm)2
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3.28.6 Sympy [A] (verification not implemented)
Time = 0.34 (sec) , antiderivative size = 575, normalized size of antiderivative = 1.96
(c+ dz)?

(a +iacot(e + fx))3
(1327104ia8c? f8e?®+2654208ia8 cdf Sxe??® —1327104aC cdf 7 e2?°+1327104ia8d? f8x2e?'® —1327104a8d? f " ze?** —663552ia8d? fOe?ie) e2if@ 1

dx

m3 (_d266ie+3d2e4ie_3d2e2ie) z2 (_Cd66i6+3cde4ie_3Cde2ie) $(—0266i6+302€4ie—302€2ie)
24a3 + 8a3 + 8a3
cr  cdr?  dP2?

83 T 8ad T 24g

input | integrate ((d*x+c)**2/ (a+I*a*xcot (fxx+e))**3,x)

output | Piecewise ((((1327104*I*ax*6xc**2xf*xx8+exp (2*xI*xe) + 2654208*Ixa**Bkckd*rf**8
xx*exp(2xIxe) — 1327104xa*x6xckd*f**T*xexp(2*%I*ke) + 1327104*Ikax*Exd**2xf**
8xxx*k2xexp (2*I*e) — 1327104*ax*6xd*x*2xf*x7xx*exp(2xI*e) — 663552k [*ax*6xd*
*2xf *x6*exp (2xI*e) ) kexp (2*%I*f*x) + (-663552*I*kax*Bxcx*k2xfx*Bxexp(4*Ixe) -
1327104*I*ax*6xckd*f*x8*x*exp(4*xI*e) + 331776*ax*6xckd*xf*xT*exp(4*Ixe) - 6
63552*[*xa**x6xd**x2xf**x8kx**x2kexp (4*I*e) + 331776xa**x6xd**x2xf**x7xx*exp(4*I*xe
) + 82044x%Ixa*x*6xd**2xf**6xexp(4*I*e))*exp (4*I*xf*x) + (147456%I*kax*6kCx*2xk
fx*8*exp (6+%I*ke) + 294912xI*a*x6*ckd*fx*k8xxxexp(6xIxe) - 49152kax*kExcxd*f**
Txexp(6*%Ixe) + 147456%Ixa**xBkd*x*2*f**Bxx**x2*kexp(6*xI*e) - 49152*a*x*6xd**2*f
**xT*xkexp (6xI*xe) - 8192xI*ax*6xd**x2*xfx*6xexp (6*Ixe))*exp(6*I*xf*x)) /(707788
8xax*x9xf**9) , Ne(a*xOxf**9, 0)), (x**3*(-d**2xexp(6xIxe) + Ikd**2xexp (4*I*
e) - 3kdxx2xexp(2xIxe))/(24*a**3) + x**2%(-c*d*exp(6*I*e) + 3*kcxdkrexp(4*I*
e) - 3*cxdxexp(2xI*e))/(8*ax*3) + x*x(—ckx*2xexp(6*I*e) + 3xc*x2*exp(4xI*e)
— 3xc**2xexp(2xIxe))/(8*a*x3), True)) + c**2xx/(8*a*x3) + ckd*kx**2/(8*a*x*3
) + dk*2xx**3/(24%a**3)

N J

3.28.7 Maxima [F(-2)]

Exception generated.

2
/ (ot z'c(zccjtzl:i— ) dxr = Exception raised: RuntimeError

input  integrate((d*x+c) "2/ (a+I*a*cot(f*x+e)) 3,x, algorithm="maxima")

& J
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output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
Lve exponent. J

3.28.8 Giac [A] (verification not implemented)
Time = 0.38 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.13
(c+ dz)?

(a +iacot(e + fx))3
2882 f3x® + 864 cdf3x? + 1440 d? f2x%e(61 /o6e) _ 648} 42 fx2e i foH4ie) | 1296 d2 f2x2e( foH2ie) 4 86«

dx

;
integrate ((d*x+c) "2/ (atI*a*cot(f*x+e))~3,x, algorithm="giac")

output | 1/6912* (288*d"2+f " 3%x"3 + 864*cxd*f 3*x"2 + 144*I*d"2*f " 2xx"2xe~ (6*I*f*x +
6xI*xe) - 648xI*d~2+f " 2%x"2%e” (A*xI*f*x + 4xI*e) + 1296%I*d"~2*f " 2xx"2*xe~ (2
Ixfxx + 2kI*e) + 864*c”2+%f 3*%x + 288*I*ckxd*f "2xx*ke” (6xI*f*x + 6*%Ixe) - 129
6*I*xc*xd*f~2xx*xe” (AxI*xf*x + 4*I*e) + 2592xIxckxdxf~22kxke” (2*I*f*x + 2xIxe) +
144xTxc”2*%f"2%e” (6*%I*xf*xx + 6xIxe) — 48*d"2*f*x*e” (6xIxf*xx + 6kI*ke) - 648%
I*xc™2xf"2xe” (AxIxf*xx + 4*I*e) + 324xd"2xfxxke” (4*xI*f*x + 4*Ixe) + 1296*I*c
“2xf"2xe” (2xIkfkx + 2%I*e) - 1296*d"2xfxxke” (2kI*f*x + 2%I*e) — 48xcxdxf*xe
“(6xIxfxx + 6xIke) + 324*ckd*fre” (4*xIxfxx + 4*xIkxe) — 1296*c*d*fre” (2xI*f*xx
+ 2%I*e) - 8xIxd"2*e” (6*Ixfxx + 6kIxe) + 81xIxd"2*e” (4*xIxfxx + 4*xIxe) - 6
48*xIxd~2%e” (2*%I*f*x + 2%I*e))/(a~3*f"3)

N\ J

_ (ctdm)2
3.28. f (a+za00t(€+fw))3 dz
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3.28.9 Mupad [B] (verification not implemented)

Time = 1.04 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.89

/ (c+ dz)? dp = o2 0% <(602f2+cdf61—3d2) li+d2x23i
(a +iacot(e + fx))3 32a3 f3 1643 f
z(2cf+dli) 3i
16 a3 f2 )
_ geditfadi ((2462 fP4+cdf12i—3d?) 1i + d? z2 3i
256 a3 f3 3243 f
z(4cf+dli) 3i
64 a3 f? )
| eeBitfabi <(18 A fi+cdf6i—d?) 1i N d? 2% 1i
864 a3 f° 803 f
x(60f—kd101j> c2x+d2x3+cdx2
144 a3 f? 8a3  24a® 8a®

inputLint((c + d*x)"2/(a + akcot(e + f*x)*1i)"3,x)

~—

output | exp(ex2i + fxx*21i)*(((6%xc™2*xf72 - 3xd"2 + c*xd*xf*6i)*1i)/(32%a"~3%£73) + (d~
2xx”2x31) / (16*%a~3*f) + (d*x*x(d*1i + 2*c*f)*31i)/(16*a~3*f72)) - exp(ex4i +
Fhxkdi)* (((24%c™2%f~2 - 3*%d"2 + ckd*f*12i)*11i)/(256*a~3*xf~3) + (d"2%x"2*3i
)/ (32%a”3%f) + (d*x*(d*1i + 4*cxf)*31)/(64*a~3*%f72)) + exp(ex6i + f*xx*6i)x*
(((18*c™2*f~2 - 472 + cxd*f*6i)*1i)/(864*a~3*f"3) + (d"2*x"2*1i)/(48%a”~3*f
) + (d*xk(d*1i + 6xcxf)*1i)/(144*a~3*£72)) + (c™2*x)/(8*a~3) + (d~2*x"3)/(
24*xa~3) + (c*d*x~2)/(8*a"3)

_ (ctdm)2
3.28. f (a+za00t(€+fw))3 dz
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3.29 i ( _ctde ;.

a+ia cot(e+fx))
3.29.1 Optimal result . . . . . . .. . ... . 230
3.29.2 Mathematica [A] (verified) . . . . . . .. ... .. L oo 231
3.29.3 Rubi [A] (verified) . . . . . ... .. 231
3.29.4 Maple [A] (verified) . .. . ... .. ... 232
3.29.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 233
3.29.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... ..
3.29.7 Maxima [F(-2)] . . . . . . . . 234
3.29.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 234
3.29.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 235

3.29.1 Optimal result

Integrand size = 21, antiderivative size = 209

c+dx i — 1lidz  dz®>  z(c+dzx) d
/ (a + tacot(e + fx))3 v 96a3f 1643 T Re T 36f2(a + tacot(e + fz))3
i(c+ dx) 5d
"~ 6f(a+iacot(e+ fx))3 + 96af?(a + iacot(e + fz))?
i(c+dx) 11d
~ 8af(a+ iacot(e + fz))? + 962 (a3 + a3 cot(e + fzx))
i(c+dx)
~ 8f (a3 + iad cot(e + fx))

‘*x+e))‘3-1/6*I*(d*x+c)/f/(a+I*a*cot(f*x+e))‘3+5/96*d/a/f‘2/(a+I*a*cot(f*x+
|))"2-1/8Ix(d*x+c) /a/f/ (a+I*axcot (fxx+e)) 2+11/96%d/£2/ (a”3+Ixa"3*cot (£

| Y
output ‘ 11/96xI*xd*x/a"~3/f-1/16*%d*x"2/a~3+1/8*x* (d*x+c) /a~3+1/36*d/f~2/ (a+I*a*xcot (f ‘
| x+e))-1/8+I*(dxx+c)/f/ (a”3+I*a"3*cot (f*x+e)) |

_ cHdx
3.29. f (a+ia cot(e+fx))3 dz
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3.29.2 Mathematica [A] (verified)

Time = 1.21 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.17

/ c+dz d
(a +iacot(e + fx))3
_ —T2de? + 144cef + 144cf?x + 72df*x? + 108i(2cf + d(i + 2fx)) cos(2(e + fx)) + 27(d — dicf — 4idfx)

~—

inputLIntegrate[(c + d*x)/(a + I*a*Cot[e + f*x])~3,x]

s N

output | (-72xd*e~2 + 144*cke*f + 144*cxf~2xx + 72xd*f~2*%x"2 + (108*I)*(2xcxf + dx*(
I + 2xf*xx))*Cos[2%(e + f*x)] + 27*(d - (4*I)*c*f - (4*I)*d*f*x)*Cos[4*(e +
f*x)] - 4*d*Cos[6x(e + f*x)] + (24*I)*c*f*Cos[6*(e + f*x)] + (24*I)*d*f*x
*Cos[6*%(e + f*x)] - (108*I)*d*Sin[2*(e + f*x)] - 216*c*f*Sin[2*(e + f*x)]
- 216*%d*f*x*Sin[2*(e + f*x)] + (27*I)*d*Sin[4*(e + f*x)] + 108*c*f*Sin[4*(
e + f*x)] + 108*d*fxx*Sin[4*(e + f*x)] - (4*I)*d*Sin[6*(e + f*x)] - 24*c*f
*Sin[6*(e + f*x)] - 24*d*f*x*Sin[6*(e + f*x)])/(1152*%a~3*£f~2)

3.29.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 143 Ryles used

integrand size
= {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx iz
(a +iacot(e + fr))3
J’3042

c+dx
/ : 3d.%'
(a — iatan (e+fm+ %))

l 4213

[ (2 | : e
8a3  8f (icot(e+ fx)ad +a3) 8af(icot(e + fr)a+a)® 6f(icot(e+ fz)a+ a)d
i(c+ dx) z(c+dz) i(c+ dx) i(c+ dx)
8f (a3 + iad cot(e + fz)) 8a3  8af(a-+iacot(e+ fz))2 6f(a+ iacot(e+ fz))3

_ cHdx
3.29. f (a+ia cot(e+fx))3 dz
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| 2009
i(c+ dx) z(c+ dx)
" 8f (a3 + ia3 cot(e + fx)) 8a3
d<_ 11 _ Wiz z? 5 3 1 )_
9612 (a® + a3 cot(e + fx)) 96a3f  16a® 96af2(a +iacot(e + fz))2  36f2(a+ iacot(e + fx))3
i(c+ dx) i(c+dx)

8af(a+iacot(e + fr))?2 6f(a+iacot(e+ fx))3

A >

inputLInt[(c + d*x)/(a + I*a*Cot[e + £*x])~3,x]

output | (xx(c + d*x))/(8*%a~3) - ((I/6)*(c + d*x))/(f*(a + I*axCotl[e + f*x])~3) - (
(1/8)*(c + dx*x))/(axfx(a + I*xaxCot[e + f*x])~2) - ((I/8)*(c + d*xx))/(fx(a”
3 + Ixa~3*Cot[e + f*x])) - d*((((-11*I)/96)#*x)/(a"3*f) + x"2/(16*a"~3) - 1/
(36%xf~2%(a + I*axCot[e + f*xx])~3) - 5/(96%a*f~2x(a + I*a*Cotl[e + f*x])~2)
- 11/(96%f~2%(a~3 + I*a~3*Cot[e + f*x])))

3.29.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4213 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])“n, x]}, Simp[(c + d*x)
“m  u, x] - Simp[d*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, f}, x] && EqQ[a"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

3.29.4 Maple [A] (verified)

Time = 0.77 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.55

_ cHdx
3.29. f (a+ia cot(e+fx))3 dz
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method result

i(6dfz+6cf+id)eSifote)  3i(4dfz+dcf+id)etifzte) + 3i(2df z+2cf+id)e2i(fz+e)

3 xrc
risch 160,3 Tt 28843 f2 12843 /2 3243 2

3(6(d 22 +2ac) f2+i(—29dz—36¢) f+15d) tan(fz+e)3+3 (361(%%) € f243 f(d:z:+80)+16id> tan( fx+e)2—63(w+1
288 f2a3 (—i—3 tan(fz+e)+3i tan(fx+e)2-|—tan(fx+e)3)

parallelrisch

inputLint((d*x+c)/(a+I*a*cot(f*x+e))‘3,x,method=_RETURNVERBOSE) J

Output‘1/16*d*x‘2/a“3+1/8/a‘3*x*c+1/288*I*(6*d*f*x+I*d+6*c*f)/a“3/f‘2*exp(6*I*(f*
‘x+e))-3/128*I*(4*d*f*x+I*d+4*c*f)/a“3/f“2*exp(4*I*(f*x+e))+3/32*I*(2*d*f*x
‘+I*d+2*c*f)/a‘3/f‘2*exp(2*I*(f*x+e)) ‘

3.29.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.44

c+dx de
(a +iacot(e + fx))3
_ T2df?s® + 144 cf?r — 4 (—6idfz — 6icf + d)e® /700 — 27 (4idf x + dicf — d)el* /*H4e) — 108 (—2id
N 1152 a3 f2
inputtintegrate((d*x+c)/(a+I*a*cot(f*x+e))“3,x, algorithm="fricas") J

p

output‘1/1152*(72*d*f‘2*x*2 + 144%c*f72%x — 4x(—6xIxdxfxx — 6kI*c*f + d)*e” (6xI*f
‘*x + 6%Ixe) — 27*(4*I*xd*f*xx + 4xIkxcxf — d)*e” (4*xIxf*xx + 4xI*xe) - 108%(-2*I
‘*d*f*x - 2xIxckxf + d)*xe” (2*%I*xf*xx + 2*I*e))/(a~3*f"2)

S

3.29.6 Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 298, normalized size of antiderivative = 1.43

c+dzx
(a +iacot(e + fx))3

(221184ia®cfoe?ie+221184iadf>we??® —110592a°df *e?%® ) €21/ 2+ (—110592ia8c f e —110592ia8 df  ze**®+27648a8 df *e4i¢ ) e4i/ = 1 (245764
117964849 f6

dz

$2 (_d66ie+3de4ie_3de2ie) + x(_ceﬁie+3ce4ie_3062ie)
16a3 8a3

N cT N dz?
a3  16a3

_ cHdx
3.29. f (a+ia cot(e+fx))3 dz
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input‘integrate((d*x+c)/(a+I*a*cot(f*x+e))**3,x) ‘

output | Piecewise ((((221184*I*a*x*6*xckxfx*k5xexp(2*I*xe) + 221184xI*ak*6*d*f**5xxxexp (
2xI*e) - 110592*a**6xd*f**4xexp(2+I*e))*exp(2xI*f*x) + (-110592*I*ax*6xc*f
*x*k5xexp (4*I*e) - 110592xI*a**6*d*xf**5xxkexp(4*I*e) + 27648*a*x*6*xd*f**4xexp
(4*Ixe))*xexp(4*Ixfxx) + (24576*I*kax*Bkcxf*x*E5xexp(6*Ixe) + 24576*I[*ax*6xd*f
**x5xxkexp (6xI*e) - 4096*a*x6*dxf*x4d*xexp(6xI*e))*exp (6*xIxf*x))/(1179648*a**
9xfx*6) , Ne(ax*9xf*x6, 0)), (x**2*(-dxexp(6*Ixe) + 3xd*exp(4xI*e) - 3*d*ex
p(2xIxe))/(16%a**3) + x*(-cxexp(6%I*e) + 3xckexp(4*Ixe) - 3*cxexp(2xIxe))/
(8*ax*3), True)) + c*x/(8*a**3) + dkx**2/(16%a**3)

3.29.7 Maxima [F(-2)]

Exception generated.

d
/ - ¢t dz dx = Exception raised: RuntimeError
(a + tacot(e + fx))3

~—

inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))‘3,x, algorithm="maxima")

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

N\ J

3.29.8 Giac [A] (verification not implemented)

Time = 0.36 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.68
c+dz

(a +iacot(e + fx))3
_ T2df%x? + 144 cf?x + 24i df we(6i fo60) — 108; df we(*i frHie) 4 2167 df we fo+2e) 4 244 cfelSifotbic)

dz

1152 a3 f2

A >

inputLintegrate((d*x+c)/(a+I*a*cot(f*x+e))‘3,x, algorithm="giac")

output | 1/1152*% (72xd*f~2*x"2 + 144*c*xf~2xx + 24*xIxd*xf*x*e” (6xI*f*x + 6xIxe) - 108x%
Ixd*xfxxke™ (AxIxfxx + 4*I*e) + 216*Ixdxfxxxe” (2kI*f*x + 2%I*e) + 24xIxcxf*xe
“(6xIxf*x + 6xIxe) — 108kIkckfre” (4*Ikfxx + 4*xIxe) + 216*I*kckfxe” (2xI*f*x
+ 2%I*e) - 4xdxe” (6+xI*f*x + 6%I*e) + 27*d*ke” (4*xIxf*x + 4xIxe) — 108*kd*e”(2
*Ixf*x + 2%xIxe))/(a~3%f"2)

_ cHdx
3.29. f (a+ia cot(e+fx))3 dz
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3.29.9 Mupad [B] (verification not implemented)

Time = 0.64 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.69

c+dx

/ (a +iacot(e + fx))3

dr = ee2i+fa:2i (

(6cf+d3i) li

n dx 3i
16a3 f

32a3 f?
_ etitfadi <(12Cf+d3i) li n dx 3i >
128 a3 2 3203 f
| gebi+fati ((Gcf-i-dli) i dzli ) d x? N cx
288a® f? 48a3f) ' 16a® ' 8ad

p
inputtint((c + d*x)/(a + a*cot(e + f*x)*1i)~3,x)

-/

output‘exp(e*Zi + fxxk21)* (((d*3i + 6*cxf)*1i)/(32*%a~3*%f72) + (d*x*3i)/(16%a~3*f)
‘) - exp(ex4i + fxx*x4i)*(((d*31i + 12*kcxf)*1i)/(128%a~3*f72) + (d*x*3i)/(32%
‘a‘3*f)) + exp(e*6i + f*x*6i)*(((d*1i + 6xc*f)*1i)/(288*a~3*f~2) + (d*x*1i)
/(48%a”3%£)) + (d*x"2)/(16+a"3) + (c*x)/(8%a"3)

C—

ctdx
329. [ Grimeecrray 4o

dz
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3.30.1 Optimal result

Integrand size = 23, antiderivative size = 449

/ 1 dp — 3 cos (2e — 2¢/) Coslntegral (2 + 2fz)
(c+dz)(a+iacot(e + fr))3 T=T 8a3d
N 3 cos (4e — %) Coslntegral (%< + 4fz)
8a3d
cos (6e — %) CosIntegral (% + 6 fz)
- 8a3d
log(c + dx)
8a3d
i CosIntegral (G%f + 6fz) sin (6e — %)
- 8a3d
N 3¢ CosIntegral (‘%f +4fz) sin (4e — %)
8add
3¢ Coslntegral (% +2 fx) sin (26 — %)
- 8a3d
B 3t cos (26 - 2—?}) Si(z—jlz + Zfz')
8a3d
N 3sin (2e — 2%’0) Si(z%f +2fz)
8a3d
N 31 cos (46 - %) Si(% + 4f:v)
8a3d
_ 3sin (4e — %) Si(%L + 4fx)
8add
_jam@e—%ﬁ&@%+ﬁﬂ)
8a3d
N sin (6e — ) Si(% + 6fx)
8a3d

-1/8%Ci (6*c*f/d+6xf*xx)*cos (-6*e+6*c*f/d) /a~3/d+3/8*Ci (4d*xc*f/d+4*f*x)*cos (-
4xe+4*c*f/d) /a~3/d-3/8*Ci (2xc*xf/d+2*f*x) *cos (-2*e+2xcxf/d)/a~3/d+1/8*1n(d*
x+c)/a~3/d-3/8*I*cos (-2xe+2*c*f/d) *Si (2*c*f/d+2xf*x) /a~3/d+3/8*I*cos (-4*e+
4xc*f/d)*Si (d*c*xf/d+4*f*x) /a~3/d-1/8*I*cos (—6*e+6*c*f/d) *Si (6xc*f/d+6*f*x)
/a~3/d+1/8*I*Ci(6*c*f/d+6*f*x)*sin(-6*e+6*cxf/d)/a~3/d-1/8*Si(6*c*f/d+6*f*
x)*sin(-6xe+6xc*f/d) /a~3/d-3/8*%I*Ci (4d*cxf/d+4*f*xx)*sin(-4*e+d*c*xf/d) /a~3/d
+3/8%S1 (4xc*f/d+4xf*x) *sin (-4*e+dxcxf/d) /a~3/d+3/8*I*Ci (2kcxf/d+2*f*x)*sin
(-2%e+2*c*f/d) /a~3/d-3/8*Si (2xc*xf/d+2*f*x) *sin (-2*e+2xcxf/d) /a~3/d

1 dz

3.30. f (c+dz)(a+ia cot(e+fx))3
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3.30.2 Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.44

/ ! dx
(c+ dz)(a+iacot(e + fx))3

log(c + dzx) — 3(cos (26 — 2%0) + i sin (2e — %)) <CosIntegral (Lﬁ) + iSi(%jd‘”))) + 3(cos (46 :

-

input LIntegrate [1/((c + d*x)*(a + IxaxCot[e + fx*x])~3),x]

| —

output | (Logl[c + d*x] - 3%(Cos[2*e - (2%c*f)/d] + I*Sin[2%e - (2*c*f)/d])*(CosInte
gral[(2xfx(c + d*x))/d] + I*SinIntegral[(2*f*(c + d*x))/d]) + 3*(Cos[4*e -

(4xcxf)/d] + IxSin[4*e - (4*c*f)/d])*(CosIntegral [(4*f*(c + d*x))/d] + Ix
SinIntegral [(4*f*(c + d*x))/d]) - (Cos[6xe - (6%cxf)/d] + I*Sin[6*e - (6*c
*f) /d])*(CosIntegral [(6xf*(c + d*x))/d] + IxSinIntegral[(6xf*(c + d*x))/d]
))/(8%a~3%d)

3.30.3 Rubi [A] (verified)

Time = 1.85 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.130, Rules used

integrand size
= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

L d
/ (c+ dz)(a + iacot(e + fz))3
l 3042

1
/ (c+dz) (a —iatan (e + fz + T))

l 4211

dr

3

/ isin3(2e + 2fx) 3 sin?(2e + 2fx) _ 3isin(2e +2fz)  3sin(2e + 2fz)sin(4e +4fz)  3isin(de +4fz)
8a3(c + dx) 8a3(c + dx) 8a3(c + dx) 16a3(c + dz) 8a3(c + dx)

l 2009

1
3.30. f (ct+dz)(a+iacot(e+fx))3 dz
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3i CosIntegral (Zx f+2 ) sin (26 2ef ) i CosIntegral (Gx f+ %) sin (63 - %)

8a3d 8a3d +
3i CosIntegral <4x f+ %t ) sin (46 - %) 3 CosIntegral <2x f+ 2%t ) cos (26 - %)
3 Coslntegral (490; a—lg-d4cf ) cos (46 — %) CosIntegral (Gm f iai(cjf ) cos (66 - %) '
8a3d 8a3d +
3sin (2e - ﬂ) Si<2xf + %) 3sin (4e - ﬂ) Si(4:cf + %)
8a3d N a3d +
sin (66 - @) Si(ﬁxf + %) 3i cos <2e - M) Si(2xf n %)
a3d B 8a3d +
S T R R T A
8a3d B 8a3d T sad

input | Int[1/((c + d*x)*(a + I*a*Cot[e + f*x])~3),x]

output | (-3%Cos[2%e - (2*cxf)/d]*CosIntegral [(2*c*f)/d + 2xfxx])/(8*%a~3*d) + (3*Co
s[4xe - (4xc*f)/d]*CosIntegral [(4*c*f)/d + 4xf*x])/(8*a~3*d) - (Cos[6*e -
(6*cxf) /d]*CosIntegral [(6*c*f)/d + 6*f*xx])/(8%a~3*d) + Loglc + d*x]/(8*a"3
*d) - ((I/8)*CosIntegrall[(6*c*f)/d + 6*f*x]*Sin[6xe - (6*c*f)/d])/(a~3*d)
+ (((3%I)/8)*CosIntegral [(4*cxf)/d + 4*f*x]*Sin[4*e - (4xc*f)/d])/(a~3*d)
- (((3%I)/8)*CosIntegral [(2*c*f)/d + 2xfxx]*Sin[2%e - (2%c*f)/d])/(a"3*d)
- (((3*I)/8)*Cos[2*e - (2*c*f)/d]l*SinIntegral[(2*xc*f)/d + 2xf*x])/(a~3*d)
+ (3*Sin[2*e - (2xcxf)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/(8*a~3xd) + (((3
*I)/8)*Cos[4*e - (4*c*f)/d]*SinIntegral[(4xc*xf)/d + 4*fxx])/(a~3*d) - (3%S
in[4xe - (4xcxf)/d]1*SinIntegral [(4xc*f)/d + 4*fxx])/(8%a~3*d) - ((I/8)*Cos
[6xe - (6xc*f)/d]*SinIntegral[(6xc*f)/d + 6%f*x])/(a~3*d) + (Sin[6%e - (6%
c*xf)/d]*#SinIntegral [(6*cxf)/d + 6*f*x])/(8*a~3+*d)

3.30.3.1 Defintions of rubi rules used

.
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
x]

1
3.30. f (ct+dz)(a+iacot(e+fx))3 dz



CHAPTER 3. LISTING OF INTEGRALS

240

rule 4211‘Int[((c_.) + (d_)*(x))"(m )*((a) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n ),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2*e + 2*f*x]/(
'2%a) + Sin[2%e + 2%£*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
| & EqQ[a™2 + b™2, 0] & ILtQ[m, 0] && ILtQ[n, 0]

3.30.4 Maple [A] (verified)

Time = 1.09 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.38

method | result

_ 2i(cf—de) _ 4di(cf—de)

risch

In(dote) | 3¢ @ Bi(-2ifo-2ie— 207 3em T Eiy (—difa—die— A0elpid))

_|_

- 6i(cf—de) (_

d Eiq

8a3d + 8a3d 8a3d

¢

input Lint (1/(d*x+c) / (a+I*a*cot (f*x+e)) ~3,x,method=_RETURNVERBOSE)

OUtPUt‘1/8*1n(d*x+c)/a‘3/d+3/8/a‘3/d*exp(-2*I*(c*f—d*e)/d)*Ei(l,—2*I*f*x—2*1*e—2*
| (I¥c¥f-Txde) /d)-3/8/a"3/d*exp (-4 T* (cxf-d¥e) /d) ¥Ei (1, -4+ Txfrx-4Tke-4* (I*
\c*f—I*d*e)/d)+1/8/a”3/d*exp(-6*I*(c*f-d*e)/d)*Ei(1,—6*I*f*x-6*1*e—6*(1*c*f
‘-I*d*e)/d)

3.30.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.27

/ ! dx =
(c+dz)(a +iacot(e + fx))3 ~

_6(—id

3Ei(_%j—icn)e(—““"?’m) —3Ei(—w> e(—‘%‘w)+Ei(_s<-idf;_icn>e( (

8 a3d

input Lintegrate (1/(d*x+c) / (a+I*a*cot (f*x+e))"3,x, algorithm="fricas")

output‘-1/8*(3*Ei(-2*(-I*d*f*x - Ixcxf)/d)*e~ (-2x(-I*xd*e + I*c*f)/d) - 3*Ei(-4x*(-
\I*d*f*x - Ixcxf)/d)*e” (-4x(-I*d*e + I*c*f)/d) + Ei(-6x(-Ixd*f*x - Ixcxf)/d
‘)*e‘(—e*(—I*d*e + Ikcxf)/d) - log((d*x + c)/d))/(a~3*d)

-

1
3.30. J (ctdx)(atiacot(e+fx))3 dz
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3.30.6 Sympy [F]

1
/ (c+ dx)(a+iacot(e + fz))3 de
L dz

_ ¢ f ccot3 (e+ fz)—3iccot? (e+ fz)—3ccot (e+ fz)+ict+dz cot3 (e+ fzx)—3idz cot? (e+ fr)—3dx cot (e+ fx)+idr
- 3
a

input Lintegrate (1/ (d*x+c) / (a+I*a*xcot (f*xx+e))**3,x) J

output‘I*Integral(l/(c*cot(e + fxx)**3 - 3xIxckcot(e + f*x)**x2 — 3*ckcot(e + f*x)
\ + Ixc + d¥x*cot(e + f*x)**3 — 3kIkdkxkcot(e + f*x)**2 — 3kdsxkcot(e + fix
‘) + I*d*x), x)/a**3

3.30.7 Maxima [A] (verification not implemented)
Time = 0.42 (sec) , antiderivative size = 275, normalized size of antiderivative = 0.61
1

d
/ (c + dz)(a +iacot(e + fz))3
fa$<_gg%ﬁﬂ>EH(N—Hﬁ%%?%@—%ﬁ)__3fam<_£@%ﬁﬂ)£ﬁ(“-”ﬂ%?ﬁH@-%ﬁ)_F3fam<_z

input‘integrate(1/(d*x+c)/(a+I*a*cot(f*x+e))“3,x, algorithm="maxima")

output | 1/8%(f*cos(-6*(d*e - cxf)/d)*exp_integral_e(1l, 6x(-I*(f*x + e)*d + Ixd*e -
Ixcxf)/d) - 3*fxcos(-4x(d*e - c*f)/d)*exp_integral_e(1l, 4*(-I*(f*x + e)*d
+ Ixd*e - Ixc*f)/d) + 3*fxcos(-2*(d*e - c*f)/d)*exp_integral_e(l, 2% (-Ix(
fxx + e)*d + Ixd*e - Ixcx*f)/d) - 3*I*xfxexp_integral_e(l, 2*(-I*(f*x + e)*d
+ Ixd*e - Ixc*f)/d)*sin(-2*(d*e - c*f)/d) + 3xIxf*exp_integral_e(1l, 4*(-I
*(fxx + e)*d + Ixdxe - Ixcxf)/d)*sin(-4x(d*e - c*f)/d) - I*fxexp_integral_
e(1, 6x(~Ix(f*xx + e)*d + Ixd*e - I*cxf)/d)*sin(-6x(d*e - c*f)/d) + fxlog((
f*x + e)*d - dke + c*f))/(a"~3xd*f)

N\ J

1
3.30. f (c+dz)(a+tia cot(e+fz))3 dz
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3.30.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1791 vs. 2(411) = 822.

Time = 0.39 (sec) , antiderivative size = 1791, normalized size of antiderivative = 3.99

1 .
/ (c+ dz)(a + iacot(e + fz))® dz = Too large to display

input | integrate (1/(d*x+c)/(at+I*axcot (f*x+e))~3,x, algorithm="giac")

output | -1/8*(cos(e) “6*cos (6xcxf/d)*cos_integral (6x(d*xf*x + c*f)/d) + 6*Ixcos(e)”5
*cos (6*cxf/d) *cos_integral (6*(d*f*x + c*f)/d)*sin(e) - 15*cos(e) ~4*cos(6*c
*xf/d) *cos_integral (6x(d*f*x + c*f)/d)*sin(e)”2 - 20*I*cos(e) 3*cos(6*c*f/d
)*cos_integral (6* (d*f*x + c*f)/d)*sin(e)”3 + 15*cos(e) "2*cos(6*c*f/d)*cos_
integral (6*(d*f*x + c*f)/d)*sin(e)”~4 + 6*I*cos(e)*cos(6*cxf/d)*cos_integra
1(6*%(d*f*x + c*f)/d)*sin(e)”5 - cos(6*cxf/d)*cos_integral (6x(d*f*x + c*f)/
d)*sin(e)~6 - I*cos(e) 6*cos_integral (6x(d*f*x + c*f)/d)*sin(6*c*xf/d) + 6%
cos(e)“bxcos_integral (6x(d*f*x + c*f)/d)*sin(e)*sin(6*c*f/d) + 15xIxcos(e)
“4xcos_integral (6% (d*f*x + c*f)/d)*sin(e) "2*sin(6*c*f/d) - 20*cos(e) “3*cos
_integral (6*(d*f*x + c*f)/d)*sin(e) "3*sin(6*cxf/d) - 15xIxcos(e) 2*cos_int
egral (6x(dxf*x + c*f)/d)+*sin(e) 4*sin(6xc*f/d) + 6*cos(e)*cos_integral (6*(
d*fxx + cxf)/d)*sin(e) "5*sin(6*cxf/d) + I*cos_integral(6*(d*f*x + c*f)/d)*
sin(e) “6xsin(6xcxf/d) + I*cos(e) “6xcos(6*cxf/d)*sin_integral (6*(d*f*x + c*
f)/d) - 6*cos(e) "5*cos(6xc*f/d)*sin(e)*sin_integral (6x(d*f*x + c*f)/d) - 1
B5xIxcos(e) “"4*cos(6*c*f/d)*sin(e) "2*sin_integral (6*(d*xf*x + c*f)/d) + 20%co
s(e)~3*cos(6xcxf/d)*sin(e) "3*sin_integral (6*(d*f*x + c*f)/d) + 15xI*cos(e)
~2xcos(6xcxf/d)*sin(e) “4*sin_integral (6* (d*f*x + c*f)/d) - 6*cos(e)*cos(6*
c*xf/d)*sin(e) “5*sin_integral (6x(d*f*x + c*f)/d) - I*cos(6*xc*f/d)*sin(e) 6%
sin_integral (6*(d*f*x + cxf)/d) + cos(e) 6*sin(6*cxf/d)*sin_integral (6x(d*
f*x + c*f)/d) + 6%Ixcos(e) 5*sin(e)*sin(6*c*f/d)*sin_integral (6% (d*f*x ...

N

3.30.9 Mupad [F(-1)]

dz

input‘int(l/((a + axcot(e + f*x)*1i)~3*(c + d*x)),x)

1
3.30. f (ct+dz)(a+iacot(e+fx))3 dz
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output Lint(l/((a + axcot(e + fxx)*1i)"3*(c + d*x)), x)

1 dz

3.30. f (c+dz)(a+ia cot(e+fx))3
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3.31.1 Optimal result

Integrand size = 23, antiderivative size = 712

1 dp— — 1 9cos(2e +2fx) 3cos?(2e + 2fx)
(c+dz)*(a+iacot(e + fz))® = 8add(c+dx)  32a3d(c+ dx) 8ald(c + dzx)
cos®*(2e + 2fx)  3cos(6e + 6fx)
8ald(c + dx) 32a3d(c + dzx)
_ 3if cos (2 — %L) Coslntegral (2 + 2fz)
4a3d?
+ 3if cos ( — Tf) Coslntegral (% + 4fz)
2a3d?
_ 3if cos (6e — %) CosIntegral (% + 6fz)
4a3d?
3f CosIntegral (% + Gfx) sin (66 — G%f)
+ 4a3d?
_ 3f Coslntegral (%L + 4fz) sin (4e — 24)
2a3d?
3f CosIntegral (2—2t + 2fac) sin (2e - 2_2[)
+ 4a3d?
15isin(2e + 2fz)  3sin®(2e + 2fx)
32a3d(c + dz) 8add(c + dz)
_ isin®(2e +2fz)  3isin(de +4fx)
8a?d(c + dz) 8ad(c + dx)
3isin(6e + 6fz) 3f cos (2e — 2L Si(2L + 2fx)
32a3d(c + dz) 4a3d?
| 3ifsin (2e — 20 Si(%L + 2fz)
4a3d?
_ 3fcos (4e — 28) Si(%L + 4fx)
2a3d?
B 3if sin (46 — 4—?) Si(4—§i + 4fx)
2a3d?
N 3f cos (6e — L) Si(% + 6fz)
4a3d?
N 3if sin (66 — G%f) Si(% + Gfx)
4a3d?

1
331 [ (c+da)2(atiacot(etfz))? dx



output

input | Integrate[1/((c + d*x)~2x(a + I*a*Cot[e + f*x])~3),x]

output
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-1/8/a"3/d/ (d*x+c)+15/32*I*sin (2*%f*x+2*e) /a~3/d/ (d*x+c)—-1/8*I*sin (2*f*x+2*
e)~3/a"3/d/ (d*x+c) -3/4xI*£*Ci (2*c*f/d+2*f*x) *cos (-2*e+2*xc*f/d) /a~3/d"2+9/3
2%cos (2xf*x+2*e) /a~3/d/ (d*xx+c)-3/8*cos (2*xf*x+2*e) ~2/a~3/d/ (d*x+c)+1/8*cos(
2*xfxx+2*e) ~"3/a~3/d/ (d*x+c) +3/32*cos (6xf*x+6%e) /a~3/d/ (d*x+c)+3/4*f*cos (-2*
e+2*c*f/d) *Si (2xcxf/d+2*xf*x) /a~3/d"2-3/2*f*xcos (—4*xe+4*xc*f/d) *Si (d*c*f/d+4x*
f*x)/a~3/d"2+3/4xf*cos (-6*e+6*xcxf/d) *Si(6*c*f/d+6xf*x)/a~3/d~2-3/4*E*Ci (6%
cxf/d+6xf*xx) *sin(-6*e+6*c*f/d) /a~3/d~2-3/4*xI*xf*Si (6*c*f/d+6*f*x)*sin(-6*e+
6*c*f/d) /a~3/d"2+3/2*xf*Ci (4d*c*f/d+4*f*x) *sin(-4d*xe+d*xc*xf/d) /a~3/d"2+3/2*xIxf
*C1i(4xc*f/d+4xf+*x) *cos (—4*e+dxcxf/d) /a~3/d"2-3/4*E*Ci (2xcxf/d+2xf*x) *sin (-
2xe+2xc*f/d) /a~3/d"2+3/2*xI*f*Si (4*c*xf/d+4xf*x) *sin(-4*e+d*cxf/d)/a~3/d"2-3
/4xT*f*Ci (6%cxf/d+6*f*x)*cos (-6xe+6*c*f/d) /a~3/d"2+3/8*sin (2xf*x+2%e) ~2/a"
3/d/ (d*x+c)-3/4*I*f*Si (2kc*f/d+2*f*x) *sin (-2*e+2xc*f/d)/a~3/d~2-3/8*I*sin(
4xf*xx+4*e) /a~3/d/ (d*x+c)+3/32*I*sin (6*f*x+6%*e)/a~3/d/ (d*x+c)

3.31.2 Mathematica [A] (verified)

Time = 0.78 (sec) , antiderivative size = 292, normalized size of antiderivative = 0.41

1
/ (c+ dx)%*(a +iacot(e + fz))3
—d + 3d(cos(2(e + fz)) +isin(2(e + fx))) — 3d(cos(4(e + fz)) + isin(4(e + fz))) + d(cos(6(e + fz))-

dz

(-d + 3*d*(Cos[2*(e + f*x)] + I*Sin[2x(e + f*x)]) - 3*d*(Cos[4*(e + f*x)]
+ I*Sin[4x(e + f*x)]) + dx(Cos[6x(e + f*x)] + I*Sin[6%(e + fxx)]) + 6xf*(c
+ d*x)*((-I)*Cos[2*e - (2xcxf)/d] + Sin[2*e - (2xcxf)/d])*(CosIntegral[(2
*f*x(c + d*x))/d] + I*SinIntegral [(2*f*(c + d*x))/d]) + (12*I)*f*x(c + d*x)*
(Cos[4*e - (4*cxf)/d] + I*Sin[4*e - (4xc*f)/d])*(CosIntegral [(4*xf*(c + d*x
))/d] + I*SinIntegral[(4*xf*x(c + d*x))/d]) + 6*f*(c + d*x)*((-I)*Cos[6*e -
(6xcxf)/d] + Sin[6xe - (6%c*f)/d])*(CosIntegral [(6*f*(c + d*x))/d] + I*Sin
Integral [(6xf*(c + d*x))/d]))/(8*a~3*d™2x(c + d*x))

1
3.3L. f (c+dz)?(a+iacot(e+ fx))3 dx
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3.31.3 Rubi [A] (verified)

Time = 1.96 (sec) , antiderivative size = 712, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 133 Ryles used
integrand size

= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

! d
/ (c+ dz)2(a + iacot(e + fz))3

| 3042
/ . 1 - zdx
(c+dz)? (a—iatan (e+ fx+ F))
| 4211
/ isin3(2e + 2fx) 3 sin?(2e + 2fz) _ 3isin(2e +2fx) + 3sin(2e + 2fx)sin(4de + 4fx) = 3isin(de + 4fx)
8a3(c + dx)? 8a3(c + dz)? 8a3(c + dx)? 16a3(c + dzx)? 8a3(c + dx)?
| 2009
3f CosIntegral (6m f+ bef ) sin <66 — %) 3f CosIntegral (4:6 f+ %) sin (46 — %) N
4a3d? 2a3d?
3f CosIntegral (2:1: f+ 2f ) sin (26 %) 3if CosIntegral ( zf + %) cos (26 — %) N
4a3d? 4a3d?
3i f CosIntegral (430 f+ Tf> cos ( %) 3i f CosIntegral (6:17 f+ bef ) cos ( - %)
2032 - 1038 *
3if sin (26 - 2cf) Sl<2If + %) 3if sin (46 — ﬂ) Si(4.rf + %)
d2 o 342 +
asd
3if sin (66 — M) Si<6wf + %) 3f cos (26 — M) Sl<2If + 2Cf>
add? + 4a3d? B
3f cos ( e— ﬂ) Si(4a:f + %) 3f cos (66 — %) Si<6$f + %) isin3(2e + 2f1)
2a3d? + 4a3d? "~ 8d3d(c + dx)
3sin?(2e + 2fz)  15isin(2e + 2fz) _ 3isin(4e +4fx) 3isin(6e +6fx) cos®(2e + 2fz) B
8a3d(c + dzx) 32a3d(c + dx) 8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dzx)
3cos?(2e +2fx) 9cos(2e +2fx)  3cos(6e + 6fx) 1

8a3d(c + dx) 32a3d(c + dx) 32a3d(c+dz)  8a3d(c+ dx)

input Int[1/((c + d*x)~2*(a + I*axCot[e + f*x])~3),x]

1
3.3L. f (c+dz)?(a+iacot(e+ fx))3 dx




output

N\
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-1/8%1/(a~3*d*(c + d*x)) + (9*Cos[2*e + 2*fxx])/(32%a"3*d*(c + d*x)) - (3%
Cos[2xe + 2xfxx]~2)/(8*%a"3*d*(c + d*x)) + Cos[2xe + 2xfxx]~3/(8*a~3*d*(c +
d*x)) + (3%Cos[6*e + 6*f*x])/(32*%a"3*d*(c + d*x)) - (((3%I)/4)*f*Cos[2%e
- (2xcxf)/d]l*CosIntegral [(2xcxf)/d + 2*f*x])/(a~3*d"2) + (((3*I)/2)*f*Cosl[
4xe - (4*cxf)/d]*CosIntegral [(4*xc*f)/d + 4xfxx])/(a~3*d"2) - (((3*I)/4)x*fx*
Cos[6%e - (6xcxf)/d]*CosIntegral [(6*c*f)/d + 6xf*x])/(a~3%d"2) + (3*f*CosI
ntegral [(6*cxf)/d + 6xfxx]*Sin[6xe - (6%cxf)/d]l)/(4*xa~3*d~2) - (3*f*CosInt
egral [(4*cxf)/d + 4*xf*x]+*Sin[4xe - (4*cxf)/d])/(2*a~3*xd"2) + (3xf*CosInteg
ral [(2xc*f)/d + 2%fxx]*Sin[2%e - (2%c*f)/d])/(4%a~3*d~2) + (((15%I)/32)*Si
n[2xe + 2xf*xx])/(a"3*d*(c + d*x)) + (3*Sin[2%e + 2*f*x]"2)/(8xa"3*d*(c + d
*x)) - ((I/8)*Sin[2*e + 2xf*x]~3)/(a~3*d*(c + d*x)) - (((3%I)/8)*Sin[4xe +
4xfxx])/(a~3*d*(c + d*x)) + (((3%I)/32)*Sin[6xe + 6xfxx])/(a"3*d*(c + d*x
)) + (3xf*Cos[2xe - (2%c*f)/d]*SinIntegral [(2*c*f)/d + 2*f*x])/(4*a~3%d"2)
+ (((3*I)/4)*fxSin[2%e - (2%cxf)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/(a~3*
d~2) - (3*fxCos[4*e - (4*c*f)/d]*SinIntegral [(4*c*f)/d + 4*xf*x])/(2¥a~3*d"~
2) - (((3*I)/2)*f*Sin[4xe - (4xc*f)/d]1*SinIntegral[(4xc*f)/d + 4*f*x])/(a”
3%d"2) + (3*f*Cos[6*e - (6%c*f)/d]*SinIntegral [(6xc*f)/d + 6*fxx])/(4*a”3x*
d~2) + (((3*I)/4)*fxSin[6%e - (6*cxf)/d]*SinIntegral [(6*c*f)/d + 6xf*xx])/(

a~3*d"2)

3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4211

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_)) (@ )*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2%a) + Sin[2%e + 2*f*x]/(2%b))~(-n), x], x] /; FreeQl{a, b, c, d, e, £}, x]

&& EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

1
3.3L. f (c+dz)?(a+iacot(e+ fx))3 dx
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3.31.4 Maple [A] (verified)

Time = 1.11 (sec) , antiderivative size = 281, normalized size of antiderivative = 0.39

method | result

(o _2i(cf—de) ) ) )
3if o2i(fz+e) 3ife d Ei; <—2zf:c—2'Le— 3if edi(fate) 3ife

_4di(cf—de)
1 d
8a3d(dz+c) 8a3d2 (,fo_'_ %) 4a3d2 Sa3d2 (wa_}_%)

2(icf—ide) )
risch d

input Lint (1/(d*x+c) "2/ (a+I*a*cot (f*x+e)) ~3,x,method=_RETURNVERBOSE)

-/

output | -1/8/a~3/d/ (d*x+c)+3/8*I/a"~3*f/d"2*xexp (2*xI* (fxx+e) )/ (I*f*x+I/dxcxf)+3/4*1/
a~3*f/d"2*xexp (-2*%I* (c*f-dxe) /d) *Ei (1, -2*I*f*x-2xI*e—-2% (I*c*f-Ixd*e) /d)-3/8
*I/a"3%f/d"2*%exp (4xIx (fxx+e) )/ (Ixf*x+I/d*cxf)-3/2*%I/a~3*f/d"2%exp (-4*I* (c*
f-d*e) /d)*Ei (1,-4*Ixfxx—4xIxe-4x (I*xc*f-I*d*e)/d)+1/8%I/a"~3*f/d~2*exp (6*I*(
fxx+e) )/ (I*xf*x+I/d*c*f)+3/4x1/a~3*%f/d"2%exp (-6*I* (ckxf-d*e) /d)*Ei(1,-6*I*f*
x—-6*%I*e—6% (I*c*xf-Ixd*xe)/d)

3.31.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.26

1
dxr =
/ (c+ dz)2(a + dacot(e + fz))®
. . _2(—ideticf) . . 4 (—ideticf)
6(idfx+z'cf)Ei(—2<—Lj-””)e( B >+12(—idfx—¢cf)Ei(—w)e( )
8 (a3d3x 4

-

input Lintegrate (1/(d*x+c) "2/ (a+I*a*xcot (f*x+e))~3,x, algorithm="fricas")

~—

output | -1/8* (6* (Ixd*xf*x + Ikc*f)*Ei(-2%(-Ixd*xfxx — Ikc*f)/d)*e” (-2 (-Ixd*e + I*cx*
£)/d) + 12%(-I*d*f*x - I*c*f)*Ei(-4*(-Ixd*f*x - Ixcxf)/d)*e” (-4*(-I*d*e +
Ikcxf)/d) + 6x(Ixdxf*x + Ixc*f)*Ei(-6*%(-I*d*frx — I*ckf)/d)*e” (-6x(-I*d*e
+ Ikcxf)/d) - d*e” (6xI*fxx + 6%Ike) + 3xd*e” (4xI*f*xx + 4xI*xe) - 3kdxe” (2*I
*fxx + 2xI*xe) + d)/(a~3*d"3*x + a~3*c*d~2)

L dz

3.3L. f (c+dz)?(a+iacot(e+ fx))3
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3.31.6 Sympy [F(-1)]

Timed out.
1
dz = Timed out
/ (c+ dz)*(a + acot(e + fz))s + e ou
inputLintegrate(1/(d*x+c)**2/(a+I*a*cot(f*x+e))**3,x) J
outputLTimed out J

3.31.7 Maxima [A] (verification not implemented)
Time = 0.52 (sec) , antiderivative size = 299, normalized size of antiderivative = 0.42
1

(¢ + dz)?(a +iacot(e + fx))
2 cos (_6(ded—cf)) B, (6(—i (fac+e)j+ide—icf)) —3f%cos (_4(ded—cf)> E2<4(—i (fx~|—e)dd+ide—icf)> +3 2 cos <

3dx

inputLintegrate(1/(d*x+c)‘2/(a+I*a*cot(f*x+e))‘3,x, algorithm="maxima") J

output | 1/8+(£f~2*cos(-6x(d*e - c*f)/d)*exp_integral_e(2, 6+x(-Ix(fxx + e)*d + Ixdxe
- Ixc*f)/d) - 3*f~2*xcos(-4*(d*e - c*f)/d)*exp_integral_e(2, 4*(-Ix(f*x +
e)*d + Ixd*e - Ixcx*f)/d) + 3*f~2xcos(-2x(dxe - c*f)/d)*exp_integral_e(2, 2
*(-Ix(f*x + e)*d + Ikdxe - I*cxf)/d) - 3*xI*f~2*exp_integral_e(2, 2x(-Ix(f*
X + e)*d + I*dxe — I*cxf)/d)*sin(-2x(d*e - c*f)/d) + 3*I*f~2%exp_integral_
e(2, 4x(-Ix(f*x + e)*d + I*dxe - Ixc*f)/d)*sin(-4*(d*e - c*f)/d) - Ixf"2x*e
xp_integral_e(2, 6*%(-Ix(f*x + e)*d + I*dxe — I*cxf)/d)*sin(-6*(d*e - c*f)/
d) - £72)/(((f*x + e)*a”3*%d"2 - a~3*d"2%e + a~3*c*d*f)x*f)

1
331 [ (c+da)2(atiacot(etfz))? dx
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3.31.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4284 vs. 2(648) = 1296.

Time = 1.37 (sec) , antiderivative size = 4284, normalized size of antiderivative = 6.02

1

/ (¢ + dz)2(a + ia cot(e + fz))3 dz = Too large to display

input  integrate(1/(d*x+c) "2/ (a+I*a*cot(f*x+e)) 3,x, algorithm="giac")

output | 1/8%(-6*I*d*f*x*cos(e) “6*cos(6xcxf/d)*cos_integral (6x(d*xf*x + c*f)/d) + 36
*xd*xf*x*cos(e) “5xcos (6*c*f/d)*cos_integral (6*(d*f*x + c*f)/d)*sin(e) + 90*I
*xdxfxx*xcos(e) "4*cos(6*c*xf/d)*cos_integral (6x(d*f*x + c*f)/d)*sin(e)”~2 - 12
Oxdxf*x*cos(e) "3xcos (6*cxf/d)*cos_integral (6% (dxf*x + cxf)/d)*sin(e)”3 - 9
O0*Ixd*f*x*cos(e) “2*cos(6xc*f/d)*cos_integral (6% (d*f*x + cxf)/d)*sin(e)~4 +

36*d*f*x*cos(e)*cos(6xcxf/d)*cos_integral (6x(d*f*x + c*f)/d)*sin(e)”5 + 6
*xIxd*xfxx*xcos(6xcxf/d)*cos_integral (6% (d*f*x + c*xf)/d)*sin(e) 6 - 6*d*f*x*c
os(e) “6*cos_integral (6% (d*f*x + c*f)/d)*sin(6*cxf/d) - 36xI*d*xf*x*cos(e)” 5
xcos_integral (6% (d*f*x + cxf)/d)*sin(e)*sin(6*cxf/d) + 90xd*f*x*cos(e) “4*c
os_integral (6x(dxf*x + c*f)/d)*sin(e) "2*sin(6*c*f/d) + 120*Ixd*f*x*cos(e)”
3%cos_integral (6% (dxf*x + cxf)/d)*sin(e) "3*sin(6*cxf/d) - 90xd*f*x*cos(e)”
2*cos_integral (6% (d*f*x + c*f)/d)*sin(e) “4*sin(6*c*f/d) - 36*Ixd*f*x*cos(e
)*cos_integral (6% (d*f*x + c*f)/d)*sin(e) 5*sin(6*c*f/d) + 6xd*f*x*cos_inte
gral (6x(d*f*x + cxf)/d)*sin(e) “6*sin(6xc*f/d) + 6*dxfxx*cos(e) "6*xcos (6 cxf
/d)*sin_integral (6% (d*f*x + c*f)/d) + 36*xIxd*f*x*cos(e) “5*cos(6xc*f/d)*sin
(e)*sin_integral (6x(d*f*x + c*f)/d) - 90*d*f*x*cos(e) 4*cos(6xcxf/d)*sin(e
) "2*sin_integral (6*(d*f*x + c*f)/d) - 120*I*d*f*x*cos(e) "3*cos(6xcxf/d)*si
n(e) "3*sin_integral (6% (d*f*x + c*f)/d) + 90xd*f*x*cos(e) "2*cos(6xc*f/d)*si
n(e) “4*xsin_integral (6x(d*f*x + c*f)/d) + 36xI*d*f*x*cos(e)*cos(6*cxf/d)*si
n(e) “56*sin_integral (6x(d*f*x + c*f)/d) - 6*d*fxx*cos(6*cxf/d)*sin(e) 6. ..

3.31.9 Mupad [F(-1)]
Timed out.

1 1

/ (c+ dz)?(a + iacot(e + fx))3 do = / (a +acot (e + fz) 1) (c+ dz)? de

input‘int(l/((a + axcot(e + f*xx)*1i)~3*(c + d*x)~2),x)

1
3.3L. f (c+dz)?(a+iacot(e+ fx))3 dx
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output Lint(l/((a + axcot(e + fxx)*1i)"3*(c + d*x)~2), x)

1
331 [ (c+da)2(atiacot(etfz))? dx
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3.32 [(c+dz)™(a+ iacot(e + fz))* dz

3.32.1
3.32.2
3.32.3
3.32.4
3.32.5
3.32.6
3.32.7
3.32.8
3.32.9

Optimal result . . . . . . .. . .. ..
Mathematica [N/A] . . . .. ... .. L
Rubi [N/A] . . o
Maple [N/A] (verified) . . . . . . . . . ..
Fricas [N/A] . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . o
Mupad [N/A] . . o

3.32.1 Optimal result

Integrand size = 23, antiderivative size = 23

/(c + dz)™(a + tacot(e + fz))* dz = Int((c + dz)™(a + iacot(e + fz))? z)

output LUnintegrable ((d*x+c) “m* (a+I*a*cot (f*x+e))~2,x)

3.32.2 Mathematica [N/A]

Not integrable

Time = 13.56 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.09

/(c +dz)™(a + iacot(e + fz))*dr = /(c + dz)™(a + iacot(e + fx))? dx

input

N

Integrate[(c + d*x) m*(a + I*axCot[e + f*x])~2,x]

output Integrate[(c + d*x)mx(a + Ixa*Cotl[e + f¥x]1)"2, x]

3.32.

J(c+ dz)™(a + iacot(e + fz))* dx




input

output

rule 3042

rule 4223
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3.32.3 Rubi [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/}c+dxy%a+¢aan@»+fx»2dm
| 3042
/(c+dw)m (a—iatan (e+fw+ g))2dm
| 4223

/(c + dz)™(a + ia cot(e + fz))%dz

-

LInt[(c + d*x) "m*(a + I*a*Cotl[e + f*x])~2,x]

L$Aborted

3.32.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

3.32.  [(c+dz)™(a+iacot(e+ fz))*dz
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3.32.4 Maple [N/A] (verified)
Not integrable

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

/ (dz 4 ¢)™ (a +iacot (fz +e))’ dx

-

input Lint ((d*x+c) “m* (a+I*a*xcot (f*x+e))~2,x)

output Lint ((d*x+c) “m* (a+I*a*xcot (f*x+e))~2,x)

3.32.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 4.78

/(c + dz)™(a + iacot(e + fz))? dx = / (iacot (fz +e) + a)*(dz + ¢)™ dzx

-/

input Lintegrate ((d*x+c) “m* (a+I*a*cot (f*x+e))~2,x, algorithm="fricas")

output‘ (2%I*x(d*x + c)"m*a"2 + (f*xe” (2xIxfxx + 2%Ixe) - f)*integral (2% (2*a~2xd*f*x
\ + 2%a”2%c*f + I*a~2xd*m)*(d*x + c) m/(d*f*x + cxf - (dxf*xx + c*f)*e” (2*I*
Lf*x + 2xI*e)), x))/(fre~(2*%I*f*x + 2xI*xe) - f)

3.32.6 Sympy [N/A]

Not integrable

Time = 4.04 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.22
/(c + dz)™(a + iacot(e + fz))*dr = —a® (/ (c+ dx)™ cot? (e + fz) dx
+ / (—2i(c+ dz)™ cot (e + fz)) dx

+/(—(c+dm)m) dm)

3.32.  [(c+dz)™(a+iacot(e+ fz))*dz
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input‘integrate((d*x+c)**m*(a+I*a*cot(f*x+e))**2,x)

p
output‘-a**2*(Integra1((c + dxx)*x*kmxcot (e + f£xx)**2, x) + Integral(-2*Ix(c + d*x)
‘**m*cot(e + f*x), x) + Integral(-(c + d*x)**m, x))

3.32.7 Maxima [N/A]

Not integrable

Time = 1.16 (sec) , antiderivative size = 496, normalized size of antiderivative = 21.57

/(c + dz)™(a + iacot(e + fxz))? dx = / (iacot (fz +e) + a)*(dz + ¢)™ dzx

input‘integrate((d*x+c)“m*(a+I*a*cot(f*x+e))“2,x, algorithm="maxima")

output | (d*x + c)~(m + 1)*a~2/(d*(m + 1)) - integrate(-((d*x + c) m*a~2*cos(4*xf*x
+ 4%e) "2 + 4% (d*x + c) m*xa"2*cos(2*f*x + 2%e)”2 + (d*x + c) mka~2*sin(4*f*
X + 4%e)”2 - 4x(d*x + c) m*a"2*ksin(4*f*x + 4xe)*sin(2xf*xx + 2%e) + 4*(d*x
+ ¢c) m*a"2*sin(2*xf*x + 2xe) "2 + 4*x(d*x + c) m*a"2*cos(2xfxx + 2ke) - 3*(d*
X + c) m¥a"2 - 2x (2% (d*x + c) m*a"2*cos(2*f*x + 2xe) + (d*x + c) m*a~2)*co
s(4xf*x + 4%e))/ (2% (2xcos(2xf*x + 2*%e) - 1)*cos(4*f*x + 4%e) - cos(4*xf*x +
4xe) "2 - 4xcos(2xf*x + 2xe) "2 - sin(4xf*xx + 4xe) "2 + 4dkxsin(4xf*x + 4xe)*s
in(2xf*x + 2*e) - 4xsin(2*f*x + 2xe) "2 + 4*xcos(2xf*x + 2xe) - 1), x) - I*i
ntegrate(—4x((d*x + c) m¥a~2*sin(4*f*x + 4%e) - 2*(d*x + c) mxa~2*sin(2xf*
X + 2xe)) /(2% (2*cos (2*f*x + 2*e) - 1)*cos(4*xf*x + 4*e) - cos(4*fxx + 4xe)”
2 - 4xcos(2*xf*x + 2%e)”2 - sin(4*f*x + 4*e)”2 + 4*xsin(4*xf*x + 4*e)*sin(2*f
*x + 2%e) - 4*sin(2*%f*x + 2%e) "2 + 4*cos(2xf*x + 2%e) - 1), x)

3.32.8 Giac [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

/(c + dz)™(a + iacot(e + fx))? dx = / (iacot (fz +e) + a)*(dz + ¢)™ dzx

input‘integrate((d*x+c)“m*(a+I*a*cot(f*x+e))“2,x, algorithm="giac")

3.32.  [(c+dz)™(a+iacot(e+ fz))*dz
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output Lintegrate((l*a*cot(f*x + e) + a) 2x(d*x + c)"m, x)

3.32.9 Mupad [N/A]

Not integrable

Time = 12.37 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.04

/(c +dz)™(a + iacot(e + fz))*dxr = / (a+acot(e+ fz) 1) (c+dz)" dx

input Lint((a + axcot(e + f*x)*1i)~2%(c + d*x)"m,x)

outputtint((a + axcot(e + f*x)*1i)"2%(c + d*x)“m, Xx)

3.32.  [(c+dz)™(a+iacot(e+ fz))*dz
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3.33 [(c+ dx)™(a + iacot(e + fz))dx

3.33.1 Optimal result . . . . .. ... ... ... 258]
3.33.2 Mathematica [N/A] . . . . ... .. . . 258
3.33.3 Rubi [N/A] .« © o o oo e e e 250
3.33.4 Maple [N/A] (verified) . . . . . . . . ... 260
3.33.5 Fricas [N/A] . . . . o 260
3.33.6 Sympy [N/A] . . . . e 2601
3.33.7 Maxima [N/A] . . . . . . . 261]
3.33.8 Giac [N/A] . . . . o o 261]
3.33.9 Mupad [N/A] . .o oo ot 261

3.33.1

Optimal result

Integrand size = 21, antiderivative size = 21

/ (c + dz)™(a + iacot(e + fz)) dz = Mt((c + dz)™(a + ia cot(e + fz)), )

output LUnintegrable ((d*x+c) “m* (a+I*a*cot (f*x+e)),x)

3.33.2

Not inte

Time =

Mathematica [N/A]
grable

6.59 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(c—l— dx)™(a + iacot(e + fz)) dx = /(c+ dx)™(a + iacot(e + fz)) dx

input

N

Integrate[(c + d*x) m*(a + I*axCotl[e + f*x]),x]

output Integrate[(c + d*x)mx(a + Ixa*Cot[e + f¥x]), x]

3.33.

J(c+ dz)™(a + iacot(e + fz)) dz




input

output

rule 3042

rule 4223
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3.33.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/}c+dxy%a+¢aam@-rfx»dx
| 3042
/(c+dw)m (a—iatan (e+fx+ g)) dw
| 4223

/(c + dx)™(a + iacot(e + fx))dz

-

LInt[(c + d*x) "m*(a + I*a*Cotl[e + f*x]),x]

L$Aborted

3.33.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

3.33.  [(c+dzx)™(a+iacot(e+ fz))dz
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3.33.4 Maple [N/A] (verified)

Not integrable

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

/(dx +¢)" (a+iacot (fr+e))dz

.
input Lint ((d*x+c) “m* (a+I*akxcot (f*x+e)),x)

-/

output Lint ((d*x+c) “m* (a+I*a*xcot (f*xx+e)),x)

-/

3.33.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/(c + dz)"(a +iacot(e + fx))dxr = / (tacot (fz+e) +a)(dz+c)" dz

inputtintegrate((d*x+c)‘m*(a+I*a*cot(f*x+e)),x, algorithm="fricas")

outputLintegral(—Z*(d*x + c)"mxa/(e” (2*kIxf*x + 2%Ixe) - 1), x)

3.33.6 Sympy [N/A]
Not integrable

Time = 1.83 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.38

/(c+dx)m(a+iacot(e+fx))dx:ia(/ (—i(c+dz)™) dx—l—/(c—f—dx)m cot (e + fx) dx)

input | integrate ((d*x+c)**mx (a+I*axcot (fxx+e)),x)

output‘I*a*(Integral(-I*(c + dxx)**m, x) + Integral((c + d*x)**mxcot(e + f*x), x)

)

3.33.  [(c+dzx)™(a+iacot(e+ fz))dz
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3.33.7 Maxima [N/A]

Not integrable

Time = 0.50 (sec) , antiderivative size = 79, normalized size of antiderivative = 3.76

/(c + dz)™(a + iacot(e + fx))dx = / (iacot (fz+e)+a)(dz+c)" dz

B
input Lintegrate ((d*x+c) “m* (a+I*a*cot (f*x+e)) ,x, algorithm="maxima")

~—

output‘2*I*a*integrate((d*x + c)"m*sin(2*fxx + 2%e)/(cos(2*f*x + 2%e)~2 + sin(2*f
X + 2%e)72 - 2¥cos(2kfkx + 2ke) + 1), x) + (d¥x + c)"(m + 1)*a/(d*(m + 1)
)

3.33.8 Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/(c + dx)™(a +iacot(e + fx))dxr = / (tacot (fx +e)+a)(dr+c)" dx

p
input

integrate ((d*x+c) “m*(atI*a*xcot(f*x+e)),x, algorithm="giac")

N\

output Lintegrate((l*a*cot(f*x + e) + a)x(d*x + c)"m, x)

3.33.9 Mupad [N/A]
Not integrable

Time = 12.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.05

/(c—l— dx)™(a + iacot(e + fz)) dx = /(a+ acot(e + fz) 1i) (c+dz)"dz

-

input int((a + a*cot(e + f*x)*1i)*(c + d*x) m,x)

N

output Lint((a + axcot(e + fxx)*1i)*(c + d*x)"m, x)

3.33.  [(c+dzx)™(a+iacot(e+ fz))dz
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3.34

3.34.1
3.34.2
3.34.3
3.34.4
3.34.5
3.34.6
3.34.7
3.34.8
3.34.9

(c+dz)™

f a+ia cot(e+fx)

Optimal result

Mathematica [A] (verified)
Rubi [A] (verified)
Maple [F]

dx

Fricas [A] (verification not implemented)

3.34.1 Optimal result

Integrand size = 23, antiderivative size = 98

(c+ dzx)™

/a+iacot(e+f:c) v 2ad(1 4+ m)
izd—me%@‘i)gp+dxyn(—ﬂﬁgéﬂ)_mr(1+wn,—%ﬂ%ﬂﬂ)

B (C+dx)1+m

_|_

af

output ‘ 1/2% (d*x+c) " (1+m) /a/d/ (1+m) +I*2~ (-2-m) *exp (2*I* (e-c*f/d) ) * (d*x+c) “m*GAMMA (

\ 14m, -2%I*f* (d*x+c) /d) /a/f/ ((~Ixf* (d*x+c)/d) “m)

3.34.2 Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.93

/

(c+dz)™

a + iacot(e + fx) v

C,

ig=me? (e~

() "2

m 2(c+dzx)
(c+ dz) (— ATm) —

f

)

4a

input LIntegrate[(c + d*x) "m/(a + I*a*Cot[e + f*xx]),x]

3.34.

J

(c+dz)™

a+iacot(e+fx)

dz

-/
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output‘-1/4*((c + d*x) "m*((-2*%(c + d*x))/(d*(1 + m)) - (I*E~((2*I)*(e - (c*f)/d))

\*Gamma[l +m, ((-2*%D)*fx(c + d*x))/d])/(27mxE*(((-D)*f*(c + d*x))/d)"m)))/
a

3.34.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, umber of rules _ , 134 Ryjes used = {3042,
integrand size
4210, 2612}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx)™
a + iacot(e + fx) v
| 3042
/ (c+dx)™ de
a — iatan (e + fr+ g)
| 4210
(c+ d.'L‘)m+1 fei(26+2fz+7r) (c+ dz)™dz
2ad(m + 1) 2a
| 2612

et amyrrt 2728 ) (o daym (H9)) T (4 1, - 2l
2ad(m + 1) + of

input\ Int[(c + d*x)"m/(a + I*axCot[e + f*xx]),x]

output‘ (c + d*x)~(1 + m)/(2*a*d*(1 + m)) + (I*2~(-2 - m)*E~((2*I)*(e - (c*£f)/d))x*

(c + d*x) mxGamma[1 + m, ((-2*I)*f*(c + d*x))/d])/(a*f*(((-D)*f*(c + d*x))
/d)"m)

(c+dz)™
3.34. [t do



CHAPTER 3. LISTING OF INTEGRALS 264

3.34.3.1 Defintions of rubi rules used

rule 2612 Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symboll]
:> Simp[(-F~(gx(e - c*(£/d))))*((c + d*x) FracPart[m]/(d*((-£f)*gx(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*g*Logl[F]*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*g*(Log[F]/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, £, g, m}, x] &&

! IntegerQ[m]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruke4210‘Int[((C_.) + (d_)*(x)) (@ )/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sym
‘bol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + Simp[1/(2*a) Int[(c
‘+ d*x) “m*E~ (2% (a/b)*(e + f*x)), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] &
‘& EqQ[a~2 + b~2, 0] && !IntegerQ[m]

—

3.34.4 Maple [F]

(dz + )™
/a—l—z’acot (fx—l—e)dx

input Lint ((d*x+c) "m/ (a+I*a*cot (f*x+e)) ,x)

~—

-

output Lint ((d*x+c) "m/ (a+I*a*cot (f*x+e)) ,x)

-/

3.34.5 Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.87

/ (c+dz)™
. dx
a+ iacot(e + fx)
dm log(—% —2ide+2icf
d

>I‘(m +1, —W) +2(dfz +cf)(dz + )™
4 (adfm + adf)

(idm-l—id)e(

input‘integrate((d*x+c)“m/(a+I*a*cot(f*x+e)),x, algorithm="fricas")

(c+dz)™
3.34. [t do
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output‘ 1/4%((I*d*m + I*d)*e” (-(d*m*log(-2*I*f/d) - 2%I*d*e + 2xI*c*f)/d)*gamma(m
\+ 1, -2%(Ixdxfxx + Ixcxf)/d) + 2x(d*xf*x + cxf)*x(d*x + c) "m)/(axd*fxm + a*xd
R

3.34.6 Sympy [F]

m _ (cHdr)™
/ (C + diI?) de = U f cot (e+fx)—i dzx
a + iacot(e + fz) a

inputLintegrate((d*x+c)**m/(a+I*a*cot(f*x+e)),x)

outputL—I*Integral((c + d*x)**m/(cot(e + f*x) - I), x)/a

3.34.7 Maxima [F]

(c+ dx)™ B (dz 4+ )™
/a-l—iacot(e—l—fx)dx_/iacot(fa:-l—e)—l—adx

inputtintegrate((d*x+c)‘m/(a+I*a*cot(f*x+e)),x, algorithm="maxima")

output‘ -1/2%((d*m + d)*integrate((d*x + c) m*cos(2xf*x + 2xe), x) + (Ixd*m + Ixd)
‘*integrate((d*x + c)"mxsin(2xf*xx + 2*%e), x) - e  (m*log(d*x + c) + log(d*x
L+ c)))/(axd*m + axd)

3.34.8 Giac [F]

/ (c+ dz)™ dp — / (dz + )™ i

a + iacot(e + fx) iacot(fr+e)+a

inputLintegrate((d*x+c)‘m/(a+I*a*cot(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + ¢)"m/(I*a*xcot(f*x + e) + a), x)

(c+dz)™
3.34. [t do
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3.34.9 Mupad [F(-1)]

Timed out.

/ (c+dx)™ d — / (c+dz)™ i

a + iacot(e + fzx) a+acot(e+ fx) 1i

input Lint((c + d*x)"m/(a + a*cot(e + f*x)*1i),x)

output Lint((c + d*x)"m/(a + axcot(e + f*x)*1i), x)

(c+dz)™
3.34. [t do
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335 [ rpadlds

a+ia cot(e+fx))
3.35.1 Optimalresult . . . . .. .. . . . . . .. e 267
3.35.2 Mathematica [A] (verified) . . . . . . . . ... . L 267
3.35.3 Rubi [A] (verified) . . . . ... ... ... 268]
3.35.4 Maple [F] . . . . . . . 269
3.35.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 269
3.35.6 Sympy [F] . . . . . 270
3.35.7 Maxima [F] . . . . . . . 270
3.35.8 Giac [F] . . . . . o 27T
3.35.9 Mupad [F(-1)] . . . . . .o 271]

3.35.1 Optimal result

Integrand size = 23, antiderivative size = 171

/ : (c+ dz)™ d

a+iacot(e+ fz))?
i(e—<f ifletrdn)\ ™™ i f(otdic
_ (c+dz)ttm i272"me’ (=) (c+ dz)™ (—%) F(l +m, 2 f(d+d ))
= 4a,2d(1 + m) a2f
ig-2-m (=) (c+ dz)™ (——’f (cjd””)) F(l +m, _4zf(<;+dw)>
_ .

output \ 1/4% (d*x+c)~ (1+m) /a~2/d/ (1+m)+I*2~ (-2-m) *exp (2*I* (e-cxf/d) ) * (d*x+c) “m*xGAMM \
|A(1+m,-2+%Ixf* (d*x+c) /d) /a~2/£/ ((-I*fx(d*x+c) /d) “m) -I*4" (-2-m) *exp (4 I (e-c |
*£/d)) * (d¥x+c) mHGAMMA (1+m, 4+ Ix £ (d*x+c) /d) /a~2/£/ ((~Ix£* (d*x+c) /d) "m) |

3.35.2 Mathematica [A] (verified)

Time = 4.43 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.89

(c+ dz)™ d
(a +iacot(e + fx))?
i(e—<f if(ctdz) \ i f (c+dx - i(e—<f if(c+dz) \
(c+ dz)™ <4j((fji§>+i22—m62( ﬁ@@) p<1+m7_@>_z4 m i d)<_w>

16a2 f

_ (cHdm)™
3.35. f (a+ia cot(e+fz))2 dz
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input‘ Integrate[(c + d*x)"m/(a + IxaxCot[e + f*x])~2,x]

output‘/((c + d*x) “m* ((4xfx(c + d*x))/(d*(1 + m)) + (I*2°(2 - m)*E~((2*I)*(e - (c*

£)/d))*Gammall + m, ((-2%D)xfx(c + d¥x))/d])/(((-D)*f*(c + d*x))/d)"m - (I
FET((4*D)*(e - (cxf)/d))*Gamma[l + m, ((-4*D)*f*(c + d*x))/d1)/ (4 m*(((-I)
L*f*(c + d*x))/d)"m)))/(16%a"~2*f)

|

3.35.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 134 Ryles used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx)™ i
(a +iacot(e + fr))?
| 3042

/ (c+dx)™ iz
(a —iatan (e + fz + g))2

J'4212
62i6+2ifz(c+ d.’L‘)m e4ie+4ifz(c_|_ d.’L‘)m (C—l— d.’L‘)m
/ <_ 2a2 + 4q2 R )dm
l 2009
(_cf . -—m i
i2-m-2* (%) (¢ 4 gy (-F2) T r(m o+, -2
a’f
iam=2¢4(° d>(c+de"(‘g£%éQ) F("l+1f‘ﬂﬂ%ﬂ9> (c+dz)™*!
a2f 4a2d(m +1)
input Llnt[(c + d*x)"m/(a + IxaxCot[e + f*x])~2,x] J

_ (cHdm)™
3.35. f (a+ia cot(e+fz))2 dz
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output} (c + d*x)~(1 + m)/(4%a~2*%d*(1 + m)) + (I*27(-2 - m)*E~((2*I)*(e - (c*f)/d) \
D*(c + d*x) m¥Gamma[l + m, ((-2+¢D)*fx(c + d*x))/d]1)/(a2%fx(((-I)*f*(c + d
¥x))/d)m) - (I#47(-2 - m*E~((4*xD*(e - (c*f)/d))*(c + d*x) m*Gamma[l + m

, ((~axI)*fx(c + d*x))/d])/(a~2*%fx(((-I)*fx(c + d*x))/d) "m) \

3.35.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int[((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*a))~(-n), x]1, x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

3.35.4 Maple [F]

(dz +¢c)™

(a +iacot (fr+ e))2dx

input Lint ((d*x+c) “m/ (a+I*a*xcot (f*xx+e)) ~2,x) J

output Lint ((d*x+c) “m/ (a+I*a*cot (fxx+e)) 2,x)

3.35.5 Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.84

(c+ dx)™ .
(a +iacot(e + fx))?
(_dmlog(% )2ide+2icf> (_dmlog(4i )74ide+4icf\
4(—idm —id)e ’ F(m—I—l,—w) — (—idm —id)e ’ /

16 (a?2dfm + a2df)

_ (cHdm)™
3.35. f (a+ia cot(e+fz))2 dz
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input‘integrate((d*x+c)“m/(a+I*a*cot(f*x+e))“2,x, algorithm="fricas")

output‘ -1/16% (4% (~I*d*m - I*d)*e” (-(d*mxlog(-2*I*f/d) - 2xI*d*e + 2%I*c*f)/d)*gam
\ma(m + 1, -2%(I*kd*f*x + Ixc*f)/d) - (-Ixd*m - I*d)*e” (-(d*m*log(-4*I*f/d)
\— 4xIxd*e + 4xI*c*f)/d)*gamma(m + 1, -4*(Ixd*f*x + Ixc*f)/d) - 4*x(d*f*x +
‘c*f)*(d*x + c)"m)/(a~2%dxf*m + a~2%d*f)

3.35.6 Sympy [F]

dr =
a + iacot(e + fx))? v a?

(ct+dz)™
/ (C + d.'l?)m _ f cot? (e+fx)—2icot (e+fx)—1 dx
(

input Lintegrate ((d*x+c)**m/ (a+I*axcot (fxx+e) ) **2,x)

outputL-Integral((c + dxx)**m/(cot(e + f*x)**2 - 2*I*cot(e + f*x) - 1), x)/a*x*2

3.35.7 Maxima [F]

(c+ dz) B (dz + ¢) .
/ (a +iacot(e + fz))? do = / (iacot (fz +e) +a)’ d

inputLintegrate((d*x+c)‘m/(a+I*a*cot(f*x+e))‘2,x, algorithm="maxima")

output‘1/4*((d*m + d)*integrate((d*x + c) m*cos(4*fxx + 4%e), x) - 2*%(d*m + d)*in
‘tegrate((d*x + c)“m*cos(2xf*x + 2%e), x) + (I*d*m + Ixd)*integrate((d*x +
‘c)“m*sin(4*f*x + 4xe), x) - 2%(Ixd*m + Ixd)*integrate((d*x + c) m*sin(2xf*
‘x + 2*%e), x) + e"(m*xlog(d*x + c) + log(d*x + c)))/(a"2*d*m + a~2%d)

_ (cHdm)™
3.35. f (a+ia cot(e+fz))2 dz
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3.35.8 Giac [F]

(c+ dz) B (dz + ) .
/ (a +iacot(e + fz))? do = / (iacot (fz +e) +a)’ d

inputLintegrate((d*x+c)‘m/(a+I*a*cot(f*x+e))‘2,x, algorithm="giac")

outputtintegrate((d*x + ¢)"m/ (Ixaxcot (f*xx + e) + a)~2, x)

3.35.9 Mupad [F(-1)]

Timed out.

(c+ dx) B (c+dx) .
/ (a + iacot(e + fz))? de = / (a+acot (e+ fz) 1i)? d

inputtint((c + d*x) "m/(a + a*cot(e + fxx)*1i)~2,x)

outputtint((c + d*x)"m/(a + a*cot(e + f£*x)*1i)~2, x)

_ (cHdm)™
3.35. f (a+ia cot(e+fz))2 dz
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3.36 [ mailds

a+ia cot(e+fx))
3.36.1 Optimal result . . . . . . . . . . ... . . . 272
3.36.2 Mathematica [A] (verified) . . . . . .. ... .. ..o 273
3.36.3 Rubi [A] (verified) . . . . ... ... . ... 2731
3.36.4 Maple [F] . . . . . . . 275
3.36.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 275
3.36.6 Sympy [F(-1)] . . . .« o 275
3.36.7 Maxima [F] . . . . . . . . .. 270
3.36.8 Giac [F] . . . . . . 276l
3.36.9 Mupad [F(-1)] . . . . ..o 276

3.36.1 Optimal result

Integrand size = 23, antiderivative size = 251

/ : (c+ dz)™ s

a + iacot(e + fz))?
(4 dgyn 3277 F) oy daym (i) (14 m, 2Lk )
8a3d(1+m) adf
i7" (“=%) (¢ 4 doyn (~1e3) ™ p(1 4, - Gflctdn))
_ 7
i2_4_m3‘1‘me&< ) (c+ dz)™ (—M) 'r <1 +m, —%ﬂ)
+ f

output | 1/8% (d*x+c) ~(1+m)/a~3/d/ (1+m) +3*I*2~ (-4-m) *exp (2*I* (e-c*£f/d) ) * (d*x+c) "m*GA
MMA (1+4m, -2*I*f* (d*x+c)/d) /a~3/f/ ((-I*f*(d*x+c)/d) "m)-3*I*2~ (-5-2+*m) *exp (4*
I*(e-c*xf/d))*(d*x+c) “m*GAMMA (1+m,-4*I*f* (d*x+c)/d) /a~3/f/ ((-Ixf*(d*x+c)/d)
“m)+I*27 (-4-m) *3~ (-1-m) *exp (6*I* (e-c*f/d) ) * (d*x+c) "m*GAMMA (1+m, -6+ I*f* (d*x
+c)/d)/a~3/f/ ((-Ixf*(d*x+c)/d) “m)

_ (cHdm)™
3.36. f (a+ia cot(e+fz))3 dz
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3.36.2 Mathematica [A] (verified)
Time = 6.05 (sec) , antiderivative size = 238, normalized size of antiderivative = 0.95
(c+ dz)™
(a +iacot(e + fx))3
9—5-2mg—1-m, Bicf (c—i—dx) (_if(c;rdw))_m (121+meﬁlfff(c+dx) (_if(c;rdw)> + §Qltmg2+m g 2ie+ =3

dz

4icf

(

input Integrate[(c + d*x)"m/(a + I*a*Cot[e + f*x])~3,x]

output | (27(-5 - 2xm)*37 (-1 - m)*(c + d*x) m*x (127 (1 + m)*E~(((6*I)*cxf)/d)*f*(c +
dxx)*(((-D*fx(c + d*x))/d)"m + I*27(1 + m)*37(2 + m)*d*E~((2*I)*e + ((4*I
Yxcxf) /d)*(1 + m)*Gamma[l + m, ((-2*I)*fx(c + d*x))/d] - I*37(2 + m)*d*xE~(
(2*%I)*x(2%xe + (c*xf)/d))*(1 + m)*Gamma[l + m, ((-4*xI)*xfx(c + d*x))/d] + I*2~
(1 + m)*d*E~((6*I)*e)*(1 + m)*Gamma[l + m, ((-6*I)*f*(c + d*x))/d]))/(a"3*
d*E~ (((6*I)*cxf) /d)*fx(1 + m)*(((-I)*f*(c + d*x))/d) m)

3.36.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.130, Rules used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx)™ i
(a +iacot(e+ fr))3

| 3042
/ ( (c+dx)™ iz

a —iatan (e + fz + g))?’
l4212

/ _3e2ie+2ifz(c+ d.’L‘)m N 3e4ie+4ifa:(c+ dI)m B eﬁie+6ifa:(c+ d.’l?)m N (C-I- d.’l?)m e
8a3 8a3 8a3 8a3

l 2009

_ (cHdm)™
3.36. f (a+ia cot(e+fz))3 dz
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3i9-m—42%i (e d)@>+dxy"< ﬂﬁ%§9>_mr<nw+1,—%ﬂ%@@>

adf
52236~ F) 4 dayr () ' 1, - 0)
3 +
a°f
i27migmml 62( )(C+d~’17)m< M>_mr(m+l,—%jd@) (c+ dz)™H
af 8a3d(m + 1)

.
inputLInt[(c + d*x)"m/(a + I*axCot[e + f*x])~3,x]

-/

output| (¢ + d*x)~(1 + m)/(8*a~3*d*(1 + m)) + ((3*xI)*2"(-4 - m)*E~((2*xI)*(e - (c*f
)/d))*(c + d*x) “m*Gamma[1l + m, ((-2*I)*f*(c + d*x))/d])/(a~3*Efx(((-I)*£f*(c
+ d*x))/d)"m) - ((3*I)*27(-5 - 2*m)*E~((4*I)*(e - (c*f)/d))*(c + d*x) m*G
amma[l + m, ((-4*I)*f*x(c + d*x))/d])/(a"3*f*(((-I)*f*x(c + d*x))/d)"m) + (I
*¥27 (-4 - m)*3"(-1 - m)*E~((6*xI)*(e - (c*f)/d))*(c + d*x) m*Gammal[l + m, ((
-6xI)xfx(c + d*x))/d])/(a~3*x£x(((-I)*f*(c + d*x))/d) m)

3.36.3.1 Defintions of rubi rules used

§
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int [((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

_ (cHdm)™
3.36. f (a+ia cot(e+fz))3 dz
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3.36.4 Maple [F]

(dz + )™
. 3dx
(a +iacot (fr+e))
input [int ((d*x+c) “m/ (a+I*a*cot (f*x+e))~3,x) J
output Lint ((d*x+c) “m/ (a+I*a*xcot (f*x+e))~3,x) J

3.36.5 Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 198, normalized size of antiderivative = 0.79

(c+ dx)™
- dr =
(a + tacot(e + fz))3
(_ dmlog(—%)—% de+2icf> (_ dmlog(—%)—h de+4icf
18 (—idm — id)e ’ D(m+1, 209250 4 9 (dm + id)e ’
B o
input Lintegrate ((d*x+c) "m/ (a+I*a*cot (f*x+e))~3,x, algorithm="fricas") J

output | -1/96% (18* (-I*d*m - I*d)*e” (-(d*m*log(-2*I*f/d) - 2xIxd*e + 2xI*c*f)/d)*ga
mma(m + 1, -2%(I*d*f*x + Ixcxf)/d) + 9*(I*d*m + Ix*d)*e”(-(d*m*log(-4*I*f/d
) - 4xIxd*e + 4xIxc*f)/d)*gamma(m + 1, —4*(I*kd*f*xx + Ixcxf)/d) + 2*(-I*d*m
- Ixd)*e”(-(d*m*log(-6*I*f/d) - 6%I*kdxe + 6*Ixcxf)/d)*gamma(m + 1, —-6*(Ix*
dxfxx + Ixcxf)/d) - 12%(d*f*x + cxf)*(d*x + c) m)/(a"3*d*f*m + a~3xd*f)

3.36.6 Sympy [F(-1)]

Timed out.
d m
/ .(c + dz) dxr = Timed out
(a +iacot(e + fx))3
input Lintegrate ((d*x+c)**m/ (a+I*a*xcot (f*x+e))**3,x) J
output LTimed out J

_ (cHdm)™
3.36. f (a+ia cot(e+fz))3 dz
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3.36.7 Maxima [F]

(c+ dz) B (dz + ) .
/ (a +iacot(e + fz))3 do = / (iacot (fz +e)+a)’ d

inputLintegrate((d*x+c)‘m/(a+I*a*cot(f*x+e))‘3,x, algorithm="maxima")

output | -1/8%((d*m + d)*integrate((d*x + c) “m*cos(6*f*x + 6%e), x) - 3x(d*m + d)*i
ntegrate((d*x + c) m*cos(4xf*x + 4%e), x) + 3*(d*m + d)*integrate((d*x + c
) "m*cos (2*f*x + 2%e), x) + (I*d*m + I*d)*integrate((d*x + c) mxsin(6*f*xx +
6xe), x) - 3*x(Ixd*m + I*d)*integrate((d*x + c) m*sin(4*f*x + 4%e), x) - 3
*(-Ixd*m - I*d)*integrate((d*x + c) m*sin(2*f*x + 2xe), x) - e~ (m*log(d*x
+ c) + log(d*x + c)))/(a~3*d*m + a~3*d)

3.36.8 Giac [F]

(c+ dzx) B (dz + ) n
/ (a +iacot(e + fz))3 do = / (iacot (fz +e)+a)’ d

inputLintegrate((d*x+c)“m/(a+I*a*cot(f*x+e))“3,x, algorithm="giac")

outputtintegrate((d*x + c)"m/(I*a*xcot(f*x + e) + a)~3, x)

3.36.9 Mupad [F(-1)]

Timed out.

(c+ dz) B (c+dzx) -
/ (a +iacot(e + fx))3 dz = / (a +acot (e + fx) 1i)° 4

input Lint((c + d*x)"m/(a + a*cot(e + f*x)*1i)~3,x)

output Lint((c + d*x)"m/(a + a*cot(e + f*x)*1i)~3, x)

-/

_ (cHdm)™
3.36. f (a+ia cot(e+fz))3 dz
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3.37 [(c+dz)*(a+ beot(e + fz)) dx

3.37.1 Optimal result . . . . . . .. . ... .
3.37.2 Mathematica [B] (verified) . . . . . . . . ... L Lo 27T
3.37.3 Rubi [A] (verified) . . . . .. . . . . ... 278
3.37.4 Maple [B] (verified) . . . . ... ... ... 279
3.37.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 2801
3.37.6 Sympy [F] . . . . 28]
3.37.7 Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... .. 2Rl
3.37.8 Giac [F] . . . o o 282
3.37.9 Mupad [F(-1)] . . . . o 283

3.37.1 Optimal result

Integrand size = 18, antiderivative size = 147

a(c+dz)* ib(c+ dx)* N b(c + dz)3log (1 — e(c+/o))
4d 4d 7
3ibd(c + dz)? PolyLog (2, e?(¢+/®))
_ 2
3bd*(c + dz) PolyLog (3, e?(¢+/®))
+ 2
3ibd?® PolyLog (4, e2(¢+/2))
+ Aft

/(c +dz)*(a+ beot(e + fx)) dr =

\—3/2*I*b*d*(d*x+c)‘2*polylog(2,exp(2*I*(f*x+e)))/f‘2+3/2*b*d“2*(d*x+c)*pol

e hY
output‘1/4*a*(d*x+c)‘4/d—1/4*I*b*(d*x+c)‘4/d+b*(d*x+c)‘3*1n(1—exp(2*1*(f*x+e)))/f
‘ylog(3,exp(2*I*(f*x+e)))/f”3+3/4*I*b*d“3*polylog(4,exp(2*I*(f*x+e)))/f‘4

3.37.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 632 vs. 2(147) = 294.

Time = 5.20 (sec) , antiderivative size = 632, normalized size of antiderivative = 4.30

/(c +dz)*(a+ beot(e + fx)) dx
_4ac’ fz + 6ibc’df*rx + 6ac’df*x? + dacd® f1x® + 4ibed” f1a® 4 ad® f1a? 4 ibd® f1xt — 12ibc’df*x arctan

3.37.  [(c+dz)*(a+beot(e + fz))dx
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input" Integrate[(c + d*x)~3x(a + b*Cot[e + f*x]),x]

output | (4*axc”™3xf~4xx + (6%I)*bkc~2xd*xf ~3*%Pikx + 6*a*xc ™ 2kxd*xf ~4*x"2 + 4*xaxckxd~2xf~
4xx~3 + (4*%I)*bkcxd~2+f~4*x"3 + a*xd~3*f"4*x"4 + I*b*xd~3*f 4*x~4 - (12%I)*b
*xc~2xd*f " 3*x*ArcTan[Tan[e]] + 6*bxc™2xd*f~4+x"2+Cot[e] + 6*bkc~2kd*f " 2xPix
Log[1l + E~((-2*I)*f*x)] + 12%bkc*kd~2*f~3*x"2*Log[l - E~((-I)*(e + f*x))] +
4xb*d"3*f"3*x"3*Log[1 - E"((-I)*(e + f*x))] + 12xbxc*d~2*f 3*x"2*Log[1 +
E~((-I)*(e + £xx))] + 4*bxd~3*f"3*x"3xLog[l + E~((-I)*(e + £*x))] + 12%b*c
~2%d*f~3*x*Log[1 - E~((2*I)*(f*x + ArcTan[Tan[e]l]))] + 12xbkc~2xd*f 2*ArcT
an[Tan[e]]*Log[l - E~((2*I)*(f*x + ArcTan[Tan[el]))] - 6*b*c~2xd*f ~2*Pix*Lo
glCos[f*x]] + 4xb*c~3*f~3*Log[Sinle + f*x]] - 12*b*c~2*d*f 2+ArcTan[Tan[e]
I*Log[Sin[f*x + ArcTan[Tan[e]]]] + (12%I)*bxd~2+f 2*x*(2*c + d*x)*PolyLogl
2, “E"((-ID)*(e + £*x))] + (12%I)*b*xd"~2*f"2*x*(2*c + d*x)*PolyLogl[2, E~((-I
Yx(e + f*x))] - (6%I)*b*c~2*d*f ~2*xPolyLog[2, E~((2*I)*(f*x + ArcTan[Tan[el
1))]1 + 24xbxcxd~2xf*xPolyLogl[3, -E~((-I)*(e + f*x))] + 24%b*d~3*f*x*PolyLog
[3, “E"((-I)*(e + f£xx))] + 24xb*c*d~2xf*PolyLog[3, E~((-I)*(e + f*x))] + 2
4xb*d~3xf*x*PolyLog[3, E~((-I)*(e + £*x))] - (24*I)*b*d~3*PolyLogl[4, -E~((
-I)*(e + fx*x))] - (24*I)*b*d~3*PolyLogl[4, E~((-I)*(e + f*x))] - 6%b*xc™2*dx*
E~(I*ArcTan[Tan[e]])*f~4*x~2*Cot [e]*Sqrt [Sec[e]~2])/(4*f~4)

3.37.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)3(a + beot(e + fz)) dz

l 3042

/(c—l— dz)? (a — btan (e + fr+ g)) dz
| 4205
/ (a(c+ dz)® + b(c + dz)® cot(e + fz)) dz

l 2009

3.37.  [(c+dz)*(a+beot(e + fz))dx
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a(c+ dz)* N 3bd%(c + dz) PolyLog (3, e%(c+f2)) _ 3ibd(c+ dz)? PolyLog (2, e?i(¢+f2))

b(c+ dx)3log (1 — e?(c+f2)  ip(c+dz)*  3ibd® PolyLog (4, e?(e+/2)
f R ez

input ‘

Int[(c + d#*x)"3*(a + b*xCot[e + f*x]),x]

output ‘

(ax(c + d*x)~4)/(4xd) - ((I/4)*b*x(c + d*x)~4)/d + (b*(c + d*x)~3xLogl[l - E
“((2*%I)*(e + £*xx))]1)/f - (((3%I)/2)*b*d*(c + d*x) “2%PolyLog[2, E~((2*I)*(e
+ £%x))]1)/£72 + (3*%b*d~2*(c + d*x)*PolyLogl[3, E~((2*I)*(e + £*x))])/(2%f"
3) + (((3%I)/4)*bxd~3*PolyLogl[4, E~((2*I)*(e + £*x))])/f"4

3.37.3.1 Defintions of rubi rules used

rule 2009L

Int[u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205

Int[((c_.) + (d_.)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (a + bxTan[e + f#*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

e

input t

3.37.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 875 vs. 2(126) = 252.

Time = 0.51 (sec) , antiderivative size = 876, normalized size of antiderivative = 5.96

method | result size
risch Expression too large to display | 876

int ((d*x+c) “3* (a+b*cot (f*x+e)) ,x,method=_RETURNVERBOSE)

~—

3.37.  [(c+dz)*(a+beot(e + fz))dx
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output | 3/f~2*%b*d*c”2*1n(1-exp (I*(f*x+e)))*e-6/f 3xbke~2kc*d~2*1n (exp (I*(f*x+e)))+
3/£73%b*e"2xc*xd"2*1n (exp (I* (f*x+e) )-1)+6/f " 2*b*e*xc”2xd*1n (exp (I* (f*x+e))) -
3/f"2xb*exc”2*d*1n (exp (I* (f*x+e))-1)+3/f*b*c*d~2*1n(1-exp (I* (f*x+e))) *x"2+
3/fxb*c*d~2x1n(exp (I* (f*x+e))+1)*x~2+3/f*bxd*c”2*1n(1-exp (I* (f*x+e)) ) *x+3/
fxbxd*c”™2*1n(exp (I* (f*x+e))+1)*x-3*I/f"2xb*d~3*polylog(2,-exp(I*(f*x+e)))*
x"2-3*I/f"2xb*xd"3*polylog(2,exp (I*(f*x+e)))*x~2-3*I/f ~2*b*d*c~2*polylog(2,
—exp (I*(fxx+e)))—2+I/f " 3*b*xd~3*xe 3*x+4*1/f " 3*bkc*xd"2xe~3-3*I/f ~"2*b*d*c~2*e
~2-3%I/f"2xb*d*c~2*polylog(2, exp(I*(f*x+e)))+6/f " 3*b*xd~3*polylog(3,-exp(I*
(£*x+e)))*x+6/f " 3xb*c*xd~2*polylog(3,exp (I*(f*x+e)))+6/f 3xb*c*xd~2*polylog(
3,-exp(I*(f*x+e)))+2/f 4*xb*xe~3+xd"3*1n(exp (I*(f*x+e)))-1/f 4*xb*e~3*d"3*1n(e
xp(I*(f*x+e))-1)+6%I/f 4*b*xd~3*polylog(4,exp(I*(f*x+e)))+6xI/f 4*b*d~3*pol
ylog(4,-exp (I*(f*x+e)))-3/2*I1/f " 4*bxd"3%e”~4-I*d 2¥bkcxx~3-3/2xI*d*b*c”~2*x"
2-6*I/f*bxd*c”2*e*x—-6*I1/f " 2xb*cxd"2*polylog(2,exp (I* (f*x+e)))*x—-6*I1/f " 2xb*
c*d~2*polylog(2,-exp (I* (f*x+e)) ) *x+6xI/f " 2%bkc*d~2%e~2*x+1/f*b*d~3*1n (exp(
Ik (f*x+e))+1)*x~3+1/f*b*xd"3*1n(1-exp (I* (f*x+e)) ) *x~3+1/f ~4*b*d~3*1n(1-exp(
I*x(f*xx+e)))*e”3+6/f " 3*%b*d"3*polylog(3,exp(I* (f*x+e)))*x+1/4*d"3*xaxx"4+1/4/
d*axc~4+1/f*bxc”3x1n(exp (I* (f*x+e))+1)-2/fxb*c~3*1n(exp (I*(f*x+e)))+1/fxb*
c~3*1n(exp (I*(f*x+e))-1)-1/4*I*d " 3*xb*x~4+d"2*a*c*x~3+3/2*d*a*xc”2*x"2+a*xc™3
*x+Ixb*c™3xx+1/4*I/dxb*c”4-3/f " 3*%bxckd 2*1n(1-exp (I* (f*x+e)))*e”2

3.37.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 628 vs. 2(122) = 244.

Time = 0.29 (sec) , antiderivative size = 628, normalized size of antiderivative = 4.27

/(c +dz)*(a+ beot(e + fz)) dzx
_ 2ad’ f*z* + 8acd® f*z® 4 12 ac’df*a® + 8 ac® f*x + 3i bd’polylog(4, cos (2 fz + 2e€) + i sin (2 fz + 2¢)) -

inputlintegrate((d*x+c)‘3*(a+b*cot(f*x+e)),x, algorithm="fricas") ‘

3.37.  [(c+dz)*(a+beot(e + fz))dx
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output | 1/8% (2%a*xd~3*f~4*x~4 + 8kaxcxd 2%f 4*x~3 + 12%axc”2%d*f ~4*x~2 + 8xaxc 3*f~
4xx + 3*Ixb*xd~3*polylog(4, cos(2xf*x + 2xe) + I*sin(2xf*x + 2xe)) - 3*Ixb*
d~3*polylog(4, cos(2xf*x + 2xe) - I*sin(2*f*x + 2xe)) - 6x(Ixb*d~3*f~2*x"2
+ 2%Ixbkcxd"2*xf~2xx + I*bkc~2kd*f~2)*dilog(cos(2*f*x + 2%e) + I*sin(2xf*x
+ 2xe)) - 6x(-Ixbxd~3*f"2%xx"2 - 2xIxbxcxd~2*f~2%x - Ixb*c~2*d*f~2)*dilog(
cos(2xf*x + 2xe) - I*sin(2xfxx + 2%e)) — 4*(b*d"3*e”3 - 3*xbxc*d 2*e”2xf +
3xbxc”2*%d*exf"2 - bxc~3*f"3)*log(-1/2%cos(2*xf*x + 2%e) + 1/2xI*sin(2xfx*x +
2xe) + 1/2) - 4%(b*d"3%e”3 - 3*bxcxd"2*%e"2xf + 3*bkxc 2*d*kexf"2 - bxc 3*f"
3)xlog(-1/2*%cos (2xf*xx + 2xe) - 1/2xI*sin(2xf*xx + 2%e) + 1/2) + 4x(b*xd~3*f"
3*%x”"3 + 3*%bkckd"2*f"3*%x"2 + 3*¥bkc"2xd*f"3*x + b*d"3*e”3 - 3xbkckxd"2xe”2xf
+ 3%b*xc”2xd*e*f"2)*log(-cos (2xf*x + 2xe) + Ixsin(2*f*x + 2%e) + 1) + 4*(bx*
d~3*f73*%x"3 + 3%bkckd"2*xf"3%x"2 + 33*kb*cT2xd*f"3*x + b*kd"3*%e”3 - 3*bxckd"2*
e”2*f + 3xb*xc”2xd*exf~2)*log(-cos(2xf*xx + 2%e) - I*sin(2xf*x + 2%e) + 1) +
6% (b*d~3*f*x + bxc*xd~2*f)*polylog(3, cos(2xf*x + 2%e) + Ixsin(2xf*x + 2*e
)) + 6%(b*d”~3*f*x + bkcxd"2*f)*polylog(3, cos(2xf*x + 2%e) - I*sin(2*f*x +
2%e)))/f74

3.37.6 Sympy [F]

/(c+dx)3(a+bcot(e+fx))dx =/(a+bcot (e + o)) (c + dz)° dz

p
inputLintegrate((d*x+c)**3*(a+b*cot(f*x+e)),x)

output’Integral((a + bxcot(e + fxx))*(c + d*x)**3, x)

3.37.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 978 vs. 2(122) = 244.

Time = 0.49 (sec) , antiderivative size = 978, normalized size of antiderivative = 6.65

/(c +dz)?(a + beot(e + fx)) dz = Too large to display

p
inputLintegrate((d*x+c)“3*(a+b*cot(f*x+e)),X, algorithm="maxima")

3.37.  [(c+dz)*(a+beot(e + fz))dx

| —

| —



output
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1/4% (4% (f*x + e)*a*c™3 + (f*x + e) 4*a*xd~3/f"3 - 4*(f*x + e) 3*xaxd~3*e/f"3

+ 6% (f*x + e) " 2%axd"3*e"2/f 3 - 4*x(fxx + e)*axd"3*xe"3/f"3 + 4*(f*x + e)”3
*axcxd"2/f72 - 12k (f*x + e) "2%axcxd"2xe/f"2 + 12x(f*x + e)*axcxd"2xe"2/f"2
+ 6% (fxx + e) "2*%axc”2+d/f - 12x(f*x + e)*axc”2*d*e/f + 4*bxc~3*log(sin(fx*
X + e)) - 4xbxd"3*e"3xlog(sin(f*x + e))/f~3 + 12*%bkc*kd 2*e"2*log(sin(f*x +
e))/f72 - 12xbkc”2xdxexlog(sin(f*x + e))/f + (-I*x(f*x + e) 4xbxd"3 + 24x*I
*b*d~3*polylog(4, -e~ (Ixf*x + Ixe)) + 24*Ixbxd~3*polylog(4, e~ (I*f*x + Ixe
)) - 4x(-I*¥b*xd"3*e + I*bxcxd"2*f)*(f*x + e)~3 - 6+ (I*b*d~3*e”2 — 2*Ixbxc*d
~2%exf + Ixb*c™2xd*f 2)*(f*x + e)”2 - 4x(-I*(f*x + e) " 3*b*xd~3 + 3*(I*b*xd~3
xe — Ixbxckd 2+f)*(f*x + e)”2 + 3*x(-Ixb*d~3*e”~2 + 2%I*bxckd 2%exf - Ixbkc~
2xd*f~2) * (f*x + e))*arctan2(sin(f*x + e), cos(f*x + e) + 1) - 4*x(I*(f*x +

e) "3*b*d~3 + 3*(-I*b*d~3*e + I*bkcxd 2*f)*(f*x + e)~2 + 3*(I*b*d"3*e”2 - 2
*Ixb*xckd 2k%exf + I*bxc 2xd*f~2)*(fxx + e))*arctan2(sin(f*x + e), -cos(f*x
+ e) + 1) - 12+%(I*x(f*x + e) " 2*b*d"3 + I*b*d"3*e”2 - 2xIxbxckxd"2ke*xf + I*b*
c"2%d*f"2 + 2% (-I*b*d"3%e + I*bkckd 2*f)*(f*x + e))*dilog(-e~ (I*f*x + Ixe)
) - 12x(I*(f*xx + e)~2*b*d~3 + I*b*d"3*e”2 - 2xI*b*cxd"2%exf + Ixbkxc ™ 2xd*xf”
2 + 2% (-I*bxd"3%e + Ixb*ckd 2xf)*(f*x + e))*dilog(e™ (I*xf*x + Ixe)) + 2% ((£f
*x + @) 3*%b*d~3 - 3*(b*d"3*e — bxcxd"2*f)*(f*x + e)~2 + 3*x(b*d"3*e”2 - 2*b
*xckd"2%exf + bkcT2xd*xf72)*x(f*x + e))*log(cos(f*x + e)72 + sin(f*x + e)72 +
2xcos(f*x + e) + 1) + 2% ((f*x + ) 3*%b*d~3 - 3*(b*d"3*e — bkcxd~2+f)*(...

3.37.8 Giac [F]

/(c—!—dw)?’(a—l— beot(e + fz))dz = /(da:+c)3(bcot (fx+e)+a)dz

-

input Lintegrate ((d*x+c) "3* (atb*cot (f*x+e)) ,x, algorithm="giac")

output

-/

N

integrate((d*x + c)~3*(b*cot(f*x + e) + a), x)

_

3.37.  [(c+dz)*(a+beot(e + fz))dx
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3.37.9 Mupad [F(-1)]

Timed out.

/(c+dm)3(a+bcot(e+fx))dx: /(a+bcot(e+fx)) (c+da) dz

input Lint((a + b*cot(e + f*x))*(c + d*x)~3,x)

outputtint((a + b*cot(e + f*x))*(c + d*x)~3, x)

3.37.  [(c+dz)*(a+beot(e + fz))dx
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3.38 [(c+ dz)*(a+ beot(e + fz)) dx

3.38.1 Optimal result . . . . .. .. . .. . 2841
3.38.2 Mathematica [B] (verified) . . . . . . .. ... L L 287
3.38.3 Rubi [A] (verified) . . . . . ... ... 285
3.38.4 Maple [B] (verified) . . . ... ... . ... 280
3.38.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... . 287
3.38.6 Sympy [F] . . . . . . 288
3.38.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.38.8 Giac [F] . . . o o o 289
3.38.9 Mupad [F(-1)] . . . . o 289

3.38.1 Optimal result

Integrand size = 18, antiderivative size = 112

3 ; 3 p dz)?1 1— 2i(e+fx)
/ (c+ do)(a+ beot(e + fr)) do = U T’ _ibletda)’  be+ do)log (1= i)

3d 3d f
ibd(c + dz) PolyLog (2, e%(c+/2))
_ -
bd? PolyLog (3, e%(¢+/))
2f3
output ‘/1/3*a* (d*x+c) ~3/d-1/3*I*b* (d*x+c) ~3/d+b* (d*x+c) "2*1n(1-exp (2*I* (f*x+e)) ) /f ‘
| ~Ixb*d* (d*x+c) *polylog (2, exp (2+I* (£¥x+e))) /£~2+1/2¥b*d~2+polylog (3, exp(2+I
L*(f*x+e)))/fAs J

3.38.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 406 vs. 2(112) = 224.

Time = 2.28 (sec) , antiderivative size = 406, normalized size of antiderivative = 3.62

/(c +dz)*(a + beot(e + fr)) dx
_ 3ac®f3z + 3ibedf?nx + 3acdf’z® + ad® >z’ + ibd® f>x* — 6ibcdf?x arctan(tan(e)) + 3bedf*z? cot(e) + 3t

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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input‘ Integrate[(c + d*x)~2x(a + b*Cot[e + f*x]),x]

output | (3*axc™2xf~3*x + (3%I)*bkcxd*xf 2*%Pi*x + 3*axckd*f " 3%x~2 + axd~2xf~3*x"3 +

I*b*xd~2+f"3*%x"3 - (6*I)*b*ckd*f 2*x*ArcTan[Tan[e]] + 3*b*c*kd*f~3*x~2*Cot[e
] + 3xbxcxdxfxPixLogl[l + E~((-2*I)*f*x)] + 3*b*d~2*f~2*x"2*Log[l - E~((-I)
*x(e + f*x))] + 3xbxd~2xf"2xx"2xLog[1 + E~((-I)*(e + f*x))] + 6*b*c*d*f ~2*x
*xLog[1 - ET((2*I)*(f*x + ArcTan[Tan[e]]))] + 6*b*c*d*f*ArcTan[Tan[e]]*Logl
1 - ET((2*I)*(f*x + ArcTan[Tan[el]))] - 3*b*c*d*f*PixLog[Cos[f*x]] + 3x*bxc
~2+f~2*Log[Sin[e + f*x]] - 6*bxc*dxf*ArcTan[Tan[e]]*Log[Sin[f*x + ArcTan[T
an[e]]]] + (6+I)*b*d~2xf*x*PolyLogl[2, -E~((-I)*(e + f*x))] + (6*I)*b*d~2xf
*xx*xPolyLog[2, E~((-I)*(e + f*x))] - (3*I)*b*ckd*f*PolyLogl[2, E~((2+I)*(f*x

+ ArcTan[Tan[e]l]))] + 6*b*d~2*PolyLog[3, -E~((-I)*(e + f*x))] + 6%b*d~2*P
olyLog[3, ET((-I)*(e + £xx))] - 3*bkcxd*E~(I*ArcTan[Tan[e]])*f 3*x"2xCot [e
]*Sqrt [Sec[e]~2])/(3*x£73)

3.38.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c + dz)2(a + beot(e + fz)) da
| 3042
/(c+dac)2 (a _ btan (e+fm+ g)) dz
| 4205

/ (a(c+ dz)? + b(c + dz)?* cot(e + fz)) dz

| 2009
a(c+dz)®  ibd(c + dz) PolyLog (2, e%(e+/2)) N b(c + dz)?log (1 — e2(eHfD)  ip(c + dx)? N
3d 72 7 3d
bd? PolyLog (3, e%(c+f2))
2f3

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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inputLInt[(c + d*x) 2% (a + b*Cot[e + £*x]),x]

output‘ (ax(c + d*x)"3)/(3*d) - ((I/3)*b*(c + d*x)~3)/d + (bk(c + d*x)~2xLog[l - E
\‘((2*I)*(e + f*x))])/f - (Ixb*d*(c + d*x)*PolyLogl[2, E~((2*I)*(e + £*x))])
‘/f‘z + (b*d~2xPolyLog[3, E~((2*I)*(e + £*x))])/(2%£"3)

3.38.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x.)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.38.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 534 vs. 2(98) = 196.

Time = 0.41 (sec) , antiderivative size = 535, normalized size of antiderivative = 4.78

method | result

2b d? polylog(3,ei(fz+e)) + 2b d? polylog(3,—ei(f°”+e)) + bc? ln(ei(f”H'e)-l-l) _ 2bc? ln(ei(fw"'e))

bc?ln (ei(ng'e) —1)

risch 7 3 7 7

f

input tint ((d*x+c) " 2% (at+b*cot (f*x+e) ) ,x ,method=_RETURNVERBOSE)

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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output | 2/f*bxd*c*1n(1-exp (I* (f*x+e)))*x+2/f*b*d*cx1n(exp (I* (£*xx+e))+1) *x+4/f " 2*b*
excxd*1n(exp (I*(f*xx+e)))-2/f " 2*bxexc*d*1ln (exp (I* (fxx+e))-1)+2/f " 2%b*d*cx1ln
(1-exp(I*(f*x+e))) *e-2*I/f"2%bxd*cxe”2-2+I/f " 2*b*d*c*polylog(2,exp (I* (f*x+
e)))-2*I/f"2xb*d*c*polylog(2,-exp (I*(fxx+e)))+2*I/f " 2xb*d~2%e” 2*x-2xI/f 2%
b*d~2*polylog(2,exp (I* (f*x+e)))*x-2%I/f"2xb*d"2*polylog(2,-exp (I*(f*x+e)))
*x+2/f"3*b*xd~2*polylog(3, exp (I*(f*x+e)))+2/£f"3*b*d~2*polylog(3,-exp(I* (f*x
+e)))+1/fxb*c”2+1n(exp (I* (f*x+e))+1)-2/f*bxc " 2x1n (exp (I* (f*x+e)))+1/f*bxc”
2*x1n(exp (I*(f*x+e))-1)-1/3*I*d"2%b*x"3+1/3*%d"2*a*x"3+1/3/d*a*c”3-I*d*b*c*x
“2+d*akc*x"2+axc 2*x+1/fxbkd"2*1n(1-exp (I* (f*x+e)))*x~2+1/f*b*d~2*1n (exp (I
* (fxx+e))+1) *x~2-2/f~3%bke~2xd~2%1n (exp (I* (f*x+e)))+1/f " 3*b*e~2*d~2%1n (exp
(Ix(f*x+e))-1)-1/£f"3xb*xd"2*1n(1-exp(I* (f*x+e)))*e~2+4/3*I1/f " 3xbxd~2xe~3+I*
bxc~2xx+1/3%1/d*b*xc~3-4*I/f*b*d*c*e*x

3.38.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 405 vs. 2(95) = 190.

Time = 0.29 (sec) , antiderivative size = 405, normalized size of antiderivative = 3.62

/(c +dz)*(a + beot(e + fx)) dx
_ 4ad®f2® + 12 acdf’z® + 12 ac® f*x + 3 bd®polylog(3, cos (2 fx + 2 €) + i sin (2 fz + 2¢)) + 3 bd*polylog

~

inputLintegrate((d*x+c)‘2*(a+b*cot(f*x+e)),x, algorithm="fricas")

|

output | 1/12% (4*a*d~2+f~3%x"3 + 12*axckd*f~3*x"2 + 12%a*xc”™2*f~3*x + 3*b*d~2*polylo
g(3, cos(2*f*x + 2*%e) + Ixsin(2*f*x + 2xe)) + 3*bxd~2*polylog(3, cos(2*f*x
+ 2%e) - Ixsin(2xf*x + 2xe)) - 6x(I*bxd~2xf*x + Ixbkckd*f)*dilog(cos(2*f*
X + 2%e) + Ixsin(2*f*x + 2*%e)) - 6x(-I*b*d"2xf*x - Ixbxckxd*f)*dilog(cos(2x*
fxx + 2%e) - I*sin(2*f*x + 2%e)) + 6*(bxd"2%e”2 - 2xbxcxdxexf + bxc~2xf72)
xlog(-1/2*%cos (2xf*x + 2%e) + 1/2*I*sin(2xf*x + 2xe) + 1/2) + 6x(b*d"2xe”2

- 2%bxckdxe*xf + bkxc"2*f72)xlog(-1/2*%cos(2xf*x + 2*e) - 1/2+I*sin(2*f*x + 2
xe) + 1/2) + 6% (b*d~2+£72%x"2 + 2xbkcxd*f~2+x - b*d"2%e”2 + 2*bxckdxe*f)*1
og(-cos(2xf*x + 2%e) + I*sin(2*f*x + 2%e) + 1) + 6% (bxd"2%f"2%x"2 + 2x%b*c*
d*xf~2%x - bxd"2%e”2 + 2xbxckxdxexf)*log(-cos(2*f*x + 2%e) - I*sin(2*xf*xx + 2
xe) + 1))/£°3

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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3.38.6 Sympy [F]

/(c+dw)2(a+bcot(e+fx))da: =/(a+bcot (e + o)) (c + dz)? dz

p
input

~—

integrate ((d*x+c)**2x (a+b*cot (f*x+e)) ,x)

N

i

-

output

Integral((a + bxcot(e + f*x))*(c + d*x)**2, x)

- J

3.38.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 527 vs. 2(95) = 190.

Time = 0.44 (sec) , antiderivative size = 527, normalized size of antiderivative = 4.71

/(c +dz)*(a+ beot(e + fz)) dzx

B 6 (fx + 6)&02 + 2(f:1:-;§)3a,d2 _ 6(fx_|_;2)2ad2e + 6(fx-|—feQ)ad2e2 + 6(fac-1}e)2acd 12 (fac—]ic—e)acde + 6b02 IOg (SiIl (f.’IJ +

inputLintegrate((d*x+c)‘2*(a+b*cot(f*x+e)),X, algorithm="maxima") J

e N

output | 1/6*(6x(f*xx + e)*a*c™2 + 2% (f*xx + e) 3*axd"2/f"2 - 6*(f*x + e) 2*xaxd"2*e/f
"2 + 6x(f*x + e)*axd"2*%e”"2/f72 + 6x(f*x + e) "2%akckd/f - 12+ (fxx + e)*akck
dxe/f + 6xbxc”~2+log(sin(f*x + e)) + 6%bxd"2*e"2+log(sin(f*x + e))/f"2 - 12
*bkckd*exlog(sin(f*x + e))/f + (-2*I*(f*x + e) 3%bxd"2 + 12%b*d~2*polylog(
3, —e~(I*fxx + Ixe)) + 12*%bxd~2+polylog(3, e~ (Ixf*x + I*e)) - 6x(-Ixbxd 2%
e + I*bxcxd*f)*(fxx + e)72 - 6x(-I*x(f*x + e) 2xb*d~2 + 2x(I*b*d~2%e - I*bx
cxdxf)*x(fxx + e))*arctan2(sin(f*x + e), cos(f*x + e) + 1) - 6x(I*x(f*x + e)
~2%b*d~2 + 2% (-Ixbxd~2%e + Ixbxcxd*f)*(f*x + e))*arctan2(sin(f*x + e), -co
s(f*x + e) + 1) - 12%(I*(f*x + e)*b*d"2 - I*b*d"2%e + Ixbkcxd*f)*dilog(-e~
(I*f*x + Ixe)) - 12x(I*(f*x + e)*bxd~2 - I*bxd"2%e + Ixb*ckd*f)*dilog(e™ (I
xfxx + Ixe)) + 3x((fxx + e) 2%b*d™2 - 2% (b*d"2%e - b*c*d*f)*(f*x + e))*log
(cos(f*x + e)72 + sin(f*x + e)72 + 2xcos(f*x + e) + 1) + 3*x((fxx + e) 2%bx
d~2 - 2x(b*d"2xe — bkxckxd*f)*(f*x + e))*log(cos(f*x + e)~2 + sin(f*x + e)~2
- 2xcos(f*x + e) + 1))/£f72)/f

& J

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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3.38.8 Giac [F|

/(c+dz)2(a+ beot(e + fz)) dz = /(dm+c)2(bcot (fx+e)+a)dz

inputLintegrate((d*x+c)“2*(a+b*cot(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)"2x(b*xcot(f*x + e) + a), x)

3.38.9 Mupad [F(-1)]

Timed out.

/(c+dm)2(a+bcot(e+f:c)) dx = /(a+bcot(e+fx)) (c+dx)’d

input Lint((a + bxcot(e + f*x))*(c + d*x)~2,x)

output Lint((a + b*cot(e + f*x))*(c + d*x)"2, x)

3.38.  [(c+dz)*(a+bceot(e+ fz))dx
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3.39 [(c+dx)(a+beot(e + fz)) dx

3.39.1 Optimalresult . . . . . . ... ... .. 290)
3.39.2 Mathematica [B] (verified) . . . . . ... ... .. L Lo oL 290
3.39.3 Rubi [A] (verified) . . . . . . ... .. 291]
3.39.4 Maple [B] (verified) . . . ... ... . ... 292
3.39.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 293
3.39.6 Sympy [F] . . . . . . 293
3.39.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 294
3.39.8 Giac [F] . . . . . o 294
3.39.9 Mupad [F(-1)] . . . . o 295

3.39.1 Optimal result

Integrand size = 16, antiderivative size = 83

2 2 b(c+ do)log (1 — ele+in)
[ (e oot beot(e+ fo)) d = A _ e do)? | W de)log (1= M)
2d 2d f
ibd PolyLog (2, e%(¢+/2))
212

output \ 1/2xa* (d*x+c) ~2/d-1/2*I*b*x (d*x+c) ~2/d+b* (d*x+c) *1n (1-exp (2*xI* (f*x+e))) /f-1 \
L/2*I*b*d*polylog(2,exp(2*I*(f*x+e)))/f‘2 J

3.39.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 209 vs. 2(83) = 166.

Time = 5.75 (sec) , antiderivative size = 209, normalized size of antiderivative = 2.52

/(c +dz)(a+ beot(e + fx)) dx

bclog(cos(e + fz)) + belog(tan(e + fz))
f f

(6) (ei arctan(tan(e)) f2.'132 + (ifz(—m+2arctan(tan(e))) — log(1+e~ %) —2( fz+arctan(tan(e))) log(l—e%(f“"'aurCta

2f2/sec?(e) (cos?(e) +

1 1
= acx + Eadav2 + Ebdx2 cot(e) +

bd csc(e) sec

3.39.  [(c+dz)(a+bcot(e+ fz))dz
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input | Integrate[(c + d*x)*(a + bxCotle + £*x1),x]

output

input

output

axcxx + (a*d*x~2)/2 + (bxd*x~2*Cot[e])/2 + (bxcxLogl[Cos[e + f*x]]1)/f + (b*
cxLog[Tan[e + f*x]])/f - (b*d*Cscle]*Sec[e]*(E~(I*ArcTan[Tan[e]])*f~2xx"2
+ ((Ixf*xx(-Pi + 2*ArcTan[Tan[e]]) - PixLogl[l + E~((-2*I)*f*x)] - 2*(f*x +
ArcTan[Tan[e]])*Log[1 - E~((2*I)*(f*x + ArcTan[Tan[el]))] + Pix*Log[Cos[f*
x]] + 2#ArcTan[Tan[e]]*Log[Sin[f*x + ArcTan[Tan[e]]]] + I*PolyLog[2, E~((2
*I)*(f*x + ArcTan[Tan[e]]))])*Tan[e])/Sqrt[1 + Tan[e]~2]))/(2*f~2*Sqrt [Sec

[e]~2*(Cos[e]~2 + Sin[e]~2)])

3.39.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3 number of rules _ 0.188, Rules used = {3042,

’ integrand size
4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c-l— dz)(a + beot(e + fz)) dz
| 3042
/(c—i—da:) (a _btan (e—l—fx—l— g)) dz
l 4205
/ (a(c + dz) + b(c + dz) cot(e + fo))dz

l 2009

a(c+dz)?  blc+dz)log (1 —e¥E+fD))  ip(c+dz)?  ibd PolyLog (2, e?i(¢+f2))
2d f 2d 22

‘Int[(c + d*x)*(a + bxCot[e + f*x]),x]

‘(a*(c + d*x)"2)/(2xd) - ((I/2)*bx(c + d*x)~2)/d + (b*(c + d*x)*Logl[l - E~(
\(2*1)*(e + f*x))]1)/f - ((I/2)*b*d*PolyLog[2, E~((2*I)*(e + f*x))])/f"2

3.39.  [(c+dz)(a+bcot(e+ fz))dz
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3.39.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x_))"(m_.)*((a_ ) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQl[{a, b, c, 4, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.39.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 239 vs. 2(71) = 142.

Time = 0.37 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.89

method | result

risch

__ibde? + adz? ibd polylog (2,—ei(f+e)) + acx + beln(ef(f=+e) +1) 2bcIn(e?(/zte)) beln(eilfz+e) 1) _ 2iba

f? 2 f2 f o f f

)

-

inputLint((d*x+c)*(a+b*cot(f*x+e)),x,method=_RETURNVERBOSE)

~—

output | -I/f ~2+b*dxe~2+1/2%axd*x"~2-1/f " 2xb*d*polylog(2,-exp(I*(f*x+e)))+axckx+1/f*
bxcx1n(exp (I* (f*x+e))+1)-2/f*bkcx1ln(exp (I*(f*x+e)))+1/f*b*c*1ln(exp (I* (f*x+
e))-1)-2*I/f*b*d*e*x-1/f 2xb*d*polylog(2,exp(I* (f*x+e)))-1/2%Ixb*d*x"2+1/£
*b*d*1n (1-exp (I* (£*x+e)) ) *x+1/f " 2%bxd*1n(1-exp (I* (f*x+e)) ) xe+I*bxc*x+1/f*b
*d*1n (exp (I* (fxx+e))+1) *x+2/f"2*¥b*d*e*1n(exp (I* (f*x+e)))-1/f"2*b*d*e*1n(ex
p(Ix(f*x+e))-1)

3.39.  [(c+dz)(a+bcot(e+ fz))dz
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3.39.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 224 vs. 2(68) = 136.

Time = 0.27 (sec) , antiderivative size = 224, normalized size of antiderivative = 2.70

/ (c + dz)(a + beot(e + fz)) dz
_ 2adf’z® +4acf’r — ibdLiy(cos (2 fx +2e) + sin (2 fz + 2¢€)) + i bdLiz(cos (2 fz 4 2e) — i sin (2 fz -

p
input Lintegrate ((d*x+c)*(atb*cot (f*x+e)) ,x, algorithm="fricas")

-/

output | 1/4% (2%a*d*f~2%x"2 + 4xa*c*f~2xx - I*bxd*dilog(cos(2*f*x + 2%e) + I*sin(2%
f*x + 2%e)) + Ixb*xdxdilog(cos(2*xf*x + 2xe) - I*sin(2xf*x + 2%e)) - 2x(bkd*
e - bkcxf)xlog(-1/2*cos(2xf*x + 2xe) + 1/2xI*sin(2*f*x + 2%e) + 1/2) - 2x(
bxd*e - bxcxf)*log(-1/2%cos(2*f*x + 2*%e) - 1/2*Ixsin(2xf*x + 2%e) + 1/2) +
2% (bkd*f*x + bkdxe)*log(-cos(2xf*x + 2%e) + Ixsin(2*xf*xx + 2%e) + 1) + 2%(
b*d*f*x + b*d*e)*log(-cos(2*f*x + 2%e) - I*sin(2*f*x + 2xe) + 1))/£f72

3.39.6 Sympy [F]

/(c—l—dz)(a—l—bcot(e—l—fx)) dx = / (a+bcot(e+ fx)) (c+dz) dz

input ‘ integrate ((d*x+c)*(at+bxcot (f*x+e)) ,x) J

output‘ Integral((a + bxcot(e + f*x))*(c + d*x), x)

3.39.  [(c+dz)(a+bcot(e+ fz))dz
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3.39.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 209 vs. 2(68) = 136.

Time = 0.42 (sec) , antiderivative size = 209, normalized size of antiderivative = 2.52

/ (c + dz)(a + beot(e + fz)) dz
(a —ib)df?z? + 2 (a — i b)cf?x — 2i bdf z arctan (sin (fz + €) , — cos (fz + €) + 1) + 2i bef arctan (sin ( f

p
input  integrate((d*x+c)*(a+b*cot (f*x+e)),x, algorithm="maxima")

N

output | 1/2*((a - I*b)*d*f~2xx"2 + 2*(a — I*b)*c*f~2%x - 2*Ixb*d*f*x*arctan2(sin(f
*x + e), —-cos(f*x + e) + 1) + 2xIxbxcxfxarctan2(sin(f*x + e), cos(f*x + e)
- 1) - 2xIxbxd*dilog(-e” (I*f*x + I*e)) - 2*I*b*d*dilog(e” (Ixfxx + Ixe)) -
2x (-Ixb*d*f*x - I*bxc*f)*arctan2(sin(f*x + e), cos(f*x + e) + 1) + (b*d*f
*x + bkcxf)*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2%cos(f*x + e) + 1) + (b
xd*f*x + bxc*f)*log(cos(f*x + e)~2 + sin(f*x + e)”2 - 2*cos(f*x + e) + 1))
/£7°2

3.39.8 Giac [F]

/(c+dx)(a+bcot(e+fx))dx = /(d:v-l—c)(bcot (fr+e)+a)de

p
inputLintegrate((d*x+c)*(a+b*cot(f*x+e)),x, algorithm="giac")

| —

output Lintegrate((d*x + c)x(bkcot(f*xx + e) + a), x) J

3.39.  [(c+dz)(a+bcot(e+ fz))dz



CHAPTER 3. LISTING OF INTEGRALS 295

3.39.9 Mupad [F(-1)]

Timed out.

/(c—l— dz)(a + beot(e + 1)) da = / (a+beot(e + f2)) (c+da) do

input Lint((a + bxcot(e + fxx))*(c + d*x),x)

outputtint((a + b*cot(e + f*x))*(c + d*x), x)

3.39.  [(c+dz)(a+bcot(e+ fz))dz
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3.40 f a+b cot(e+fz) dr

ct+dx
3.40.1 Optimalresult . . . . . . . . . . . . . . . e
3.40.2 Mathematica [N/A] . . . . . . . . . 296
3.40.3 Rubi [N/A] . . . . . 297
3.40.4 Maple [N/A] (verified) . . . . . . ... .. 298
3.40.5 Fricas [N/A] . . . . . o 298
3.40.6 Sympy [N/A] . . . . 298
3.40.7 Maxima [N/A] . . . . . . . 299
3.40.8 Giac [N/A] . . . . . o 2991
3.40.9 Mupad [N/A] . . . . 299

3.40.1 Optimal result

Integrand size = 18, antiderivative size = 18

/a-l—bcot(e—i—fz) o — Tnt a—i—bcot(e-l—fx)’x
c+dz c+dz

output LUnintegrable ((atb*cot (fxx+e))/(d*x+c) ,x)

-/

3.40.2 Mathematica [N/A]

Not integrable

Time = 3.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ a+ beot(e + fx) dr — / a+ bcot(e + fz) d
c+dz ct+dz
input [Integrate [(a + bxCot[e + fxx])/(c + d*x),x] }
output LIntegrate [(a + bxCot[e + f*x])/(c + d*x), x] J

3.40. [ wtbeletio) gy
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3.40.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dxr

/ a+ beot(e + fx)
c+dz

l 3042

/a—btan(e+fx+’27)

c+dzx dz

l 4223

/ a+ beot(e + fx)

c+dzx dz

input‘ Int[(a + bxCot[e + f*x])/(c + d*x),x]

output ‘ $Aborted

3.40.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.40. [ wtbeletio) gy
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3.40.4 Maple [N/A] (verified)

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bcot(fm+e)dx
dr +c

input Lint ((at+bxcot (fxx+e) )/ (d*x+c) ,x)

output Lint ((atb*cot (f*x+e) )/ (d*x+c) ,x)

3.40.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bcot(e+fx) dwz/bcot(fx+e)+adx
c+dz dr +c

input Lintegrate ((atbxcot (f*x+e))/(d*x+c) ,x, algorithm="fricas")

output Lintegral((b*cot(f*x +e) + a)/(d*x + c), x)

3.40.6 Sympy [N/A]

Not integrable

Time = 0.67 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a+bcot(e+fa:) dm:/a+bcot(e+fx) I
c+dz c+dz

input Lintegrate ((atb*cot (fxx+e))/(d*x+c) ,x)

output‘ Integral((a + bxcot(e + f*x))/(c + d*x), x)

340. [ —“*b"c‘jf;jf 2 dg
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3.40.7 Maxima [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 136, normalized size of antiderivative = 7.56

/a—l—bcot(e—i—fx) dxz/bcot(fx—i-e)-l—adx
c+dz dz +c

input Lintegrate ((at+bxcot (f*x+e))/(d*x+c),x, algorithm="maxima")

output‘—(b*d*integrate(sin(f*x + e)/((d*x + c)*cos(f*x + e)”2 + (d*x + c)*sin(f*x
‘ + e)72 + d¥x + 2*(d*x + c)*cos(f*x + e) + c), x) - bxdxintegrate(sin(f*x
+ e)/((d¥x + c)*cos(f¥x + e)72 + (d¥x + c)*sin(f*x + e)"2 + dkx - 2*(d*x +
‘ c)*cos(fxx + e) + c), x) - axlog(d*x + c))/d

3.40.8 Giac [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—bcot(e-l—fx) dx:/bCOt(fx+e)+adx
c+dx dx +c

inputLintegrate((a+b*cot(f*x+e))/(d*x+c),x, algorithm="giac")

output‘ integrate((b*cot(f*x + e) + a)/(d*x + c), x)

3.40.9 Mupad [N/A]

Not integrable
Time = 12.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—bcot(e—i—fx) dx:/a—l—bcot(e—i-fz) i
c+dx ct+dzx

input Lint((a + bxcot(e + f*x))/(c + d*x),x)

—

output Lint((a + bxcot(e + f*x))/(c + d*x), x)

3.40. [ wtbeletio) gy
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a+b cot(e+fz)

3.41  [eRelel/) gy

3.41.1 Optimal result . . . . . . . . . .. .. 3001
3.41.2 Mathematica [N/A] . . . . .. . . . 300
3413 Rubi [N/A] . . . oo 301
3.41.4 Maple [N/A] (verified) . . . . . . . ... L
3.41.5 Fricas [N/A] . . . . . 302
3.41.6 Sympy [N/A] . . . .
3.41.7 Maxima [N/A] . . . . .
3.41.8 Giac [N/A] . . . . o 3031
3.41.9 Mupad [N/A] . . ..

3.41.1 Optimal result

Integrand size = 18, antiderivative size = 18

/a+bcot(e+fx) dp — Int(a+bcot(e+fx)

(c+ dz)?

(c+ dz)?

)

p
output LUnintegrable ((atb*cot (fxx+e))/(d*x+c)~2,x)

~—

3.41.2 Mathematica [N/A]

Not integrable

Time = 9.98 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcot(e-l—fz) dw:/a—l—bcot(e-l-fx)

(c+ dz)?

(c+ dz)?

dz

input LIntegrate[(a + bxCot[e + fxx])/(c + d*x)72,x]

e

Outputtlntegrate[(a + bxCot[e + f*x])/(c + d*x)~2, x]

~—

341 [ SHeUSD) gy
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3.41.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a+ bceot(e + fx)
/ Cc+dn?
| 3042
a—btan (e+ fr+ %)
/ (c+ dx)? de
J'4223
a+ beot(e + fx)
/ (c+ dx)? de
inputtlnt[(a + bxCot[e + f*x])/(c + d*x)~2,x] J
outputL$Aborted J

3.41.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

341 [ SHeUSD) gy
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3.41.4 Maple [N/A] (verified)

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bcot(fm+e)dx
(dz + ¢)*

input Lint ((at+b*cot (fxx+e) )/ (d*x+c) "2,x)

output Lint ((at+b*cot (f*x+e) )/ (d*x+c)~2,x)

3.41.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+bcot(e+ fr) ,  [beot(fr+e)+a
/ (c+dx)? dz = / (dx + 0)2 dz

inputLintegrate((a+b*cot(f*x+e))/(d*x+c)“2,x, algorithm="fricas")

outputtintegral((b*cot(f*x + e) + a)/(d"2%x"2 + 2*c*d*x + c”2), x)

3.41.6 Sympy [N/A]

Not integrable

Time = 2.48 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

a+beot(e+ fx) ,  [a+bcot(e+ fr)
/ (c+dz)? o = / (¢ + dz)® e

input‘integrate((a+b*cot(f*x+e))/(d*X+C)**2,X)

outputLIntegral((a + bxcot(e + f*x))/(c + d*x)**2, x)

341 [ SHeUSD) gy
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3.41.7 Maxima [N/A]

Not integrable

Time = 0.52 (sec) , antiderivative size = 242, normalized size of antiderivative = 13.44

a+bcot(e+ fr) ,  [beot(fr+e)+a
/ (c+dx)? dz = / (dx + c)2 dz

input  integrate((a+b*cot (f*x+e))/(d*x+c)~2,x, algorithm="maxima")

N

output | - ((bxd"2*x + b*c*d)*integrate(sin(f*x + e)/(d"2*x"2 + 2*c*d*x + (d72*x"2 +
2xckd*x + c”2)*cos(f*x + e)72 + (d724x72 + 2*ckd*x + c2)*sin(f*x + e)"2
+ c72 + 2% (d72*%x"2 + 2%cxd*x + c”2)*cos(f*xx + e)), x) — (b*d"2%x + b*c*d)*
integrate(sin(f*x + e)/(d"2*x"2 + 2%cxd*x + (d"2*x"2 + 2*cxd*x + c~2)*cos(
fxx + )72 + (d72%x72 + 2xckxd*x + c”2)*sin(f*x + e)”2 + ¢c72 - 2%(d72*x72 +

2xc*xd*x + c~2)*cos(f*x + e)), x) + a)/(d"2*x + c*d)

3.41.8 Giac [N/A]

Not integrable

Time = 1.99 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bcot(e+ fr) ,  [beot(fr+e)+a
/ (c+ dx)? dz = / (dx + 0)2 dz

input‘integrate((a+b*cot(f*x+e))/(d*X+C)”2,X, algorithm="giac")

outputLintegrate((b*cot(f*x +e) +a)/(d*x + c)72, x)

3.41.9 Mupad [N/A]
Not integrable

Time = 12.48 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+beot(e+ fx) ,  [a+bceot(e+ fzx)
/ (c +dz)? o= / (c+dz)? e

341 [ SHeUSD) gy
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inputtint((a + bxcot(e + f*x))/(c + d*x)~2,x)

outputtint((a + b*cot(e + f*x))/(c + d*x)"2, x)

341 [ SHeUSD) gy
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3.42 [(c+dz)*(a+ bceot(e + fz))* dz

3.42.1 Optimalresult . . . . .. .. . .. 305
3.42.2 Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... ..
3.42.3 Rubi [A] (verified) . . . . . . ...
3.42.4 Maple [B] (verified) . . . . ... . ... ..
3.42.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 309
3.42.6 Sympy [F] . . . . . . 310
3.42.7 Maxima [B] (verification not implemented) . . . . . . . .. ... .. ... ... 3111
3428 Giac [F] . . . . . e B11]
3.42.9 Mupad [F(-1)] .« o v oo oo

3.42.1 Optimal result

Integrand size = 20, antiderivative size = 295

_ibz(c + dx)? n a*(c + dz)* B iab(c + dx)*
f 4d 2d
_ V(c+dx)t  b*(c+dx)’cot(e + fx)
4d 7
3b%d(c + dz)*log (1 — eile+f)
IZ
2ab(c + dx)3 log (1 — e2i(e+fw))
f
3ib%d?(c + dz) PolyLog (2, e2i(e+fw))
_ 7
3iabd(c + dz)? PolyLog (2, e2i(e+fw))
_ 7
3b2d® PolyLog (3, e%(c+/2))
+ 2f3
3abd?(c + dz) PolyLog (3, e%(c+/2))
_|_
73
3iabd® PolyLog (4, e%(c+/7))
2f4

/(c—i— dz)3(a + beot(e + fx))*dr =

342.  [(c+dz)*(a+beot(e + fz))*dzx
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-I*b~2* (d*x+c) ~3/f+1/4*a~2x (d*x+c) ~4/d-1/2xT*axb* (d*x+c) “4/d-1/4%b~2% (d*x+
c) ~4/d-b~2x (d*x+c) “3xcot (fxx+e) /£+3*b~2xd* (d*x+c) “2*1n(1-exp (2*I* (f*x+e)))
/£72+2%axb* (d*x+c) "3*1n(1-exp (2*xI* (f*x+e))) /£-3*I*b~2xd~2* (d*x+c) *polylog(
2,exp (2*%I* (f*x+e)))/£~3-3*kI*axb*d* (d*x+c) "2*polylog(2,exp(2*I* (f*x+e))) /£~
2+3/2*%b~2*d"3*polylog(3,exp(2*I* (f*x+e))) /f~4+3*axbxd~2* (d*x+c) *polylog(3,
exp (2xIx (fxx+e))) /£~3+3/2+Ixaxb*d"~3*polylog(4,exp (2*xI* (f*x+e)))/f~4

3.42.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 1657 vs. 2(295) = 590.

Time = 7.24 (sec) , antiderivative size = 1657, normalized size of antiderivative = 5.62

/(c +dz)3(a + beot(e + fr))? dr = Too large to display

‘Integrate[(c + d*x)"3%(a + b*Cot[e + f*x])~2,x]

-

-1/2%(b~2*d"~3*E~ (I*e) *Csc[e] * ((2*£~3*x~3) /E~ ((2*I)*e) + (3*I)*(1 - E~((-2*
I)xe) ) *xf~2xx"2*%Log[1 - E"((-I)*(e + £*x))] + (3*xI)*(1 - E~((-2xI)*e))*f 2%
x"2xLog[1 + E“((-I)*(e + fxx))] - 6%x(1 - E~((-2%I)*e))*f*x*PolyLog[2, -E~(
(-I)*x(e + £*x))] - 6%x(1 - E~((-2*%I)*e))*f*x*PolyLog[2, E~((-I)*(e + £*x))]
+ (6xI)*(1 - E~((-2*I)*e))*PolyLogl[3, -E~((-I)*(e + f*x))] + (6*I)*(1 - E
~((-2xI)*e))*PolyLogl[3, E~((-I)*(e + £*x))]))/£f~4 - (axb*c*d 2*E~(I*e)*Csc
[e]l*((2*£~3*x"3) /E~((2xI)*e) + (3*I)*(1 - E~((-2xI)*e))*f ~2*x"2xLog[1 - E~
((-D*(e + £*x))] + (3*I)*(1 - E7((-2*I)*e))*f " 2*x"2*Log[1 + ET((-I)*(e +

f*x))] - 6%x(1 - E~((-2*I)*e))*f*x*Polylog[2, -E~((-I)*(e + f*x))] - 6x(1 -
E~((-2%I)*e))*f*x*PolyLog[2, E~((-I)*(e + f*x))] + (6xI)*(1 - E~((-2%I)*e
))*PolyLog[3, -E~((-I)*(e + f*x))] + (6%I)*(1 - E~((-2*I)*e))*PolyLogl[3, E
“((-I)*(e + £xx))]1))/£°3 - (a*b*d"3*E~(Ixe)*Cscle]l*((£74*x~4)/E~((2*I)=*e)

+ (2xI)*(1 - E~((-2xI)*e))*f~3*x"3xLog[l - E~((-I)*(e + £*x))] + (2*I)*(1

- E7((-2%I)*e))*f"3*x"3xLog[1 + E"((-I)*(e + f*x))] - 6%(1 - E~((-2%I)*e))
*f~2*%x"2%PolyLog[2, -E~((-I)*(e + f*x))] - 6*%(1 - E~((-2%I)*e))*f 2xx"2*Po
lyLog[2, E"((-I)*(e + £*x))] + (12*xI)*(1 - E~((-2%*I)*e))*f*x*PolyLog[3, -E
“((-ID)*(e + £xx))] + (12%I)*(1 - E~((-2xI)*e))*f*x*PolyLogl[3, E((-I)*(e +
fxx))] + 12%(1 - E~((-2*I)*e))*PolylLog[4, -E~((-I)*(e + fxx))] + 12%(1 -

E~((-2%I)*e))*PolyLog[4, E~((-I)*(e + £*x))]1))/(2*£~4) + (3*b~2*c~2*d*Csc[
el *(-(f*x*Cos[e]) + Logl[Cos[f*x]*Sin[e] + Cos[e]l*Sin[f*x]]*Sin[e]))/(£f"...
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3.42.3 Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + beot(e + fz))? dzx
| 3042
/(c+ dz)3 <a — btan (e + fx + g))zdx
| 4205
/ (a®(c + dz)® + 2ab(c + dz)? cot(e + fz) + b*(c + dz)® cot?(e + fz)) d

l 2009

a?(c+dz)*  3abd?(c + dz) PolyLog (3, e2i(e+fw)) 3iabd(c + dz)? PolyLog (2, p2ilet+ fz))
+ —

4d f3 fQ

2ab(c + dx)3log (1 — e2(+/®)  jab(c + dx)* N 3iabd® PolyLog (4, e?(c+12))
f 2d 2f4
3ib%d%(c + dz) PolyLog (2, %(¢+/2)) 352d(c + dz)?log (1 — e?(e+/2))
3 + 5
f f
b2(c+ dx)3cot(e+ fz) ib*(c+dx)® b2(c+dz)*  3b2d? PolyLog (3, e?i(c+/2))
f I S R 5

+

input| Int[(c + d*x)~3*(a + b*Cot[e + f*x])~2,x]

output

((-I)*b~2*(c + d*x)~3)/f + (a~2*(c + d*x)"4)/(4xd) - ((I/2)*a*xb*(c + d*x)~
4)/d - (b™2*%(c + d*x)~4)/(4*d) - (b~2*(c + d*x)~3*Cot[e + f*x])/f + (3*%b~2
*d*(c + d*x) "2*Log[l - E~((2*I)*(e + £*x))])/f"2 + (2*axb*x(c + d*x) 3xLogl
1 - ET((2*I)*(e + £*x))]1)/f - ((3*I)*b~2*d"2x(c + d*x)*PolyLog[2, E~((2*I)
*(e + £*x))]1)/£73 - ((3*I)*axb*d*(c + d*x) 2xPolyLogl[2, E~((2*I)*(e + f*x)
)1)/£72 + (3*b~2xd~3*PolyLog[3, E~((2*I)*(e + £*x))]1)/(2*£~4) + (3*a*bxd~2
*x(c + d*x)*PolyLog[3, E~((2*I)*(e + £*x))])/£"3 + (((3*I)/2)*axb*d~3*PolyL
ogl4, ET((2¥I)*(e + £*x))]1)/f74
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3.42.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.42.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1603 vs. 2(266) = 532.

Time = 0.85 (sec) , antiderivative size = 1604, normalized size of antiderivative = 5.44

method | result size
risch Expression too large to display | 1604

-

input Lint ((d*x+c) ~3*(atb*cot (f*x+e)) ~2,x,method=_RETURNVERBOSE)

-/

342.  [(c+dz)*(a+beot(e + fz))*dzx
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4/f~4xb*e”~3*d"3*a*1ln(exp (I* (fxx+e)))-2/f 4xb*e~3*d"3*a*1ln(exp(I*(f*x+e))-1

)+12*%I/f"4*xb*d"3*a*polylog(4,-exp (I*(f*x+e)))-3*%I/f 4*b*d " 3*a*e 4-6%I/f 3
b~2xd~3*polylog(2,exp (I* (f*xx+e)))*x-6%I1/f"3xb"2xd"3*polylog(2,-exp (I* (f*x+
e)) ) *x+6xI/f " 3*b"2%e”2*d"3*x—-6*I/f*xb"~2%d~2*c*x"2-6%I/f " 3*b~2*d"2*c*e 2-6*I
/£73%b~2%d"2*c*polylog(2,exp (I*(f*x+e)))-6xI/f~3*%b~2*d~2*c*polylog(2,-exp(
Ik (f*x+e)))+12*%I/f~4*b*d"3*a*polylog(4,exp(I*(fxx+e)))-2*%I*d~2*a*bkcxx~3-3
*xIkd*axbxc™2%x"2+d"2%a"2*%c*x"3+3/2*%d*a”2xc"2*x"2+a"2%c"3*x-d"2*b"2*c*x"3-3
/2%d*b”~2%c”2%x"2+2*I*axbxc 3%x+1/2+I/d*axbxc”~4-1/2*xI*d " 3*axb*x~4+12/f " 2xb*
exaxc”2xd*1n(exp (I*(f*x+e)))+12/£"3*b~2xe*c*d~2x1n (exp (I* (f*x+e)))-6/£"3xb
~2ke*xc*d"2x1n (exp (I* (£xx+e))-1)+6/f"3*b~2+d"2xc*1n(1-exp (I* (f*x+e)) ) *e+6/f
~2%b"2*d"2xc*1n(1-exp (I* (f*x+e)) ) *x+6/£"2%b~2xd"2*c*1n (exp (I* (f*x+e) ) +1) *x
+12/£73%bxd"~3*a*polylog(3,-exp (I* (f*x+e)))*x+12/f"3*b*d~3*a*polylog(3,exp(
Ix(fxx+e)))*x+2/f*b*d"3*a*1ln(exp (I* (f*x+e))+1) *x~3+2/f ~4*b*d~3*a*1ln(1-exp(
Ik (f*x+e)))*e~3+2/f*b*xd"3*a*ln(1-exp (I*(f*x+e)))*x"3+12/f " 3*b*a*xc*d~2*poly
log(3,exp(I*(f*x+e)))+12/£f " 3*b*axc*xd~2*polylog(3,-exp(I*(f*x+e)))+3/£"2xb"
2xd"3*1n(exp (I* (f*x+e))+1) *x~2+2/f*b*a*xc”3*1n(exp (I* (f*x+e))+1)-4/f*b*axc™
3x1n (exp (I* (f*x+e)))+2/f*b*xaxc”3*1n(exp (I*(f*x+e))-1)+3/£"2x¥b"2xc~2*d*1n (e
xp(Ix(f*xx+e))+1)-6/f"2xb"2%c"2xd*1n (exp (I* (f*x+e)))+3/£ " 2*%b"2*c~2*d*1n (exp
(Ix(f*x+e))-1)-6/f"4xb~2%e~2*d~3*1n (exp (I* (f*x+e)))+3/f 4*b~2xe~2%d"3*1n(e
xp(I*(f*x+e))-1)-3/f"4*b"2xe~2+d"3*1n(1-exp (I* (f*x+e)))+3/£72%b"2xd"3x1. ..

3.42.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1154 vs. 2(259) = 518.

Time = 0.35 (sec) , antiderivative size = 1154, normalized size of antiderivative = 3.91

/(c + dz)*(a + beot(e + fz))? de = Too large to display

;
input  integrate((d*x+c) “3*(at+b*cot (f*x+e))~2,x, algorithm="fricas")

342.  [(c+dz)*(a+beot(e + fz))*dzx
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-1/4*%(4*%b"2xd"3*£"3*x"3 + 12¥b"2xc*xd"2*f"3*x"2 + 12*b"2%c”2*d*f"3%x + 4xb”

2xc"3%f"3 - 3*I*a*bxd"3*polylog(4, cos(2xfxx + 2xe) + Ixsin(2xfxx + 2*e))*
sin(2xf*x + 2%e) + 3*Ixa*bxd~3*polylog(4, cos(2*f*x + 2xe) - I*sin(2*xf*xx +
2%e) ) *sin(2*xf*x + 2*%e) + 6% (I*a*b*d 3*f72xx"2 + I*axbkc™2xd*f~2 + I*b~2*c
*d~2xf + Ix(2%a*xbkckd™2*f~2 + b~2*%d"3*f)=*x)*dilog(cos(2*xf*x + 2*%e) + I*sin
(2xfxx + 2*xe))*sin(2*f*x + 2%e) + 6x(-I*axbxd"3*f~2*x"2 - I*axbxc”2xd*xf~2
- I*b~2kckd~2*f - I*(2%a*xb*c*d~2+f~2 + b~2%d~3*f)*x)*dilog(cos(2*f*x + 2%e
) - I*sin(2xf*xx + 2%e))*sin(2xf*x + 2ke) + 2% (2xa*bxd"3*%e~3 - 2kaxbkc 3*f~
3 - 3%b"2*d"3%e”2 + 3*(2*axb*c"2xd*e - b~2xc"2%d)*f~2 - 6% (axbkxc*d 2xe”2 -
b~2%cxd"2xe) *f) *xlog (-1/2*cos (2*f*x + 2xe) + 1/2*I*sin(2xf*x + 2%e) + 1/2)
*sin (2xfxx + 2%e) + 2x(kaxb*xd"3*ke”3 - 2kaxbxc”3*f"3 - 3*%b"2xd"3%e”2 + 3*(
2xaxb*c~2xdxe — bT2xc"2*d)*f"2 - 6% (axb*c*kd"2xe”2 - b~2xc*d"2xe)*f)*log(-1
/2%cos (2*%fxx + 2xe) — 1/2*%I*sin(2*f*x + 2xe) + 1/2)*sin(2*f*x + 2%e) - 2%(
2xa*xb*d~3*xf " 3*%x"3 + 2%axb*d"3*%e”3 + 6*axbkc " 2xd*e*f"2 - 3*%b"2*d"3%e"2 + 3%
(2*xaxbxcxd~2*f~3 + b"2%d"3*f72)*x"2 - 6x(axbkckd"2*%e”"2 — b 2*c*d"2xe)*f +
6% (axb*c~2%d*f~3 + b~ 2*c*d"2*f"2)*x)*log(-cos(2xf*x + 2%e) + I*sin(2*f*x +
2%e) + 1)*sin(2*f*x + 2%e) - 2k (2*axb*d"3*f"3*x~3 + 2*axb*d~3*e”3 + 6*a*b
*C"2*d*exf"2 - 3*b"2*xd"3*e”2 + 3*(2ka*bxckd"2*f"3 + bT2*d"3*f"2)*x"2 - 6*(
a*b*xcxd"2*%e”2 - b~2kc*kd"2xe)*f + 6% (axbxc"2*%d*f"3 + bT2*cxd"2*f"2)*x) *Log(
—cos(2xfxx + 2%e) - Ixsin(2xfxx + 2%e) + 1)*sin(2*f*x + 2xe) - 3*(2%a*b...

-

3.42.6 Sympy [F]

/(c-l— dz)?(a + beot(e + fr))*dr = / (a+ beot (e + fx))? (c + dz)® dx

inputLintegrate((d*x+c)**3*(a+b*cot(f*x+e))**2,x)

output

N

-/

Integral((a + bxcot(e + f*x))**2x(c + d*x)**3, x)

_

342.  [(c+dz)*(a+beot(e + fz))*dzx
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3.42.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4024 vs. 2(259) = 518.

Time = 1.51 (sec) , antiderivative size = 4024, normalized size of antiderivative = 13.64

/(c +dz)*(a + beot(e + fz))? dz = Too large to display

p
inputLintegrate((d*x+c)“3*(a+b*cot(f*x+e))“2,x, algorithm="maxima"

~—

output | 1/4* (4x(fxx + e)*a”2xc”3 + (f*x + e) 4*a”2xd"3/f"3 - 4*x(fxx + e) 3*a~2*d"3
xe/f"3 + 6x(f*x + e) 2%a"2+%d"3*e"2/f"3 - 4*x(f*x + e)*a"2*%d"3*e"3/f"3 + 4x*(
fxx + e) "3*%a"2%c*xd"2/f72 — 12%(f*x + e) "2*a"2*cxd"2*xe/f"2 + 12k (f*x + e)*a
“2xcxd"2xe"2/f72 + 6% (f*x + e) "2*xa"2xc”2xd/f - 12 (f*x + e)*a~2xc”2xd*e/f
+ 8%a*b*c~3xlog(sin(f*x + e)) - 8*axb*d"3*e"3*log(sin(f*x + e))/f"3 + 24xa
*b*xcxd~2%e"2+1log(sin(f*x + e))/f72 - 24*axbxc”2xd*exlog(sin(f*x + e))/f +
4% ((2%axb — I*b"2)*(f*x + e)~4*d~3 + 8%b~2%d"3*e”3 - 24*b~2kckxd"2xe 2xf +
24xb~2*c 2*kdxe*f"2 - 8¥b"2%c"3*f"3 - 4x((2xa¥b - I*b"2)*d"3*e - (2%axb - I
*b"2) kckd"2*f) x (£*x + e) "3 + 6% ((2*xa*b - I*b~2)*d"3*e”2 - 2*x(2*a*xb - I*b~2
Ykckd"2xe*xf + (2%axb — I*b~2)*c™2xd*f"2)*x(f*x + e)~2 - 4*x(-I*b~2*xd"3*e~3 +
3kI*b~2%c*d"2%e"2%f — 3xIxb"2kc"2*kd*e*f~2 + I*b"2*%c"3*xf"3)*(f*x + e) - 4%
(2% (f*x + e) " 3*axb*d"3 + 3*b"2*%d"3*e"2 — 6*b"2kckd"2%e*f + 3*¥b"2*xc"2xd*xf"2
- 3% (2*axbxd"3*e — 2*kaxbkckd"2*f - b"2*%d"3)*(f*x + e)”"2 + 6*(a*b*d"3*e”"2
+ axbxc”2*d*f"2 - b"2*%d"3*%e - (2*a*bxckd"2xe — b 2xckd"2)*f)*(fxx + e) - (
2% (f*x + e) " 3*axbxd~3 + 3*b"2%d"3*e”2 - 6*b"2xckd"2ke*xf + 3kb"2%c 2*d*f"2
- 3% (2kaxb*d"3*e - 2*axbkckxd"2*xf - b 2xd"3)*(f*x + e)”2 + 6x(axb*d"3*e"2 +
axb*c~2*d*f"2 - b"2xd"3*e - (2*a*bxckd"2%e - b"2xc*kd"2)*f)*(f*x + e))*cos
(2xfxx + 2%e) + (-2xI*(f*x + e) 3*a*bxd”~3 - 3*I*b~2%d"3*e”2 + 6xI*b~2*c*d"
2%exf - 3*xI*xb~2xc™2xd*f~2 + 3*(2*%I*a*xb*d~3*e - 2xI*axbkckd 2*f - I*b~2%d~3
Yk(fxx + )72 + 6% (-I*a*bxd"3*e”2 - Ixaxbxc™2xd*f~2 + I*b~2*d"3*e + (2*...

3.42.8 Giac [F]

/(c + dz)3(a + beot(e + fz))? dx = / (dz + c)*(beot (fz + €) 4+ a)’ dz

-

input  integrate((d*x+c) “3*(a+b*cot (f*x+e))~2,x, algorithm="giac")

N

output‘ integrate((d*x + c) 3x(b*cot(f*x + e) + a)~2, x)

342.  [(c+dz)*(a+beot(e + fz))*dzx
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3.42.9 Mupad [F(-1)]

Timed out.

/(c+dm)3(a+bcot(e+fx))zdx: /(a+bcot(e+fx))2 (c+d) dz

inputtint((a + b*cot(e + f*x))"2x(c + d*x)~3,x)

outputtint((a + b*cot(e + f*x))"2x(c + d*x)~3, x)

342.  [(c+dz)*(a+beot(e + fz))*dzx



output

CHAPTER 3. LISTING OF INTEGRALS

313

3.43 [(c+dz)*(a+ bceot(e + fz))* dz

3.43.1 Optimalresult . . . . . . .. . ... .
3.43.2 Mathematica [B| (warning: unable to verify) . . . . ... ... ... ... ...
3.43.3 Rubi [A] (verified) . . . . . ... .
3.43.4 Maple [B] (verified) . . . ... ... ...
3.43.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ...
3.43.6 Sympy [F] . . . . .
3.43.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3438 Giac [F] . . . . . .
3.43.9 Mupad [F(-1)] . . . . o

3.43.1 Optimal result

Integrand size = 20, antiderivative size = 227

_ib(c+dn)® | a*c+dn)’  2iablc+ da)’
f 3d 3d
_ V(c+dzx)®  bP(c+dw)’cot(e + fz)
3d 7
2b%d(c + dz) log (1 — e(c+f2))
IZ
2ab(c + dz)? log (1 — e(e+/2))
f .
ib?d? PolyLog (2, e(c+/2))
_ E
2iabd(c + dx) PolyLog (2, e2i(e+fx))
_ o
abd? PolyLog (3, e%(¢+f2))
+ £

/(c + dz)?(a + beot(e + fx))? dx =

=I*b~2* (d*x+c) "2/f+1/3%a" 2% (d*x+c) ~3/d-2/3*I*a*b* (d*x+c) ~3/d-1/3*b~2* (d*x+
€)~3/d-b"2x (d*x+c) “2xcot (f*x+e) /f+2xb~2*d* (d*x+c) *1n(1-exp (2*xI* (fxx+e))) /£
~2+2%axbx (d*x+c) "2*1n (1-exp(2*I*(f*x+e)))/f-I*b~2*d~2*polylog(2, exp (2*I* (£
*x+e))) /£~3-2xI*axb*xd* (d*x+c)*polylog(2,exp (2*I* (fxx+e))) /£ 2+axb*d~2*poly
log(3,exp(2*I*(f*x+e)))/£"3

343.  [(c+dz)*(a+beot(e + fz))*dzx
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3.43.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 737 vs. 2(227) = 454.

Time = 7.15 (sec) , antiderivative size = 737, normalized size of antiderivative = 3.25

/(c +dz)*(a+ beot(e + fx))’ dr =
abd?e™ csc(e) (2% f3z% + 3i(1 — e~%¢) f2x?log (1 — e~cT/2)) + 3i(1 — e%¢) f2z2log (1 + e~i(eH/®

+

+

%:c (3¢® + 3cdz + d*z?) csc(e) (2abceos(e) + a® sin(e) — b* sin(e))
2b%cd csc(e)(— fx cos(e) + log(cos(fz) sin(e) + cos(e) sin(fz)) sin(e))

f2 (cos?(e) + sin’(e))

4 2abc? csc(e)(— fx cos(e) + log(cos(fx) sin(e) + cos(e) sin( fx)) sin(e))

f (cos?(e) + sin?(e))
L csc(e) esc(e + fx) (b2c?sin(fz) + 2b%cdz sin(fz) + b2d?x? sin(fx))
f

b2d2 csc(e) sec(e) (ez’ arctan(tan(e))f2x2 + (sfz(—m+2arctan(tan(e))) —m log(1+e~2/*) —2(fz+arctan(tan(e))) log (1—e2i(fz+ar
- f3+/sec?(e) (cos?(e)

2abed CSC(C) sec(e) (eiarctan(tan(e))fzzz + (ifz(—m+2arctan(tan(e)))—m log(1+e~2/) —2(fz+arctan(tan(e))) log (1—e?! (/=
- f2+/sec2(e) (cos?(e) -

grate[(c + d*x)~2*(a + bxCot[e + f*x])~2,x] J

input LInte

3.43.

J(c+dz)*(a+beot(e + fz))?*dzx
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output | -1/3*(axb*xd"2+E~ (I*e)*Csc[e]* ((2%£~3*x~3) /E~((2*I)*e) + (3*I)*(1 - E~((-2%*
I)*e))*f~2xx"2xLog[1 - E~((-I)*(e + £xx))] + (3*xI)*x(1 - E~((-2*%I)*e))*f 2%
x"2%Log[1 + E~((-I)*(e + f*x))] - 6%x(1 - E~((-2*I)*e))*fxx*PolyLog[2, -E~(
(-I)x(e + £xx))] - 6*%(1 - E~((-2#I)*e))*f*x*PolyLog[2, E((-I)*(e + f*x))]
+ (6%xI)*(1 - E~((-2%I)*e))*PolyLog[3, -E~((-I)*(e + f*xx))] + (6xI)*x(1 - E
~((-2xI)*e))*PolyLog[3, E~((-I)*(e + £*x))]1))/£"3 + (x*(3*c™2 + 3*cxd*x +
d~2*x~2) *Csc [e] * (2*a*b*Cos[e] + a~2*Sin[e] - b~2*Sin[e]))/3 + (2xb~2*c*d*C
sc[el*(-(f*xx*Cos[e]) + Logl[Cos[f*x]*Sin[e] + Cos[e]l*Sin[f*x]]1*Sin[el))/ (£~
2%(Cos[e]~2 + Sin[e]l~2)) + (2*a*bxc~2*Cscle]*(-(f*x*Cos[e]) + Logl[Cos[f*x]
*Sin[e] + Cos[el*Sin[f*x]]1*Sinl[e]))/(£*(Cos[e]~2 + Sin[e]~2)) + (Csc[e]l*Cs
cle + fxx]*(b~2xc™2*Sin[f*x] + 2¥b~2*cxd*x*Sin[f*x] + b~2*d"2*x"2*Sin [f*x]
)/t - (b™2*%d"2xCsc[e]*Sec[e]l *(E~ (I*ArcTan[Tan[e]])*f~2*x"2 + ((I*f*x*(-Pi
+ 2%ArcTan[Tan[e]]) - PixLogl[l + E~((-2*I)*f*x)] - 2*(f*x + ArcTan[Tan[e]
1) *Logl[1l - E~((2*I)*(f*x + ArcTan[Tan[e]]))] + Pi*Log[Cos[f*x]] + 2*ArcTan
[Tan[e]]l*Log[Sin[f*x + ArcTan[Tan[e]]]] + I*PolyLogl[2, E~((2*I)*(f*x + Arc
Tan[Tan[e]l]))])*Tan[e]l)/Sqrt[1 + Tan[e]~2]))/(£~3*Sqrt[Sec[e]~2*(Cos[e] "2
+ Sin[e]~2)]) - (2xaxb*cxd*Csc[e]l*Sec[e]*(E~(I*ArcTan[Tan[e]])*£f2*x~2 + (
(Ixf*xx*x(-Pi + 2*ArcTan[Tan[e]]) - PixLog[1l + E~((-2*I)*f*x)] - 2*(f*x + Ar
cTan[Tan[e]l])*Log[1l - E~((2*I)*(f*x + ArcTan[Tan[e]l]))] + Pix*Log[Cos[f*x]]
+ 2xArcTan[Tan[e]]*Log[Sin[f*x + ArcTan[Tan[e]l]]] + I*PolyLogl[2, E~((2...

3.43.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.150, Rules used

' integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)%(a + beot(e + fx))? dx
| 3042

/(c—l— dzx)? <a — btan (e + fx + g))2da:
| 4205
/ (a®(c + dz)? + 2ab(c + dz)® cot(e + fz) + b*(c + dz)? cot?(e + fz)) dx

l 2009

343.  [(c+dz)*(a+beot(e + fz))*dzx
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a®(c+dz)®  2iabd(c + dz) PolyLog (2, e?(c+/2)) N 2ab(c + dz)?log (1 — e?(e+/2))

3d 2
2iab(c + dz)®  abd? PolchJ:g (3, e2ilet o)) N 2b2d(c + dz) log (1f_ e2ile+ /)
3d f3 f2
b2(c+dz)2cot(e+ fz) ib*(c+dx)? b2(c+dz)®  ib%d?PolyLog (2, e*(+f2))
f - f sd 73

input LInt[(c + d*x)"2%(a + b*Cot[e + f*x])"2,x]

output | ((-I)*b"2x(c + d*x)~2)/f + (a"2x(c + d*x)~3)/(3*d) - (((2*I)/3)*a*bx(c + d
*x)"3)/d - (b"2*(c + d*x)73)/(3%d) - (b"2x(c + d*x)~2*Cot[e + f*xx])/f + (2
*b~2xd*(c + d*x)*Log[1l - E~((2*I)*(e + £*x))])/£72 + (2*axbx(c + d*x) ~2xLo
gll - ET((2*%ID)x(e + £*x))]1)/f - (I*b~2*d"2xPolyLog[2, E~((2*I)*(e + f*x))]
)/£7°3 - ((2xI)*a*bxd*(c + d*x)*PolyLog[2, E~((2*I)*(e + f*x))])/f~2 + (a*b
*d~2*%PolyLog[3, E~((2*I)*(e + £*x))])/£f"3

3.43.3.1 Defintions of rubi rules used

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

e

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4205‘(Int[((c_.) + (d_)*(x))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N

~

3.43.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 931 vs. 2(207) = 414.

Time = 0.80 (sec) , antiderivative size = 932, normalized size of antiderivative = 4.11

method | result size

risch Expression too large to display | 932

343.  [(c+dz)*(a+beot(e + fz))*dzx
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input{int((d*x+c)“2*(a+b*cot(f*x+e))“2,x,method=_RETURNVERBOSE)

output | d*a~2*c*x"2+a"2%c”2*x-d*b " 2*c*x"2+4/f " 3*%b"2%e*d"2*1n (exp (I* (f*x+e)))-2/£"3
*b~2xe*d~2+1n (exp (I*(f*x+e))-1)+2/f*b*a*c”2*1n(exp (I*(f*x+e))+1)-4/f*b*a*c
~2*1n(exp (I*(f*x+e)))+2/f*b*axc”™2x1n (exp (I* (f*x+e))-1)+2/£"2*b~2*c*d*1n(ex
p(Ix(fxx+e))+1)-4/f"2xb"2xc*d*1n (exp (I* (f*x+e)))+2/f " 2xb~2xc*d*1n (exp (I* (£
xx+e))-1)+4/f"3*b*a*d"2*polylog(3,exp(I* (f*x+e)))+4/f " 3xbxaxd~2xpolylog(3,
—exp(Ix(f*xx+e)))+2/£73*%b~2+d"2*1n(1-exp (I* (f*x+e)) ) *e+2/£~2+%b"2*xd"2+1n(1-e
xp(I*(f*x+e)))*x+2/f72¥b"2xd"2+1n (exp (I* (fxx+e) ) +1) *x—-2%I/f*xb"2%d~2%x~2-2%
I/£~3%b~2%d"2*e"2-2*I/f " 3%b~2*d~2*polylog(2,exp (I* (f*x+e)))-2+I/f~3%b~2%d"
2%polylog(2,-exp(I*(f*x+e)))-2/3*I*d " 2*axbkx~3-2%I*xb~ 2% (d~2*x~2+2*kc*d*x+c”
2) /£/ (exp(2*I* (fxx+e))-1)-2/f " 3*bxa*d~2*1n(1-exp (I* (f*x+e)))*xe~2+2/f*bxa*d
~2%1n(exp (I* (f*x+e))+1) *x"2+2/fxb*a*d~2x1n (1-exp (I* (f*x+e))) *x~2-4/f"3*b*e
~2*axd~2*1n(exp (I* (f*x+e)))+2/f " 3xb*e~2+a*xd~2*1n (exp(I* (f*x+e))-1)+8/3*I/f
“3*b*axd"2*e”3-4*1/f "2%b"2xd"2%e*x—2*I*d*axbkxc*x~2-8*I1/f*b*d*cxaxe*x—4x1/f
~2xb*a*d~2*polylog(2,-exp (I* (f*x+e)) ) *x+4*I/f"2xb*a*d~2%e~2%x—-4*1/f ~2¥b*ax
d~2#polylog(2,exp(I*(f*x+e)))*x—-4*1/f ~2*b*d*c*a*e”2+8/f ~"2*b*exa*c*d*1ln(exp
(I*(fxx+e)))-4/f"2xb*e*xaxcxd*1ln(exp (I* (f*x+e))-1)+4/f*b*d*c*a*ln(1-exp (I*(
f*x+e)))*x+4/f*bxd*c*axln(exp (I* (f*x+e))+1)*x+4/f " 2*b*d*c*axln(1-exp (I* (f*
x+e) ) ) *e-4*I/f"2xb*d*cxaxpolylog(2,exp (I*(f*x+e)))-4*I/f 2*b*d*c*a*polylog
(2,-exp (I*(f*x+e)))+2*Ixa*xbxc™2+x+2/3+I/d*axb*c~3+1/3*xd"2%a~2%x"3+1/3/d*a"
2%c”3-1/3*d"2*b"2*x"3-b"2*c"2%x-1/3/d*b"2*c"3

3.43.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 715 vs. 2(201) = 402.

Time = 0.29 (sec) , antiderivative size = 715, normalized size of antiderivative = 3.15

/(c +dz)*(a + beot(e + fx))*dx =
6 b2d? f2x? 4 12 b%cdf?z + 6 b2c2 f2 — 3 abd*polylog(3, cos (2 fx +2€) + i sin (2 fr + 2¢€)) sin (2 fx + &

input‘integrate((d*x+c)‘2*(a+b*cot(f*x+e))“2,x, algorithm="fricas") ‘

343.  [(c+dz)*(a+beot(e + fz))*dzx



output
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-1/6*%(6*%b"2xd"2+%f"2%x"2 + 124D 2xcxd*f"2%x + 6*%b"2xc"2+f"2 - 3*a¥bkd~2x*pol
ylog(3, cos(2*f*x + 2%e) + I*ksin(2*f*x + 2%e))*ksin(2*f*x + 2%e) - 3*axbxd”
2xpolylog(3, cos(2*f*x + 2xe) - I*sin(2*fxx + 2%e))*sin(2xf*x + 2*e) + 3*(
2xI*axb*d~2*f*x + 2xI*kaxbkcxd*f + I*b~2*d"2)*dilog(cos(2*f*x + 2xe) + Ixsi
n(2xf*x + 2%xe))*sin(2xf*x + 2xe) + 3x(-2xI*axb*d~2xf*x — 2xI*axb*ckd*f - I
*b~2xd"2) *dilog(cos (2*f*x + 2%e) - I*sin(2%f*x + 2%e))*sin(2*f*x + 2%e) -

6% (axb*d~2%e~2 + axb*c”2*%f"2 - b~2%d"2%e - (2*axbxckdxe - b~2xcxd)*f)*1log(
-1/2*%cos(2*f*x + 2%e) + 1/2*Ixsin(2xf*x + 2%e) + 1/2)*sin(2*f*x + 2%e) - 6
*(a*b*d"2%e"2 + axb*c”2*f"2 - b"2*d"2xe - (2xa*b*ckd¥*e - b~ 2xc*d)*f)*log(-
1/2xcos(2*f*x + 2%e) - 1/2xIxsin(2*fxx + 2%e) + 1/2)*sin(2xf*x + 2xe) - 6%
(a*bxd~2+f"2%x"2 - axb*d"2*e”2 + 2¥axbkcxd*exf + b 2*d"2xe + (2xa*bxckxd*f”
2 + b72*%d"2xf)*x)*log(-cos (2*f*x + 2%e) + Iksin(2*f*x + 2%e) + 1)*sin(2xf*
X + 2%e) - 6%(axbxd"2xf72xx"2 - axbxd"2xe”2 + 2xaxbxcxdxexf + b 2xd"2xe +

(2*%axb*cxd*£72 + b~2*d"2*f)*x)*log(-cos(2xf*x + 2%e) - I*sin(2*f*x + 2xe)

+ 1)*sin(2xf*x + 2%e) + 6% (b"2*%d"2+f72%x"2 + 2xb " 2xc*kd*f 2%x + b 2*c"2*f72
Y*cos(2xf*x + 2xe) - 2%((a”2 - b72)*d"2*£73*x"3 + 3x(a”2 - b72)*ckd*f " 3*x”
2 + 3%(a”2 - b72)*c"2xf"3*x) *sin(2xf*x + 2xe))/ (£ 3*sin(2*f*x + 2xe))

3.43.6 Sympy [F]

/ (c + dz)2(a + beot(e + f)) dz = / (a+beot (e + £2))2 (c + dx)? da

inputLintegrate((d*x+c)**2*(a+b*cot(f*x+e))**2,x)

output

N

~—

Integral((a + b*cot(e + f*x))**2*(c + d*x)**2, x)

J

3.43.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1948 vs. 2(201) = 402.

Time = 0.59 (sec) , antiderivative size = 1948, normalized size of antiderivative = 8.58

/(c +dz)*(a + beot(e + fr))? dr = Too large to display

input‘integrate((d*x+c)“2*(a+b*cot(f*x+e))”2,x, algorithm="maxima")

343.  [(c+dz)*(a+beot(e + fz))*dzx



output
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1/3%(3x(f*x + e)*a~2%c™2 + (f*x + e) 3*a~2+%d~2/f"2 - 3*x(f*x + e) " 2%a~2xd"2

xe/f"2 + 3k (fxx + e)*a”~2%d"2*e”2/f"2 + 3x(f*x + e) "2*xa”~2*cxd/f - 6x(f*x +

e)*a~2kcxd*e/f + 6*axb*c”2xlog(sin(f*x + e)) + 6xa*bxd"2xe”2*xlog(sin(f*x +
e))/f"2 - 12*axbxc*d*e*xlog(sin(f*x + e))/f + 3*%((2%axb - I*b~2)*(f*x + e)
“3*%d"2 - 6*%b"2%d"2*xe"2 + 12*b"2xckd*e*xf - 6x%b"2xc"2xf"2 - 3k ((2*xaxb - I*b~
2)*%d"2%e - (2*axb — I*b~2)*kckd*f)*(f*x + e)72 - 3*x(I*b"2%d"2%e"2 - 2*I*b~2
xcxdkexf + I*¥b~2kc™2*xf"2)*(f*x + e) - 6x((f*x + e) 2xaxb*d™2 - b"2*xd"2%e +
b~ 2*ckxd*f - (2ka*bxd"2%e — 2*axbxckd*f — b™2xd"2)*(f*x + e) - ((f*x + e)”
2xaxb*d"2 - b~2*%d"2*e + b"2xcxd*f - (2kaxbxd"2%e - 2%axbkckxd*f - b~2xd"2)*
(f*x + e))*cos(2xf*xx + 2xe) + (-I*(f*x + e) 2*kaxb*xd"2 + I*b~2%d"2%e - I*b~
2xckd*f + (2%I*axb*xd~2%e - 2%Ikaxbkxckd*f - I*b~2xd~2)*(f*x + e))*sin(2*f*x
+ 2xe))*arctan2(sin(f*x + e), cos(fxx + e) + 1) + 6%(b"2%xd"2%e - b~ 2xc*d*
f - (b72%d"2xe — b~ 2*xckd*f)*cos(2*f*x + 2xe) — (I*b"2*d"2%e - I*b~2*cxd*f)
*sin(2xf*x + 2%e))*arctan2(sin(f*x + e), cos(f*x + e) - 1) + 6x((f*x + e)~
2%a*xb*d"2 - (2*xaxbxd"2%e - 2*axbkckd*f - b"2*xd"2)*x(f*x + e) - ((f*x + e)72
*axb*d~2 - (2*axb*d"2xe - 2xakbkckxdkf - b"2*%d"2)*(f*x + e))*cos(2xf*x + 2%
e) — (I*x(f*xx + e) 2%axbxd"2 + (-2*Ixa*b*d~2*e + 2kxI*axbxckd*f + I*b~2*d"2)
*(fxx + e))*sin(2xfxx + 2%e))*arctan2(sin(f*x + e), -cos(f*x + e) + 1) - (
(2xaxb - Ixb~2)*(f*x + e)~3*d"2 + 3*(2*%b~2+%d"2 - (2*axb - I*b~2)*d"2*e + (
2xaxb — I*b~2)kckd*f)*(£xx + e) "2 + 3*x(~I*b"2xd"2%e”2 - I*b~2*c™2*f"2 -...

-

3.43.8 Giac [F]

/(c + dz)?*(a + beot(e + fx))? dx = / (dz 4 c)*(beot (fz + €) + a)’ dx

inputLintegrate((d*x+c)‘2*(a+b*cot(f*x+e))‘2,x, algorithm="giac")

output

N

-/

integrate((d*x + c) " 2x(b*cot(f*x + e) + a)~2, x)

_

343.  [(c+dz)*(a+beot(e + fz))*dzx
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3.43.9 Mupad [F(-1)]

Timed out.

/(c+dm)2(a+bcot(e+fx))zdx: /(a+bcot(e+fx))2 (c+do)’dz

input Lint((a + b*cot(e + f*xx)) " 2x%(c + d*x)~2,x)

outputtint((a + bkcot(e + f*x))~2%(c + d*x)"2, x)

343.  [(c+dz)*(a+beot(e + fz))*dzx
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3.44 [(c+dz)(a+beot(e + fz))* dx

3.44.1 Optimalresult . . . . . . . . . .. 321
3.44.2 Mathematica [A] (verified) . . . . . .. .. ... L oo B21]
3.44.3 Rubi [A] (verified) . . . . . ... ..
3.44.4 Maple [B] (verified) . .. . ... . ... ..
3.44.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 324
3.44.6 Sympy [F] . . . . .
3.44.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3448 Giac [F] . . . . . o 326
3.44.9 Mupad [F(-1)] « v v v oo e

3.44.1 Optimal result

Integrand size = 18, antiderivative size = 137

2 2
/(c + dz)(a + beot(e + fz))* dz = —bPcx — %de:cz + a(c2;ddx)

_iab(c+dx)*  b*(c+dx)cot(e + fx)

d f
2ab(c + dz) log (1 — e?(e+f)
f .
b?dlog(sin(e + fx))  iabd PolyLog (2, e%(¢t/2)
+ 72 — 2

output \ -b~2%c*xx-1/2%b"2*%d*x"2+1/2%a"~2* (d*x+c) ~2/d-I*axb* (d*x+c) ~2/d-b~2*x (d*x+c) *c \
ot (fxx+e) /f+2*axbx (d*x+c) ¥1n(1-exp(2+I* (f¥x+e))) /f+b~2*d*1n(sin(f¥x+e)) /£
| 2-T*a*b*d*polylog(2,exp(2+I* (f*x+e)))/£™2 J

3.44.2 Mathematica [A] (verified)

Time = 8.52 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.74

/(c +dz)(a + beot(e + fz))?dx
(a+bcot(e + fz))*sin(e + fz) (—2b*f(c + dz) cos(e + fz) — (a — b)(a + b)(e + fz)(—2¢cf + d(e — fx)

344.  [(c+dz)(a+bcot(e+ fz))?dx
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input | Integrate[(c + d*x)*(a + bxCotle + £*x1)~2,x]

output | ((a + b*Cot[e + f*x]) 2*Sin[e + f*x]*(-2*¥b~2*f*(c + d*x)*Cos[e + f*x] - (a
- b)*(a + b)*(e + fxx)*(-2%cxf + d*(e - f*x))*Sinle + fxx] + 2¥b~2*d*(Log
[Cos[e + f*x]] + Logl[Tan[e + f*x]])*Sin[e + f*x] - 4*a*b*d*e*x(Log[Cos[e +
f*x]] + Logl[Tan[e + f*x]])*Sin[e + fxx] + 4xaxb*cxf*(Log[Cos[e + f*x]] + L
ogl[Tan[e + f*x]])*Sin[e + f*x] + 4xa*b*d*((e + f*x)*Log[l - E~((2*xI)*(e +
fxx))] - (I/2)*((e + £xx)~2 + PolyLog[2, E~((2*I)*(e + f*x))]))*Sin[e + f*
x]))/(2*%£~2* (b*Cos[e + f*x] + a*Sinl[e + f*x])~2)

3.44.3 Rubi [A] (verified)
Time = 0.40 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.99,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(a + beot(e + fz))? dz
| 3042
/(c—l— dz) (a _btan (e+ fr+ g))de
| 4205

/ (a®(c + dz) + 2ab(c + dz) cot(e + fz) + b*(c + dz) cot?(e + fz)) dx

| 2009
a*(c+ dz)? N 2ab(c + dz)log (1 — e*©+f2))  jgb(c + dz)2>  iabd PolyLog (2, e?(¢+f2))
2d f d 2
b%(c+dz)cot(e + fx) b*(c+dx)? b2dlog(sin(e + fz))
i T 72

-

input LInt[(c + d*x)*(a + b*Cot[e + f*x])~2,x]

344.  [(c+dz)(a+bcot(e+ fz))?dx

~—
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output‘(a“2*(c + d*x)~2)/(2%d) - (I*a*bx(c + d*x)~2)/d - (b~2%(c + d*x)~2)/(2xd)
\- (b~2%(c + d*x)*Cotl[e + f*x])/f + (2xa*bx(c + d*x)*Logl[l - E~((2xI)*(e +
£%x))1)/f + (b~2xd*LoglSinle + £*x]1)/£°2 - (I*axbxd*PolyLogl[2, E~((2*I)*( |
‘e + £4x))1)/£72 |

3.44.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x.)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

3.44.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 364 vs. 2(127) = 254.

Time = 0.72 (sec) , antiderivative size = 365, normalized size of antiderivative = 2.66

method | result

. 24 52 ib2 2422 2ibad polylog (2,e*(fz+e) ; b2dIn(ef(fote) 41
risch —rda” _ f(zf};(}jf;ﬁ‘?l) + @z pep — 22 poyofz( . ) 4 a%cz — dibades n(e 7 ) _
inputLint((d*x+c)*(a+b*cot(f*x+e))‘2,x,method=_RETURNVERBOSE) J

output | -1/2%b~2*d*x~2-2*xI*b~2* (d*x+c) /£/ (exp (2*xI* (f*x+e) ) -1)+1/2*a " 2xd*x~2-b"2*c*
x-2*I/f"2xb*a*d*polylog(2,exp (I*(f*x+e)))+a”2xc*x—-4*I/f*b*axd*exx+1/f"2xb"
2*xd*1n (exp (I*(f*x+e))+1)-2/f"2%b~2*d*1n (exp (I* (f*x+e)))+1/£f"2xb~2*d*1n (exp
(I*(fxx+e))-1)+2/fxb*axcx1ln(exp (I*(f*x+e))+1)-4/f*b*axcxln(exp (I*(f*x+e)))
+2/f*bxa*c*1ln(exp (I* (fxx+e))-1)+4/f " 2*bxexa*d*1n(exp (I* (f*x+e)))-2/f " 2*bxe
*xa*xd*1n(exp (I* (f*x+e))-1) -I*a*b*d*x~2+2*I*a*xbxcxx—-2*I/f 2xb*a*d*polylog(2,
-exp(Ix(f*xx+e)))+2/f*bkaxd*1n(1-exp (I*(£xx+e)))*x+2/f " 2xb*a*d*1ln(1-exp (I*(
fxx+e)))xe-2%I/f"2+b*axdxe~2+2/fxbxa*d*1n (exp (I* (f*x+e))+1)*x

344.  [(c+dz)(a+bcot(e+ fz))?dx
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3.44.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 378 vs. 2(124) = 248.

Time = 0.28 (sec) , antiderivative size = 378, normalized size of antiderivative = 2.76

/(c +dz)(a + beot(e + fz))* dr =
2b%dfz + i abdLiz(cos (2 fz + 2¢e) + i sin (2 fx + 2¢€)) sin (2 fz + 2¢e) — i abdLis(cos (2 fx +2€) — i s

inputLintegrate((d*x+c)*(a+b*cot(f*x+e))“2,x, algorithm="fricas") J

/

output | -1/2*(2xb~2*d*f*x + I*a*bxd*dilog(cos(2*f*x + 2%e) + I*sin(2*f*x + 2%e))*s
in(2xf*x + 2%e) - I*a*bk*d*dilog(cos(2*xf*x + 2%e) - I*sin(2*f*x + 2+%e))*sin
(2%f*x + 2%e) + 2*%b"2xc*xf + (2*axbxdxe - 2xaxb*c*f - b~2*d)*log(-1/2*cos(2
*f*xx + 2%e) + 1/2xI*sin(2*fxx + 2%e) + 1/2)*sin(2*f*x + 2xe) + (2*axb*dxe

- 2%axbxcxf - b~2xd)*log(-1/2*cos(2*f*x + 2%e) - 1/2xIxsin(2*fxx + 2%e) +

1/2)*sin(2*f*x + 2xe) - 2*x(axbkd*f*x + axbkd*e)*log(-cos(2xf*x + 2xe) + Ix
sin(2*f*x + 2*%e) + 1)*sin(2xf*x + 2%e) - 2*(a*bxd*f*x + axb*d*e)*Llog(-cos(
2xf*xx + 2%e) - I*sin(2*f*x + 2%e) + 1)*sin(2*f*x + 2%e) + 2x(b"2*d*f*x + b
“2xc*f)*cos(2xf*x + 2%e) - ((a”2 - b~2)*d*f"2*x"2 + 2%(a"2 - b~2)*cxf"2*x)
*sin (2%f*x + 2%e))/(£72*sin(2*f*x + 2xe))

3.44.6 Sympy [F]

/(c + dz)(a + beot(e + fz))’ dr = / (a +bceot (e + fx))? (c+ dx) dx

input ‘ integrate ((d*x+c)* (a+bxcot (f*x+e)) **2,x)

output  Integral((a + bxcot(e + £*x))**2*(c + d*x), x) |

344.  [(c+dz)(a+bcot(e+ fz))?dx
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3.44.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 774 vs. 2(124) = 248.

Time = 0.34 (sec) , antiderivative size = 774, normalized size of antiderivative = 5.65

/(c +dz)(a + beot(e + fx))? dx

2 ((2 ab—i b?) (fz+e)dA

B 2 (f.’l? + 6)&26 + (fz+;)2a2d _ 2(fw—|}e)a2de + 4abclog (SiIl (f.’l? + 6)) _ 4abdelog(;in(fx+e)) +

e

Lintegrate((d*x+c)*(a+b*cot(f*x+e))‘2,x, algorithm="maxima")

1/2%x (2% (fxx + e)*a"2%c + (f*xx + e) " 2*a~2%d/f - 2*%(f*x + e)*a~2xdxe/f + 4x*a
xb*xc*log(sin(f*x + e)) - 4xaxb*d*exlog(sin(fxx + e))/f + 2x((2*a*b - Ixb~2
Yx(fxx + e) 2%d + 4%b"2%d*e - 4*b 2kckf - 2% (-I*b~2kdke + I*b~2kc*f)*(f*x

+ e) - 2%(2x(fxx + e)*axbxd + b"2xd - (2x(f*x + e)*a*b*d + b~2*d) *cos(2xf*
X + 2%e) + (-2%I*(f*x + e)*axbxd — I*b~2%d)*sin(2xf*x + 2%e))*arctan2(sin(
fxx + e), cos(fxx + e) + 1) + 2%(b~2xd*cos(2*f*xx + 2%e) + I*b 2*d*sin(2*f*
x + 2xe) - b~2xd)*arctan2(sin(f*x + e), cos(f*x + e) - 1) - 4*x((f*x + e)*a
*bxd*xcos (2xf*xx + 2%e) + I*(f*x + e)*axbxdxsin(2xf*x + 2%e) - (f*x + e)*axb
*d)*arctan2(sin(f*x + e), -cos(f*x + e) + 1) - ((2*%axb - I*b~2)*(f*x + e)~
2%d + 2% (I*b"2*d*e — I*xb~2*cxf + 2*xb"2*d)*(f*x + e))*cos(2*f*x + 2%e) - 4x
(axbxd*cos(2*xf*x + 2%e) + I*a*bkd*sin(2*f*x + 2%e) - a*b*d)*dilog(-e~ (I*f*
x + I*e)) - 4*(axbxd*cos(2xf*xx + 2%e) + I*a*b*d*sin(2xfxx + 2%e) - axb*d)*
dilog(e~(I*fxx + I*e)) + (2xIx(fxx + e)*axb*d + Ixb~2*%d + (-2xI*(f*x + e)*
axbxd - I*b~2xd)*cos(2xfxx + 2%e) + (2x(f*x + e)*axbxd + b~2xd)*sin(2*f*x

+ 2xe))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2*cos(f*x + e) + 1) + (2*Ix(
f*x + e)*axbkd + I*b~2xd + (-2%xI*(f*xx + e)*axb*d — I*b~2*d)*cos(2*f*x + 2%
e) + (2%(f*x + e)*axb*d + b~2+d)*sin(2*xf*x + 2%e))*log(cos(f*x + e)"2 + si
n(fxx + e)”2 - 2%cos(f*x + e) + 1) + ((-2*%I*a*b - b~2)*(f*x + e)~2xd + 2*(
b~ 2xd*e — b~2%ckf - 2*%I*b"2xd)*(f*x + e))*sin(2*f*x + 2xe))/(-2*xI*f*cos (2%
fxx + 2%e) + 2*f*sin(2xfxx + 2ke) + 2%I*f))/f

344.  [(c+dz)(a+bcot(e+ fz))?dx
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3.44.8 Giac [F|

/(c+dz)(a+bcot(e+fx))2 dz = /(dm+c)(bcot (fr+e)+a)’dx

inputLintegrate((d*x+c)*(a+b*cot(f*x+e))‘2,x, algorithm="giac")

outputtintegrate((d*x + c)x(bkcot(f*xx + e) + a)72, x)

3.44.9 Mupad [F(-1)]

Timed out.

/(c—kdac)(a#—bcot(e—l—fx))2 dx =/(a+bcot(e—|—fac))2 (c+dx) dz

input Lint((a + b*cot(e + f*x)) 2x(c + d*x),x)

output Lint((a + bxcot(e + f*x)) 2x(c + d*x), x)

344.  [(c+dz)(a+bcot(e+ fz))?dx
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3.45.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(a+bcot(e+fa:))2d _q t(((JL—I-bcot(e—l-fﬂc))2 >
c+dx v= c+dx v

3.45.2 Mathematica [N/A]

Not integrable

Time = 25.48 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

(a+ beot(e + fac))2 (a+ beot(e + fx))?
/ c+dx c+dx

input LIntegrate[(a + b*Cot[e + f*x])72/(c + d*x),x]

output‘ Integrate[(a + bxCot[e + fxx])~2/(c + d*x), x]

3.45. [ letbetlehin)l gy
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3.45.3 Rubi [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ beot(e + fz))? i
c+dx

J’3042

)\ 2
/(a—btan(e+f:r+2)) i
c+dzx

l 4223

/ (a+ beot(e + fz))? di
c+dz

input‘ Int[(a + b*Cot[e + f*x])~2/(c + d*x),x] ‘

output ‘ $Aborted ‘

rule 3042

rule 4223

3.45.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.45. [ letbetlehin)l gy
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3.45.4 Maple [N/A] (verified)

Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+ bcot (fx+e))2dx
dz +c

input Lint ((at+b*cot (f*x+e)) "2/ (d*x+c) ,x)

output Lint ((at+b*cot (f*x+e) ) "2/ (d*x+c) ,x)

3.45.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

(a+beot(e+ fr))? , [ (beot (fz+e)+a)?
/ c+dzx do = / dr +c de

inputtintegrate((a+b*cot(f*x+e))‘2/(d*x+c),x, algorithm="fricas")

output Lintegral((b’?*cot(f*x + e)72 + 2¥axbxcot(f*x + e) + a”2)/(d*x + c), x)

3.45.6 Sympy [N/A]
Not integrable

Time = 1.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

dz

/ (a+beot(e + fx))? (a + beot (e + fz))?
dr =
c+dzx c+dx

input Lintegrate ((atbxcot (fxx+e))**2/ (d*x+c) ,x)

output LIntegral((a + bxcot(e + f*x))*x2/(c + d*x), x)

3.45. [ letbetlehin)l gy
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3.45.7 Maxima [N/A]

Not integrable

Time = 1.17 (sec) , antiderivative size = 697, normalized size of antiderivative = 34.85

(a+bcot(e+ fz))? . [ (beot (fz +e)+a)’
/ c+dx de _/ dx +c de

="maxima")

(((@”2 - b™2)*d*fxx + (a”2 - b~2)*c*f)*cos(2*f*x + 2%e) "2xlog(d*x + c) - 2
*b"2xd*sin(2*%fxx + 2xe) + ((a72 - b72)*dxf*x + (2”2 - b72)*cxf)*log(d*x +
c)*sin(2xf*x + 2*%e)”2 - 2+%((a”2 - b~2)*d*f*x + (2”2 - b~2)*cxf)*cos(2*f*x
+ 2xe)*xlog(d*x + c) - (d72*f*xx + cxd*f + (d"2*f*x + cxd*f)*cos(2xf*x + 2%e
)72 + (A72*f*x + c*d*f)*sin(2xfxx + 2%e) "2 — 2% (d"2*f*x + cxd*xf)*cos(2*xf*x
+ 2x%e))*integrate ((2*axb*xd*f*x + 2%axbxcxf — b~2xd)*sin(f*x + e)/(d"2*f*x
"2 + 2kckdxfxx + cT2*f + (d72*f*x72 + 2xckxdxfkx + c"2*f)*cos(f*x + e)72 +
(A72*f*xx"2 + 2kckdxf*xx + c™2*f)*sin(f*x + e€)72 + 2% (d"2*f*x"2 + 2xckxd*f*xx
+ c"2xf)*cos(f*x + e)), x) + (A72xfxx + cxd*xf + (d"2*xf*x + ckd*f)*cos(2+f*
X + 2%e) "2 + (d72xf*x + cxd*f)*sin(2xf*xx + 2%e) "2 - 2x(d"2xf*x + cxd*f)*co
s(2xf*x + 2xe))*integrate ((2*axb*dxf*x + 2*axbkc*f - b 2*d)*sin(f*x + e)/(
A724f*x72 + 2kckdxfxx + cT24f + (AT2kE*xXT2 + 2kckd*frx + c”2+f)*cos(fxx +
e)”2 + (d~2*%f*x"2 + 2kxckd*fxx + c”2xf)*sin(f*x + e)72 - 2% (d™2*f*x"2 + 2*c
*dxf*xx + c”2xf)*cos(f*x + e)), x) + ((a”2 - b"2)*d*f*x + (a"2 - b~2) *c*xf)x*
log(d*x + c))/(d~2*f*x + c*xd*f + (d"2*f*x + cxd*f)*cos(2xf*x + 2%e)”2 + (d
~2xfxx + cxd*f)*sin(2*f*x + 2%e) "2 — 2x(d"2kf*x + c*d*f)*cos(2xfxx + 2*e))

3.45.8 Giac [N/A]

Not integrable

Time = 0.37 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bceot(e+ fz))2 . [ (beot(fz +e)+a)’
/ c+dx de _/ dxr +c de

—"giac")

output‘ integrate((b*cot(f*x + e) + a)~2/(d*x + c), x)

3.45. [ letbetlehin)l gy
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3.45.9 Mupad [N/A]

Not integrable

Time = 12.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(a-f—bcot(e—l—fac))2 e — (a + beot(e + fz))? i
c+dx ct+dzx

inputtint((a + bxcot(e + £*x))~2/(c + d*x),x)

outputLint((a + bxcot(e + f*x))~2/(c + d*x), x)

3.45. [ letbetlehin)l gy
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3.46 f (aL—Fbcot(H—fac))2 dx

(ct+dzx)?
3.46.1 Optimalresult . . .. ... ... . .. ... ..
3.46.2 Mathematica [N/A] . . . . . . . . .
3.46.3 Rubi [N/A] . . o oot oo
3.46.4 Maple [N/A] (verified) . . . . . . . ... . 334
3.46.5 Fricas [N/A] . . . o o 334
3.46.6 Sympy [N/A] . . . . 334
3.46.7 Maxima [N/A] . . . . . . ..
3.46.8 Giac [N/A] . . . . . .
3.46.9 Mupad [N/A] . . . .

3.46.1 Optimal result

Integrand size = 20, antiderivative size = 20

(a+bcot(e+ fx))? , (a+ beot(e + fz))?
/ (c+ dx)? do = Int ( (c+ dz)? ’ x)

output LUnintegrable ((a+b*cot (fxx+e)) "2/ (d*x+c) ~2,x) J

3.46.2 Mathematica [N/A]

Not integrable

Time = 20.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a+beot(e + fx))? g — (a+ beot(e + fx))?

(¢ + dx)? N (c+ dx)? do

p
input LIntegrate[(a + b*Cot[e + f*x])~2/(c + d*x)~2,x]

~—

output LIntegrate[(a + b*Cot[e + f*x])72/(c + d*x)72, x]

~—

a cot(e xr 2
3.46. [ (Hbeotleifn) gy



CHAPTER 3. LISTING OF INTEGRALS 333

3.46.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ beot(e + fz))? i
(c+dzx)?

l 3042
(a—btan (e + fz+ I))2
/ (c+ dx)? da
J'4223

/ (a +bcot(e + fx))? i
(c+ dz)?

input\ Int[(a + bxCot[e + f*x])~2/(c + d*x)~2,x]

output L$Aborted

3.46.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a-+0cot(e $2
3.46. [ el gy
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3.46.4 Maple [N/A] (verified)

Not integrable

Time = 0.49 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+beot (fz + e))de
(dz + c)®

input Lint ((atb*cot (f*x+e) ) "2/ (d*x+c) ~2,x)

—

output Lint ((at+bxcot (f*x+e)) "2/ (d*x+c) ~2,x%)

3.46.5 Fricas [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

dz

/(a+bcot(e+fz (bcot fx+e)+ )
(c+dx)? dz+c

input Lintegrate ((atbxcot (f*x+e)) "2/ (d*x+c)~2,x, algorithm="fricas")

output‘ integral ((b"2*cot (f*x + e)~2 + 2xaxbxcot(f*x + e) + a~2)/(d™2*x"2 + 2xcxdx*
‘x + ¢c72), x)

3.46.6 Sympy [N/A]
Not integrable

Time = 2.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+beot(e+ fr))? , [ (a+bcot(e+ fzr))? .
/ (c+ dzx)? de = / (c + dz)® d

input Lintegrate ((atb*cot (f*x+e) ) **2/ (d*x+c) **2,Xx)

—

output LIntegral((a + bxcot (e + fxx))**2/(c + d*x)**2, x)

a cotle 9 2
3.46. [ el gy
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3.46.7 Maxima [N/A]

Not integrable

Time = 1.94 (sec) , antiderivative size = 910, normalized size of antiderivative = 45.50

(a+beot(e+ fz))? , [ (beot (fz+e)+a)? .
/ (c+dx)? dz = / (dx + 0)2 d

input ‘ integrate ((atb*cot (f*x+e))~2/(d*x+c)~2,x, algorithm="maxima")

output

-((a”2 - b™2)*d*f*x + 2*b"2*d*sin(2*xf*x + 2%e) + (a2 - b™2)*c*xf + ((a~2 -
b~2) *dxf*x + (a"2 - b"2)*c*f)*cos(2xf*x + 2%e)”2 + ((a”2 - b72)*xd*xf*x + (
a2 - b"2)xcxf)*xsin(2xf*x + 2%e)”2 - 2*x((a”2 - b72)*d*f*x + (a”2 - b~2)*cx*
f)*kcos(2*f*x + 2%e) + (d73*f*x"2 + 2kc*kd"2*f*x + c™2xd*xf + (d"3*f*x"2 + 2%
cxd"2xfxx + cT2kd*f)*cos(2*f*xx + 2%xe) "2 + (d73*f*x"2 + 2*xckd"2xfxx + c72*d
*f)*xs5in(2xfxx + 2%e) "2 — 2% (d"3*f*x"2 + 2xckd"2kf*x + c2*d*f)*cos(2xf*xx +
2%e))*integrate (2% (axbkd*f*x + a*bkcxf - b~2+d)*sin(f*x + e)/(d"3*f*x"3 +
3xckd"2kExx"2 + 3kcT2*d*kfxx + cT3*kf + (d73*f*x73 + 3kckdT2xf*x72 + 3xcT2*
d*f*x + c”3*xf)*kcos(f*xx + )72 + (A"3*kf*x"3 + 3Ikckd 2*Ff*kx"2 + 3kcT2kdxf*x +
c~3xf)*xsin(f*x + e)72 + 2% (d"3*f*x"3 + 3kckd"2xf*x"2 + 3*kcT2xd*xfxx + c”3*
f)xcos(f*x + e)), x) - (A73*%f*xx"2 + 2xc*xd"2%f*x + c”2*%d*xf + (d"3*f*x"2 + 2
*ckd " 2xfxx + cT2kd*f)*cos(2*f*x + 2xe) "2 + (A73*kf*x"2 + 2*ckxd"2xfxx + cT2*
d*xf) *sin (2*f*x + 2%xe) "2 — 2x(d"3*f*x"2 + 2*c*xd"2xf*xx + c”2kd*f)*cos (2*f*x
+ 2xe))*integrate (2x (a*b*d*f*x + axbkc*f - b~2*d)*sin(f*x + e)/(d"3*f*x"3
+ 3kckd"2*f*x72 + 3kcT2xdxfkx + c"3*%f + (d73*f*xx"3 + 3kckd"2kf*x"2 + 3*%c72
*dxf*x + c"3*f)*kcos(f*xx + e)"2 + (d"3*f*x"3 + 3*ckd"2*xf*x"2 + 3*kc 2kd*f*x
+ c"3*f)*sin(f*x + e)72 — 2% (A"3*f*x"3 + 3kckd"2*f*x"2 + kc"2kd*f*x + c”3
*f)*xcos(f*xx + e)), x))/(d"3*f*x"2 + kckd 2kxf*rx + c 2xd*f + (d"3*f*x"2 + 2
*ckd"2*¢fxx + cT2kd*f) *cos(2xfxx + 2%e) "2 + (d73*f*x"2 + 2*kcxd"2xf*x + cT2%
d*f)*sin(2*xf*xx + 2%e) "2 — 2% (d"3*f*x"2 + 2*xckd"2*f*x + c”2*%d*f)*cos(2*f...

3.46.8 Giac [N/A]

Not integrable

Time = 2.87 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fz))? , [ (beot (fz+e)+a)? .
/ (c+dx)? dz = / (dx + 0)2 d

3.46. [ letbetletfal gy
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input Lintegrate ((atbxcot (fxx+e)) 2/ (d*x+c)"2,x, algorithm="giac")

output Lintegrate((b*cot(f*x +e) + a)72/(d*x + ¢)72, x)

3.46.9 Mupad [N/A]

Not integrable

Time = 12.67 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fz))? , [ (a+bcot(e+ fx))? .
/ (c+dx)? dz = / (c+ dar:)2 d

input‘ int((a + bxcot(e + f*x))~2/(c + d*x)~2,x)

output Lint((a + bxcot(e + £*x))~2/(c + d*x)"2, x)

a cotle 9 2
3.46. [ el gy
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3.47.

J(c+dz)?(a+beot(e + fz))?dzx
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3.47.1 Optimal result

Integrand size = 20, antiderivative size = 603

3ib*d(c+ dz)*>  3iab*(c+dz)® b(c+ dx)?
oo f  of
a*(c+dz)*  3ia’b(c+dz)*  3ab*(c+ dz)*
4d 4d - 4d
ib3(c+dz)*  3b3d(c+ dz)? cot(e + fx)
Sy R 22
3ab?(c + dx)3 cot(e + fz)
f
b3(c + dx)3 cot?(e + fx)
_ o7
3b3d%(c + dz) log (1 — e(e+/2))
+ 73
9ab*d(c + dz)?log (1 — e?(e+fo))
72
3a?b(c + dz)®log (1 — e*(e+f)
f
b3(c+ dz)3log (1 — e¥(et/2)
f
3ib3d3 PolyLog (2, e%(c+/2))
_ o7
9iab’d?(c + dz) PolyLog (2, e%(+/2))
_ 7
%ia’bd(c + dz)? PolyLog (2, e%(+/2))
_ T
3ib>d(c + dz)? PolyLog (2, e%(¢+/2))
+ 2
9ab*d® PolyLog (3, e?(¢+/2))
+ 2 f1
9a2bd?(c + dz) PolyLog (3, e(ct/2))
+ 23
3b%d?(c + dz) PolyLog (3, e%(¢+/2))
_ 2
9%ia’bd® PolyLog (4, e%(¢+/®))
+ Aft
3ib3d® PolyLog (4, e%(¢t/2))
_ 17

/(c +dz)*(a+ beot(e + fx))* dr =

347.  [(c+dz)*(a+beot(e + fz))ddzx
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output | -3/4*Ixb~3%d"3*polylog(4,exp(2*I*(fxx+e)))/f74-3/2%Ixb~3*d* (d*x+c) ~2/£72-1
/2¥b~3* (d*x+c) ~3/f+1/4%a"3* (d*x+c) ~4/d-3*I*a*b~2* (d*x+c) "3/f-3/4*a*b~2* (d*
x+c) "4/d-3/2*I*b~3*d"3*polylog(2,exp(2*I* (f*x+e)))/£~4-3/2%b~3*d* (d*x+c) "2
xcot (fxx+e) /£72-3%a*xb~2* (d*x+c) “3*cot (f*x+e) /£-1/2%b~3* (d*x+c) “3*cot (f*x+e
) "2/£+3*b"3%d"2* (d*x+c) *1n(1-exp (2*I* (f*x+e))) /£~ 3+9*axb~2*d* (d*x+c) ~2*1n(
1-exp (2xI* (f*x+e)))/f£72+3*a"2xb* (d*x+c) “3*1n(1-exp (2*I* (f*x+e))) /f-b~3* (d*
x+c) "3x1n(1-exp (2xI* (f*x+e))) /£-3/4xT*a”2+b* (d*x+c) ~4/d+3/2*Ixb"3*d* (d*x+c
) "2xpolylog(2,exp (2*I*(f*xx+e)))/f72+1/4%I*b~3* (d*x+c) ~4/d+9/4*I*a”2%b*d 3
polylog(4,exp (2+I*(f*x+e)))/f~4+9/2xa*b~2*d"~3*polylog(3,exp (2*xI*(f*x+e)))/
£74+9/2%a”~2%bxd 2% (d*x+c) *polylog(3,exp (2*I* (fxx+e)))/£~3-3/2*b"3*d 2 (d*x
+c) *polylog(3,exp(2*I* (f*x+e)))/£73-9/2*I*a~2*b*d* (d*x+c) “2*polylog(2,exp(
2xI* (fxx+e)))/f72-9xI*axb~2xd~2* (d*x+c) *polylog(2,exp (2*xI* (f*x+e))) /£~3

3.47.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 3129 vs. 2(603) = 1206.

Time = 8.22 (sec) , antiderivative size = 3129, normalized size of antiderivative = 5.19

/(c +dz)*(a + beot(e + fx))? dr = Result too large to show

input Integrate[(c + d*x)~3*(a + b*Cot[e + fxx])~3,x]

347.  [(c+dz)*(a+beot(e + fz))ddzx
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output | ((-(b~3%c~3) - 3*b~3*c"2xd*x - 3*b~3*kckd"2*x"2 - b~3*d"3*x"3)*Cscl[e + f*x]
~2)/(2xf) - (3*axb~2xd"3*E~(I*e)*Cscle]*((2*£~3*x"3)/E~((2*I)*e) + (3*I)*(
1 - E7((-2xI)*e))*f~2*x"2xLog[1 - E~((-I)*(e + £*x))] + (3*ID)*(1 - E~((-2%
I)*e) ) *f~2xx"2*Log[1l + E"((-I)*(e + £*x))] - 6%(1 - E~((-2%I)*e))*f*x*Poly
Log[2, -E"((-D*(e + f*x))] - 6*%(1 - E~((-2%I)*e))*f*x*PolyLog[2, E~((-I)*
(e + f*x))] + (6%I)*(1 - E~((-2%I)*e))*PolyLog[3, -E~((-I)*(e + £*x))] + (
6*%I)*(1 - E~((-2%I)*e))*PolyLog[3, ET((-I)*(e + £*x))]1))/(2xf~4) - (3*a~2%
bkc*xd~2*E~ (I*e)*Csc [e]* ((2%£73*x73) /E~((2%I)*e) + (3*I)*(1 - E~((-2%I)*e))
*f~2%x"2+Log[1 - ET((-D)*(e + £*x))] + (3*I)*(1 - E~((-2*I)*e))*f 2%x"2*Lo
gll + ET((-D*(e + £*x))] - 6%x(1 - E~((-2%I)*e))*f*xx*PolyLog[2, -E~((-I)*(
e + fxx))] - 6%(1 - E~((-2*I)*e))*f*x*xPolyLog[2, E~((-I)*(e + £f*x))] + (6%
D*(1 - E7((-2*%I)*e))*PolyLogl[3, -E~((-I)*(e + £*x))] + (6*%I)*(1 - E~((-2%
I)*e))*PolyLog[3, E~((-I)*(e + £*x))]1))/(2*x£~3) + (b~ 3*c*d"2*E~(I*e)*Cscle
I*((2%£73*x"3) /E~((2*I)*e) + (3*I)*(1 - E~((-2*%I)*e))*f~2*xx"2xLog[1l - E~((
-Dx(e + £f*x))] + (3*I)*(1 - E~((-2*I)*e))*f~2*x"2xLog[1l + E~((-I)*(e + f*
x))] - 6%(1 - E~((-2%I)*e))*fxx*PolyLog[2, -E~((-I)*(e + f*x))] - 6%(1 - E
~((-2xI)*e) ) *f*x*PolyLog[2, E~((-I)*(e + £*x))] + (6%I)*(1 - E~((-2xI)*e))
*PolyLog[3, -E~((-I)*(e + f*x))] + (6*%I)*(1 - E~((-2%I)*e))*PolyLog[3, E~(
(-D*(e + £*x))1))/(2%£7°3) - (3*a~2%b*d~3*E~ (I*e)*Cscle]*((£~4*x~4)/E~((2*
D*e) + (2*xI)*(1 - E~((-2xI)*e))*f~3*x"3xLog[l - E~((-I)*(e + £*x))] + ...

3.47.3 Rubi [A] (verified)

Time = 1.33 (sec) , antiderivative size = 603, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.150, Rules used

' integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + beot(e + fx))3 dx
| 3042

/(c+dz)3 <a—btan (e+fx+ g))?’da:

l'4205

/ (a®(c + dz)® + 3a®b(c + dz)® cot(e + fz) + 3ab®(c + dz) cot®(e + fz) + b*(c + dz)? cot® (e + fz)) d

l 2009

347.  [(c+dz)*(a+beot(e + fz))ddzx
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a3(c+dz)*  9a%bd?(c + dz) PolyLog (3,e%(e*/®)  9ia2bd(c + dz)? PolyLog (2, e(c+f2))
T 23 B 212
3a%b(c + dz)®log (1 — eX(+/®)  3ia2b(c + dz)*  9ia®bd® PolyLog (4, e%(c/2))
7 - 4d + 4fl
9iab%d?(c + dz) PolyLog (2, e*(¢+f2))  9ab?d(c + dz)?log (1 — e?(e+/2))
73 + 72
3ab%(c + dz)3 cot(e + fz)  3iab®(c+dx)®  3ab?(c+dz)?  9ab’d® PolyLog (3, e (+f2))
/ R 2/
3b3d?(c + dz) PolyLog (3,e%(+f2))  3b3d2(c + dx) log (1 — e2i(e+/2))
2f3 + f3
3ib3d(c + dz)? PolyLog (2, e2(e+/®)  3b3d(c + dx)? cot(e + fx)
22 - 22 -
b3 (c+dz)dlog (1 — eXCHfD))  p3(c+dx)dcot(e + fz) 3ib3d(c+dx)?  b3(c+ dx)?
/ - 2f 2P 2f "
ib3(c+dz)*  3ib3d® PolyLog (2, e2(e+/®)  3ib3d3 PolyLog (4, e(c+f2))
4d B 2f4 B 4f4

+

+

input Int[(c + d*x)~3%(a + b*Cot[e + f*x]1)~3,x]

output | (((-3*I)/2)*b~3*d*(c + d*x)~2)/£f72 - ((3*I)*a*xb~2*(c + d*x)~3)/f - (b"3*(c
+ d*x)"3)/(2%f) + (a”3*(c + d*x)"4)/(4*d) - (((3*I)/4)*a~2*b*x(c + d*x)~4)
/d - (3*%a*b~2x(c + d*x)~4)/(4xd) + ((I/4)*b~3*(c + d*x)~4)/d - (3*¥b~3*d*(c
+ d*x) "2#Cot[e + f*x])/(2%£72) - (3*a*xb”2*(c + d*x)~3xCot[e + f£xx])/f - (
b~3%(c + d*x)~3xCot[e + fxx]~2)/(2%f) + (3%¥b~3%d"2*(c + d*x)*Logl[l - E~((2
*I)x(e + £xx))])/£73 + (9*a*b~2+d*(c + d*x) 2xLogl[l - E~((2*I)*(e + £*x))]
)/£72 + (3*a~2xb*(c + d*x) 3xLogl[l - E~((2*I)*(e + £*x))])/f - (b"3*(c + 4
*x) "3xLog[1 - E~((2*I)*(e + £*x))]1)/f - (((3*I)/2)*b~3*d"3*PolyLog[2, E~((
2xI)*(e + £*x))])/£74 - ((9%I)*a*b~2*%d~2*(c + d*x)*PolyLog[2, E~((2*xI)*(e

+ £xx))1)/£73 - (((9%I)/2)*a~2*bxd*(c + d*x) 2+PolyLogl[2, E~((2*I)*(e + f*
x))1)/£72 + (((3*I)/2)*b~3*d*(c + d*x) 2*PolyLogl[2, E~((2*I)*(e + £*x))]1)/
£72 + (9%a*b~2xd~3*PolyLog[3, E~((2*xI)*(e + fxx))])/(2*£f~4) + (9*a~2*b*d~2
*(c + d*x)*PolyLog[3, E~((2*I)*(e + £*x))])/(2%£73) - (3*%b~3*d"2x(c + d*x)
*PolyLog[3, E~((2xI)*(e + f*x))]1)/(2*£~3) + (((9%I)/4)*a"~2+bxd~3*PolyLog[4
» ET((2%I)*(e + £*x))]1)/£74 - (((3%I)/4)*b~3*d~3*PolyLog[4, E~((2*I)*(e +

f*x))1)/f"4

347.  [(c+dz)*(a+beot(e + fz))ddzx
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3.47.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.47.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3160 vs. 2(535) = 1070.

Time = 0.94 (sec) , antiderivative size = 3161, normalized size of antiderivative = 5.24

method | result size
risch Expression too large to display | 3161

-

input Lint ((d*x+c) ~3*(atb*cot (f*x+e)) ~3,x,method=_RETURNVERBOSE)

-/

347.  [(c+dz)*(a+beot(e + fz))ddzx
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-1/£*b"3%c~3*1n(exp (I* (f*x+e) ) +1)+2/fxb~3*c~3*1n(exp (I* (fxx+e)))-1/f*b"3*c

~3*1n(exp (I* (f*x+e))-1)-3*%I*d~2*a~2¥bkcxx~3-9/2xIxd*a”2*bxc~2*x"2+18/f"3*b
*d~3*a"~2*polylog(3,exp (I* (f*x+e)))*x+18/f"3*%b*d~3*a~2*polylog(3,-exp(I*(f*
x+e) ) ) *x-6/£"2xb"3*e*xd*c~2*1n (exp (I* (f*x+e)))+3/f"2xb~3*e*xd*c~2*1n (exp (I*(
fxx+e))-1)+9/f"2xb~2*a*c”2*d*1n (exp (I*(f*x+e))+1)-18/f " 2*%b"2*a*c~2*d*1n(ex
p(Ix(£xx+e)))+9/£f~2*%b~2*a*xc " 2xd*1n (exp (I* (f*x+e))-1)-18/f 4*b~2%e~2*a*d 3%
1n(exp(I*(f*x+e)))+9/f ~4xb~2*e~2*a*xd "~ 3*1n (exp (I* (f*x+e))-1)-3/f*b"3*xc*d~2*
In(1-exp (I*(f*x+e)))*x"2-3/f*b"3*c*xd~2*1n (exp (I* (f*x+e))+1)*x"2+3/£ " 3*%b~3*
c*xd~2+1n(1-exp (I* (f*x+e))) *e"2-9/2+1/f ~4xb*d " 3*a"~2xe ~4+18+I/f ~4xb*d 3*a"2*
polylog(4,exp (I*(fxx+e)))+18%I/f 4*bxd"3*a~2*polylog(4,-exp(I* (f*x+e)))+3*
I/£"2%b~3*d*c~2%e~2+3*I/f ~2xb~3*d*c~2*polylog(2,exp (I* (fxx+e)))+3*I/£ 2%b"
3xdxc”2*polylog(2,-exp(Ix(fxx+e)))+2+I/f"3xb~3*d"3*e~3*x-6*I1/f " 3*%b"3*d"3*e
*x+3*I/£"2+%b"3*%d"3*polylog(2,-exp (I* (f*x+e)))*x"2+3*xI/f~2+%b"3*d~3*polylog(
2,exp(I*(f*xx+e)))*x"2-4*I/f"3+%b"3*c*d " 2*e~3-6*I1/f*xb " 2%a*xd"3*x"3+12+I/f 4*b
“2%a*d”~3*e~3+6/f 4xb*e”3*d"3*a"2*1n(exp (I* (f*x+e)))-3/f 4*b*e”3*d"3*a"2*1n
(exp(I*(f*x+e))-1)+6/£"3*%b"3*e"2*c*xd " 2*1n (exp(I* (f*x+e)))-3/£ " 3*xb"3*e " 2*c*
d"2*1n(exp(I*(f*x+e))-1)+3/f"4*b*d"3*a~2*1n(1-exp (I* (f*x+e)))*e 3+3/f*b*d"
3*a~2+1n(1-exp (I*(f*x+e))) *x"3+3/f*b*d"3*a~2+1n (exp (I* (f*x+e))+1)*x~3-3/f*
b~3%d*c”2*1n(1-exp (I*(f*x+e)))*x-3/f 2xb"3*d*c 2*1n(1-exp (I* (f*x+e)))*e-3/
f*b~3xd*xc~2*1n (exp (I* (f*x+e))+1) *x+9/f~2+b~2*a*d~3*1n(1-exp (I* (f*x+e)))...

3.47.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 2749 vs. 2(521) = 1042.

Time = 0.37 (sec) , antiderivative size = 2749, normalized size of antiderivative = 4.56

/(c + dz)*(a + beot(e + fz))® do = Too large to display

;
input  integrate((d*x+c) “3*(at+b*cot (f*x+e))~3,x, algorithm="fricas")

347.  [(c+dz)*(a+beot(e + fz))ddzx
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-1/8%(2*%(a"3 - 3*a*b”2)*d"3*f"4*x"4 - 8%b~3*c"3*f"3 - 8%(b~3*%d"3*f"3 - (a”

3 - 3*a*b~2)kckd"2*f"4)*x"3 - 12%(2*b"3*cxd"2+%f"3 - (a~3 - 3*axb”2)*c”2*d*
£f74)*x72 - 8% (3*xb"3xc"2xd*f~3 - (a”3 - 3*axb"2)*xc"3*f"4)*x - 2*%((a”3 - 3*a
*b72) *d"3*f"4*x"4 + 4%(a”3 - 3*axb"2)*xcxd"2*xf"4*x"3 + 6%(a”3 - 3*xaxb~2)*c”
2%d*f74%x72 + 4x(a”3 - 3*axb”2)*c"3*f 4*x)*cos(2xf*xx + 2%e) + 6% (-I*(3*%a"2
*b — b73)*A"3*f"2*%x"2 — 6*I*xaxb 2xckd"2*xf - I*b~3*%d"3 - I*(3*a"2*b - b~3)*
cT2kd*f72 - 2xI*(3*axb"2+%d"3*f + (3*a"2*b — b~ 3)*kckd"2*xf"2)*xx + (I*(3*a~2*
b - b73)*A"3*f"2*x"2 + 6*I*a*b 2xckd"2*xf + I*xb"3*%d"3 + I*(3*a"2*b - b~3)*c
"2%d*f"2 + 24Tk (3*axb~2xd"3*f + (3*a"2%b - b~3)*cxd"2*f"2) *x) *cos (2xf*x +
2*%e))*dilog(cos(2xf*xx + 2%e) + I*sin(2*f*x + 2*e)) + 6% (I*(3*a"2*%b - b~3)*
d"3*f"2%x"2 + 6xIxaxb~2xcxd"2%f + I*b~3*%d"3 + I*x(3*a~2%b - b~3)*c 2*d*f~2
+ 2%xIx(3*axb~2+%d"3*f + (3*a”2*b - b~ 3)*kc*kd~2*xf"2)*x + (-I*(3*a~2*b - b~3)*
d~3*%f"2%x"2 - 6xI*a*b~2xcxd"2*f - I*b~3*%d"3 - I*(3*a"2%b - b~3)*c~2xd*f~2
- 2%I*(3*a*xb~2xd"3*f + (3*a”"2%b - b"3)*c*d"2*f"2)*x)*cos(2*f*x + 2+*e))*dil
og(cos(2*f*x + 2%e) - I*sin(2xf*x + 2%e)) + 4x(9*a*b~2*d"3*e”2 - 3*b~3%d"3
xe — (3*%a”2%b - b"3)*d"3*e”3 + (3*%a"2%b - b"3)*c"3*f73 + 3*(3*ka*b”2*xc”2*d
- (3*a”2xb - b~ 3)*kc"2xd*e)*f~2 - 3*x(6*a*b"2kc*kd"2*e - b~ 3*kcxd"2 - (3*a"2*b
- b73)*cxd"2*e"2)*f - (9*axb~2*d"3*e”2 - 3*b"3*d"3*e - (3*a"2*b - b~3)*d”
3*xe”3 + (3*%a"2*b — b"3)*c"3*f"3 + 3*(3kaxb~2*c"2xd - (3*a”2*b - b~3)*c"2*d
xe)*f~2 - 3x(6*kaxb~2*ckd"2xe — b~3*kc*xd"2 - (3*a"2%b - b~3)kckd"2*e"2)*f. ..

-

3.47.6 Sympy [F]

/(c-l— dz)?(a + beot(e + fr))? dr = / (a+ beot (e + fx))® (¢ + dz)® dx

inputLintegrate((d*x+c)**3*(a+b*cot(f*x+e))**3,x)

output

N

-/

Integral((a + bxcot(e + f*x))**3x(c + d*x)**3, x)

_

347.  [(c+dz)*(a+beot(e + fz))ddzx
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3.47.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 11252 vs. 2(521) = 1042.

Time = 15.55 (sec) , antiderivative size = 11252, normalized size of antiderivative = 18.66

/(c +dz)*(a + beot(e + fz))* dz = Too large to display

p
inputLintegrate((d*x+c)“3*(a+b*cot(f*x+e))“3,x, algorithm="maxima"

~—

output | 1/4*%(4x(f*x + e)*a~3*c”3 + (f*x + e) "4*a~3*%d"3/f"3 - 4*(f*x + e) 3*a~3*d"3
xe/f"3 + 6x(f*x + e) 2%a"3*%d"3*e"2/f"3 - 4*x(f*x + e)*a"3*%d"3*e"3/f"3 + 4x*(
fxx + e) "3*%a"3*c*xd"2/f72 — 12x(f*x + e) "2*a"3*cxd"2xe/f"2 + 12k (f*x + e)*a
“3xcxd"2xe"2/f72 + 6% (f*x + e) 2%a"3xc”2xd/f - 12 (f*x + e)*a~3xc"2xd*e/f
+ 12%a~2+b*c"3xlog(sin(f*x + e)) - 12*a”2*%b*d~3*e”3*log(sin(f*x + e))/£f73
+ 36%a”2%b*cxd"2xe”"2*log(sin(f*x + e))/f72 - 36%a~2%b*c~2*d*e*xlog(sin(f*x
+ e))/f - 4% (24*axb~2+%d"3*e~3 - 24*a*xb~2xc"3*f~3 + (3*a"2%b - 3*xI*a*xb~2 -
b3)k(fxx + e)~4*d~3 - 12xb~3*d"3*e"2 - 4*((3*a~2*b - 3*I*a*b~2 - b~3)*d"3
xe — (3%a”2%b - 3%I*axb~2 - b~3)*kcxd " 2*f)*(f*x + e)~3 + 6x((3*%a~2xb - 3*Ix*
a*b”2 - b~3)*d"3xe”2 - 2*%(3*a”2%b - 3*xI*xaxb~2 - b~3)*kckd"2*exf + (3*xa~2xb
- 3*I*a*xb”2 - b~3)*xc"2xd*f"2) % (f*x + e)”2 + 12x(6*a*xb"2kc"2*d*e - b~ 3*c"2x*
d)*£f"2 - 4% ((-3*xI*a*xb”2 — b"3)*d"3*e"3 + 3*(3*xI*xa*xb”2 + b~3)*c*d"2*e"2xf +
3k (-3*%I*a*b~2 - b~ 3)*c"2xd*e*xf~2 + (3*I*a*xb”2 + b~3)*c"3*f"3)*(f*x + e) -
24x (3*a*xb~2kc*d"2*e”2 — b"3*xcxd"2*e)*f - 4*x(b"3*d"3*e”3 - b"3*c”"3*%f"3 + 9
*a*b~2+%d"3*%e”2 + (3*a"2*b - b~ 3)*(f*x + e)"3*%d"3 - 3*b~"3*d"3*e + 3*(3*a*b”
2*d~3 - (3*a”2%b - b~3)*d"3*e + (3*a~2*b - b~3)*kckxd 2*f)*(f*xx + e)”2 + 3x*(
b~3%c"2xd*e + 3*axb”"2kc"2xd)*f"2 - 3*(6*axb~2+%d"3*e - b"3*d"3 - (3*a"2*b -
b~3)*d"3*%e"2 - (3*%a"2xb - b"3)*c 2*d*f"2 - 2% (3*a*b"2*ckd"2 - (3*%a"2*b -
b~3) *cxd"2*e) *f) % (f*xx + e) - 3*(b"3*cxd"2*e”2 + 6*a*xb”"2*cxd"2%e - b~ 3xc*xd”
2)*f + (b~3*d"3*e”"3 - b~3*%c"3*f"3 + 9*ka*b~2*d"3*e”2 + (3*a"2xb - b~3)*(...

3.47.8 Giac [F]

/(c + dz)3(a+ beot(e + fz)) dr = / (dz + c)*(beot (fz + €) 4 a)’ d

-

input  integrate((d*x+c) ~3*(a+b*cot (f*x+e))~3,x, algorithm="giac")

N

output‘ integrate((d*x + c) 3x(b*cot(f*x + e) + a)73, x)

347.  [(c+dz)*(a+beot(e + fz))ddzx
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3.47.9 Mupad [F(-1)]

Timed out.

/(c+dm)3(a+bcot(e+fx))3dx: /(a+bcot(e+fx))3 (c+d) dz

input Lint((a + b*cot(e + £*x))"3x(c + d*x)~3,x)

outputtint((a + bxcot(e + f*x))~3%(c + d*x)"3, x)

347.  [(c+dz)*(a+beot(e + fz))ddzx
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3.48.1 Optimal result

Integrand size = 20, antiderivative size = 433

) 3 bedr Vd?z?  3iab’*(c+dz)?  a3(c+dz)?
/(c+dx) (a+bcot(e+ fz))’dx = — Ty 24
ia’b(c+dz)®  ab*(c+dz)®  ib3(c+ dzx)?
- d ) 3d
b¥d(c + dz) cot(e + fz) 3ab?*(c+ dz)? cot(e + fz)
f? f
b3(c + dz)? cot®(e + fx)
_ 27
6ab’d(c + dz)log (1 — e?(e+Hf=)
Iz
3a?b(c + dz)*log (1 — e?(e+fa)
f

b3 (c+ dz)?log (1 — e?(e+/o))

f

N b3d? log(sin(e + fx))

f3

3iab’d? PolyLog (2, e2i(e+f:t))

f3

3ia’bd(c + dz) PolyLog (2, e2i(e+fx))

2
ib*d(c + dz) PolyLog (2, e%(¢+/2))
72

N 3a%bd? PolyLog (3, e?(¢+/®))

273

b3d? PolyLog (3, e%(¢+/2))

2f3

-b~3kckd*x/f-1/2%b"3%d"2xx"2/f-3*xI*a"~2*b*d* (d*x+c) *polylog (2, exp (2xI* (£*x+
e)))/£72+1/3*a"~3* (d*x+c) ~3/d-I*a”~2*xb* (d*x+c) “3/d-a*b~2* (d*x+c) ~3/d-3*I*a*b
~2%d"2*polylog(2,exp (2*I* (f*x+e))) /£~3-b"3*d* (d*x+c) *cot (£*x+e) /£~ 2-3*a*b”
2% (d*x+c) “2*cot (f*xx+e) /f-1/2*%b~3* (d*x+c) "2*cot (f*x+e) ~"2/f+6*a*b~2*d* (d*x+c
)*1n(1-exp (2*I* (f*x+e)))/f~2+3*a"2%b* (d*x+c) "2*1n(1-exp (2*I* (f*x+e))) /f-b~
3x (d*x+c) "2x1n(1-exp(2*I* (f*x+e))) /f+b"3*d"2*1n(sin(f*x+e)) /£~ 3-3*I*axb~2*
(d*x+c) "2/£+1/3*I*b"3* (d*x+c) “3/d+I*b~3*d* (d*x+c)*polylog(2,exp (2*I* (f*x+e
)))/£72+3/2%a"2%b*d"2*polylog(3,exp (2*I* (f*x+e)))/£~3-1/2*b"3*d~2*polylog(

3,exp(2*I*x(f*x+e)))/£73

348.  [(c+dz)*(a+beot(e + fz))ddz
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3.48.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 2029 vs. 2(433) = 866.

Time = 7.66 (sec) , antiderivative size = 2029, normalized size of antiderivative = 4.69

/(c +dz)*(a + beot(e + fx))? dr = Result too large to show

input{Integrate[(c + d*x)"2x(a + b*Cot[e + f*x])~3,x]

output

-1/2%(a"2*b*d"2*E~ (I*e) *Csc [e] * ((2¥£~3%x~3) /E~ ((2*I)*e) + (3*ID)*x(1 - E~((-
2xI)*e) ) *f"2xx"2xLog[1 - E~((-I)*(e + f*x))] + (3*I)*(1 - E~((-2xI)*e))*f"
2%x~2*Log[1 + ET((-I)*(e + £f*x))] - 6%(1 - E~((-2%I)*e))*f*x*PolyLog[2, -E
“((-I)x(e + £xx))] - 6%(1 - E~((-2*%I)*e))*f*x*PolylLog[2, E~((-I)*(e + f*x)
)1 + (6%xI)*(1 - E~((-2%I)*e))*PolyLog[3, -E~((-I)*(e + f*x))] + (6*I)*(1 -
E~((-2*I)*e))*PolyLogl[3, E~((-I)*(e + £*x))]))/£73 + (b~3*d"2*E~(I*e)*Csc
[e]l*((2*x£~3*x"3) /E~((2*%I)*e) + (3*I)*(1 - E~((-2*I)*e))*f~2*x"2xLog[1 - E~
((-I)*(e + £*x))] + (3*I)*(1 - E~((-2xI)*e))*f~2*x"2*xLog[1l + E~((-I)*(e +
f*x))] - 6x(1 - E~((-2xI)*e))*f*x*PolyLog[2, -E~((-I)*(e + f*x))] - 6*%(1 -
E~((-2%I)*e))*f*x*PolyLog[2, E~((-I)*(e + £*x))] + (6%I)*(1 - E~((-2*I)*e
))*PolyLog[3, -E~((-I)*(e + £*x))] + (6*I)*(1 - E~((-2xI)*e))*PolyLog[3, E
“((-I)x(e + £xx))]1))/(6%£73) + (b~3*%d~2*Csc[e]l*(-(f*x*Cos[e]) + Log[Cos[f*
x]*Sin[e] + Cos[e]l*Sin[f*x]]*Sin[e]))/(£°3*(Cos[e]l~2 + Sin[e]~2)) + (6*a*b
~2xcxd*Csc[e] * (- (f*x*Cos[e]) + Logl[Cos[f*x]*Sin[e] + Cos[e]*Sin[f*x]]*Sin[
el))/(£"2*(Cos[e]”2 + Sin[e]l~2)) + (3*a~2xbxc~2*Cscl[e]*(-(f*x*Cos[e]) + Lo
glCos[f*x]*Sin[e] + Cos[el*Sin[f*x]]*Sin[el))/(£*(Cos[e]"2 + Sin[e]"2)) -
(b~3*c"2xCsc[e]* (- (f*xx*Cos[e]) + Logl[Cos[f*x]*Sin[e] + Cos[e]*Sin[f*x]]*Si
nlel))/(f*(Cos[e] "2 + Sin[e]~2)) + (Csclel*Cscle + f*x] 2*(6xb~3*c*d*Cos[e
1 + 18%a*b~2*c”2*f*Cos[e] + 6xb~3xd~2xx*Cos[e] + 36*axb~2xc*d*f*x*Cos[e] +
18*%a~2*bkc~2*f " 2xx*Cos[e] - 6%b~3*c~2*f 2*x*Cos[e] + 18*%a*b~2*d~2*f*x~...

3.48.3 Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 423, normalized size of antiderivative = 0.98,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 15, Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

348.  [(c+dz)*(a+beot(e + fz))ddz
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/(c + dz)?(a + beot(e + fz))3 dz

l 3042
/(c—l— dz)? (a — btan (e + fr+ g))adm
l 4205

/ (a3(c + dz)? + 3a®b(c + dz)? cot(e + fz) + 3ab®(c + dz)? cot®(e + fz) + b(c + dz)? cot®(e + fz)) dz

l 2009
a3(c+dx)®  3ia’bd(c + dz) PolyLog (2,e?(+2))  3a2b(c + dz)?log (1 — %(e+/2))
3d B f2 + f -
ia?b(c+ dz)®  3a2bd?PolyLog (3, e2i(¢+f2)) N 6ab’d(c + dz) log (1 — e%(e+/2))
d + 2f3 12 |
3ab®(c + dz)? cot(e + fz)  3iab*(c+dx)? ab*(c+dzx)®  3iab?d? PolyLog (2, e%(c+/))
f - f B d - 73 +
ib%d(c + dz) PolyLog (2,e2(¢+/®))  p3d(c+ dx)cot(e + fz) b*(c+ dz)?log (1 — eX(eH/2))
f? 12 F
b(c+d)’ cot’(e+ fz) _b(c+da)® | ib*(c+dn)® bd” PolyLog (3, e2ile+fa)) s
2f 2f 3d 2f3
b3d? log(sin(e + fx))

f3

-

input LInt[(c + d*x)"2%(a + bxCot[e + f*x])"3,x]

| —

output | ((-3*I)*a*xb~2%(c + d*x)~2)/f - (b~3x(c + d*x)"2)/(2*f) + (a~3*x(c + d*x)"3)
/(3*%d) - (I*a~2%b*x(c + d*x)~3)/d - (a*b™2x(c + d*x)~3)/d + ((I/3)*b~3*(c +
d*x)~3)/d - (b"3*d*(c + d*x)*Cot[e + f*x])/f"2 - (3*a*b~2*(c + d*x) 2*Cot
[e + £xx])/f - (b™3x(c + d*x)"2*Cot[e + f*x]~2)/(2%f) + (6xa*xb~2*xd*(c + d*
x)*Log[1l - E((2*%I)*(e + £*x))]1)/£72 + (3*a"2xb*(c + d*x) 2*Log[l - E~((2*
Dx(e + £*x))])/f - (b™3*(c + d*x)~2xLog[1l - E~((2*I)*(e + f*x))])/f + (b~
3*d~2xLog[Sin[e + f*x]])/£f"3 - ((3*I)*axb~2*d~2xPolyLog[2, E~((2*I)*(e + f
*x))]1)/£73 - ((3xI)*a~2*bxd*(c + d*x)*PolyLogl[2, E~((2*xI)*(e + f*x))]1)/f"2
+ (I*b~3*d*(c + d*x)*PolyLogl[2, E~((2*I)*(e + £*x))])/f~2 + (3*a~2%b*d"2*
PolyLog[3, E~((2*I)*(e + £*x))])/(2*x£~3) - (b~3*d"2*PolyLogl[3, E~((2*I)*(e
+ £*x))]1)/(2%£73)

348.  [(c+dz)*(a+beot(e + fz))ddz
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3.48.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.48.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1787 vs. 2(399) = 798.

Time = 0.93 (sec) , antiderivative size = 1788, normalized size of antiderivative = 4.13

method | result size
risch Expression too large to display | 1788

-

input Lint ((d*x+c) ~“2*(a+b*cot (f*x+e)) ~3,x,method=_RETURNVERBOSE)

-/

348.  [(c+dz)*(a+beot(e + fz))ddz
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-2/f*b~3*cxd*1n(1-exp (I* (fxx+e)) ) *x—6/f " 3*bxe~2*a~2%d~2*1n (exp (I* (f*x+e)))

+3/£73*b*e"2xa~2+d"2*1n (exp (I* (f*x+e))-1)-4/£"2+%b"3*exd*c*1n (exp (I* (f*x+e)
))+2xb~ 2% (-3*%I*xa*d~2*f*x"2xexp (2*I* (f*x+e) ) -6k I[*xa*xckd*f*x*exp (2*xI* (f*x+e))
+b*d~2*f*x"2%exp (2% I* (f*x+e) ) -3k I*axc 2*f*exp (2*I* (f*x+e) ) +3*I*ka*xd ~2*f*x"2
—-I*b*d~2*x*exp (2*xI* (f*x+e) ) +2xb*ckd*f*x*exp (2*xI* (fxx+e) ) +6*I*xa*xckd*f*x—-I*b
xckdxexp (2+I* (fxx+e) ) +bxc 2k f*xexp (2% I* (f*x+e) ) +3xI*kaxc ™ 2xf+I*b*d ™~ 2*x+I*b*c
*d) /£72/ (exp (2*I* (£xx+e))-1) "2+2/f"3*b"3*e~2*xd"2*1n (exp (I* (f*x+e)))-1/£"3*
b~3%e"2xd"2*1n (exp (I*(f*x+e))-1)+1/£"3*xb"3*%d"2*1n(1-exp (I* (f*x+e)))*e 2+Ix*
b~ 3*kckd*x"2-4/3*%1/f"3xb~3*d"2%e~3-I*d"2%a~2*b*x~3-1/f*b~3*d"2*1n (1-exp (I*(
f*x+e)))*x"2-1/f*b"3+xd"2+1n (exp (I* (fxx+e))+1) *x~2+6/f ~3*b*a~2*d~2*polylog(
3,exp(I*(fxx+e)))+6/f " 3*bxa~2*d~2+polylog(3,-exp (I*(f*x+e)))+3/f*xb*a~2%c"2
*1n (exp (I* (f*x+e))+1)-6/f*b*a~2xc~2*1n (exp (I* (£*x+e)))+3/f*b*a~2*c”~2*1n(ex
p(Ix(f*x+e))-1)+2/f"2xb"3*e*d*c*1n(exp(I*(f*x+e))-1)-6xI/f"3*%b"2*a*xd " 2*e"2
-6*I1/f~3xb~2*a*d~2*polylog(2,exp (I*(f*x+e)))-2*I/f"2xb~3*d " 2*e " 2xx+2*I/f"2
*b~3*%d"2*polylog(2,exp(I* (f*x+e)))*x+2+I/f"2xb~3*%d"2*polylog(2,-exp (I* (f*x
+e)) ) *x+2xI1/f~2+b"3*cxd*polylog(2,exp (I*(f*x+e)))+2xI/f~2+b~3*c*xd*polylog(
2,-exp (I*(f*x+e)))-6+I1/f 3*b"2*axd~2*polylog(2,-exp (I* (fxx+e)))+4*I/f " 3xbx*
a~2*d"2%e " 3+2*I/f"2¥b " 3xc*d*e " 2-6*I/f*b"2xa*d " 2*x"2+d*a " 3*kckxx " 2+a"3kc”2*x-
d"2xaxb”2xx"3-I*b"3*c”2*x-3%axb~2*c"2*x-1/d*axb"2xc"3-1/3*%I1/d*b"3*c”3+1/3%
I*¥b~3%d"2%x"3+3*I*a”~2*%b*c~2%x—12%I/f*xb*a~2*c*d*e*x-3*d*a*xb~2*c*x~2+I/d*. . .

3.48.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1564 vs. 2(390) = 780.

Time = 0.31 (sec) , antiderivative size = 1564, normalized size of antiderivative = 3.61

/(c + dz)?(a + beot(e + fz))® dz = Too large to display

;
input  integrate((d*x+c) ~2*(a+b*cot (f*x+e))~3,x, algorithm="fricas")

348.  [(c+dz)*(a+beot(e + fz))ddz
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-1/12% (4% (a~3 - 3*axb”~2)*d"2*f"3*x"3 - 12*%b"3*xc"2*xf"2 - 12%(b"3*d"2*%f"2 -
(a~3 - 3*a*b~2)*ckd*f~3)*x"2 - 12*x(2*b~3*c*kd*f~2 - (a~3 - 3*a*b”2)*c"2*f"3
Yxx — 4*((a”"3 - 3*a*b”2)*d"2*f"3*x"3 + 3*(a”3 - 3*a*b”2)*ckd*f " 3*xx"2 + 33*(
a”3 - 3*axb"2)*xc”2xf"3*x)*kcos (2*f*x + 2%e) + 6x(-3*xI*axb"2*d"2 - I*(3*a~2x*
b - b73)*d"2*f*x - I*(3*%a"2xb — b~3)*kckd*f + (3*I*a*xb~2*xd~2 + I*(3*a"2%b -
b~3)*d~2*xf*x + I*(3%a~2%b - b~3)*cxd*f)*cos(2*f*x + 2%e))*dilog(cos(2*f*x
+ 2xe) + Ixsin(2xf*xx + 2*xe)) + 6% (3*xI*a*xb~2xd"2 + I*(3*a~2*b - b~3)*d~2*f
*x + I*(3*%a~2%b — b~ 3)*ckd*f + (-3*I*axb~2%d~2 - I*(3*a~2%b - b~3)*d"2*xf*x
- Ix(3*a"2xb - b~3)*c*d*f)*cos(2xf*x + 2xe))*dilog(cos(2xf*x + 2%e) - I*s
in(2%f*x + 2%e)) - 6%(6*a*b~2*xd"2%e - b~3*%d"2 - (3*a~2%b - b~3)*d"2%e"2 -
(3*%¥a~2%b - b~3)*c~2*xf~2 - 2% (3*axb~2*c*d - (3*%a~2%b - b~3)*cxdxe)*f - (6*a
*b"2x%d"2%e - b"3*d"2 - (3*%a"2%b - b~3)*d"2*e”2 - (3*a"2%b - b"3)*c"2xf"2 -
2% (3*xa*b~2*%cxd - (3*%a"2xb - b~3)*cxd*e)*f)*cos(2xf*x + 2xe))*Llog(-1/2*cos
(2xfxx + 2xe) + 1/2*%I*sin(2*f*x + 2*xe) + 1/2) - 6*%(6*a*b”2*d"2*e - b~3*d"2
- (3*%a™2%b - b~3)*d"2*e”"2 - (3*%a"2%b - b"3)*c"2*xf"2 - 2k (3*a*b”2*c*d - (3
*a~2%b — b~3)*ckd*e)*f - (6*axb~2xd"2%e - b~3*d"2 - (3*a~2%b - b~3)*d"2*e”
2 - (3*%a”2xb - b73)*c”2*f"2 - 2% (3*xaxb”2xckd - (3*a"2xb - b~3)*c*dxe)*f)*c
os(2xf*x + 2%e))*log(-1/2*cos(2xf*x + 2%e) - 1/2*I*sin(2*f*x + 2%e) + 1/2)
+ 6%((3*a~2%b - b~3)*d"2%f"2*x~2 + 6*a*b~2%d"2*e - (3*a~2%b - b~3)*d"2%e”

2 + 2%(3%a"2xb — b~3)*kckdkxexf + 2% (3*axb~2xd~2xf + (3*%a~2%b - b~3)*cxdx*. ..

3.48.6 Sympy [F]

/(c-l— dz)*(a + beot(e + fr))* dr = / (a+ beot (e + fx))® (¢ + dz)? dx

-

Lintegrate((d*x+c)**2*(a+b*cot(f*x+e))**3,x)

-/

Integral((a + b*cot(e + f*x))**3*%(c + d*x)**2, x)

N

_

348.  [(c+dz)*(a+beot(e + fz))ddz
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3.48.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 5429 vs. 2(390) = 780.

Time = 2.64 (sec) , antiderivative size = 5429, normalized size of antiderivative = 12.54

/(c +dz)*(a + beot(e + fz))* dz = Too large to display

p
inputLintegrate((d*x+c)“2*(a+b*cot(f*x+e))“3,x, algorithm="maxima"

~—

output | 1/3* (3% (f*x + e)*a~3*c™2 + (f*x + e) 3*a~3*d~2/f"2 - 3*%(f*x + e) " 2*xa~3*xd"2
xe/f~2 + 3x(f*x + e)*a”"3*d"2%e"2/f72 + 3x(f*x + e) " 2*%a"3*c*d/f - 6x(f*xx +
e)*a~3xc*d*e/f + 9%a~2*b*c”2*log(sin(f*x + e)) + 9*a~2%b*d~2*e~2*log(sin(f
*x + e))/f72 - 18%a”2xbxc*d*exlog(sin(f*x + e))/f + 3% (36%axb~2*d"2xe"2 +
36*a*b”"2*xc"2*%f72 — 2% (3*a”2%b - 3*I*xa*b”2 - b"3)*(f*x + e) " 3*xd"2 - 12*b"3*
d"2*e + 6x((3*¥a"2xb - 3*I*a*xb"2 - b~3)*d"2xe - (3*a"2%b - 3*I*xa*b"2 - b~3)
xcxkd*xf) % (fxx + )72 + 6%((3*%I*a*b™2 + b~3)*d"2%e"2 + 2% (-3*I*a*b~2 - b~3)x*
ckdxexf + (3*%I*axb~2 + b~3)*kc"2*xf"2)*x(fxx + e) - 12%(6*a*b"2xc*d*e - b~ 3*c
*d)*f - 6% (b~3*%d"2%e”2 + b~ 3*c"2*%f"2 + 6xa*b”"2*xd"2%e - (3*%a~2*b - b~3)*(fx*
X + e)724d"2 - b~3*d"2 - 2*%(3*a*xb"2+%d"2 - (3*a"2*b - b~3)*d"2*e + (3*a”2*b
- b73)*ckd*xf)*(fxx + e) - 2% (b~ 3*ckxd*e + 3*xaxb~2kckd)*f + (b~3*d"2*e"2 +
b~3*%c”2*f"2 + 6*axb”2xd"2*e - (3*a"2%b - b~3)*(f*x + e)"2*%d"2 - b~3*%xd"2 -
2% (3*a*xb™2xd"2 - (3*a"2%b - b"3)*d"2*e + (3*a"2*b — b”"3)*kckd*f)*(f*x + e)
- 2x(b"3*c*xd*e + 3*axb~2*c*d)*f)*cos(4*fxx + 4xe) - 2x(b"3*d"2*e”2 + b~ 3*c
“2xf72 + 6*axb”2xd"2xe — (3*a”2%b - b 3)*(f*x + e) 2%d"2 - b"3*d"2 - 2% (3%
a*b"2*d"2 - (3*a”2%b - b73)*d"2*%e + (3*%a"2%b - b73)kckd*f)*(fxx + e) - 2%(
b~ 3*ckd*e + 3*axb~2kckd)*f)*cos(2xf*xx + 2%e) - (-I*b~3*d"2*e”2 - I*b~3*c~2
*f~2 - 6xIxa*xb~2xd"2%e + (3*I*a~2%b - Ixb~3)*(f*x + e) "2%d~2 + I*b~3*d~2 +
2% (3*xI*axb~2x%d"2 + (-3*I*a~2*b + I*b~3)*d"2*e + (3*I*a~2%b - I*b~3)*c*d*f
Yk(fxx + e) + 2% (I*b~3*ckd*e + 3xI*ka*xb~2kc*d)*f)*sin(4*xf*x + 4xe) - 2x(...

3.48.8 Giac [F]

/(c + dz)?(a+ beot(e + fx))? dx = / (dz + c)*(beot (fz + €) 4+ a)’ dx

-

input  integrate((d*x+c) ~2x(a+b*cot (f*x+e))~3,x, algorithm="giac")

N

output‘ integrate((d*x + c)“2x(b*cot(f*x + e) + a)73, x)

348.  [(c+dz)*(a+beot(e + fz))ddz
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3.48.9 Mupad [F(-1)]

Timed out.

/(c+dm)2(a+bcot(e+fx))3dx: /(a+bcot(e+fx))3 (c+do)’dz

input Lint((a + bxcot(e + f*x)) 3*(c + d*x)~2,x)

outputtint((a + bxcot(e + f*x))~3%(c + d*x)"2, x)

348.  [(c+dz)*(a+beot(e + fz))ddz
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xp(2*I* (fxx+e)))/£72
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3.49 [(c+dz)(a+beot(e + fz))° dx

3.49.1 Optimalresult . . . . .. .. . .. ... 356)
3.49.2 Mathematica [A] (verified) . . . . . . . .. ... .. L oo
3.49.3 Rubi [A] (verified) . . . . . . ...
3.49.4 Maple [B] (verified) . . . . ... . ... .. 350
3.49.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 359
3.49.6 Sympy [F] . . . . . . 360
3.49.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 3601
3.49.8 Giac [F] . . . . . o
3.49.9 Mupad [F(-1)] . . . . o

3.49.1 Optimal result

Integrand size = 18, antiderivative size = 278

3 3 2
/(c +dz)(a+ beot(e + fx))* dx = —3ab’cx — % — gabzdac2 + %
_ 3ia’b(c +dx)® 4 ib*(c+dx)®  b’dcot(e + fx)
2d 2d 22
_ 3ab?*(c+dz)cot(e + fz) b°(c+dz)cot’(e + fx)
f . 2f
3a?b(c + dz) log (1 — eZ(etf2)
f .
b3(c + dz)log (1 — eZi(e+f2))
f .
N 3ab?dlog(sin(e + fz)) 3ia’bd PolyLog (2, e*(¢+/®))
f? 2f?
ib3d PolyLog (2, e?(¢+/2))
212

-3*axb~2xcxx-1/2xb"3*d*x/f-3/2*a*b~2*d*x"2+1/2*a"3* (d*x+c) "2/d-3/2*xI*a"2*b
* (d*x+c) ~2/d+1/2*I*b"3* (d*x+c) ~2/d-1/2*xb"3*d*cot (f*x+e) /£~2-3*a*xb~2* (d*x+c
)*cot (£xx+e) /£-1/2xb"3* (d*x+c) *cot (£xx+e) "2/f+3*a"2xb* (d*x+c) *1n (1-exp (2*I
* (f*x+e))) /f-b~3* (d*x+c) *1n(1-exp (2*%I* (f*x+e))) /f+3*a*b~2*d*1n(sin(f*x+e))
/£72-3/2xI*a"2*bxd*polylog(2,exp (2*xI* (f*x+e)))/f"2+1/2+%I*b"3*d*polylog(2,e

349.  [(c+dz)(a+bcot(e+ fz))*dx
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3.49.2 Mathematica [A] (verified)

Time = 12.40 (sec) , antiderivative size = 433, normalized size of antiderivative = 1.56

/(c +dz)(a + beot(e + fz))? dx
(a+ beot(e + fz))®sin(e + fz) ((—a®de® — 3ia’bde? + 3ab’de? + ib3de? + 2a’cef — 6ab’cef — 6ia’bde ]

-

input LIntegrate[(c + d*x)*(a + bxCot[e + f*x])~3,x]

~—

output| ((a + b*Cot[e + f*x])~3*Sin[e + f*x]*((-(a"3*d*e~2) - (3*I)*a~2*bxd*e~2 +
3*a*xb~2xd*e”2 + Ixb~3*d*e”2 + 2*ka~3xckxexf - 6*axb 2kckexf - (6+I)*a”2xbkxdx*
exf*x + (2xI)*b~3xd*e*xf*x + 2%a ~3*c*f 2xx — 6*axb 2kc*kf 2xx + a ~3*d*xf 2*x"”
2 — (3*I)*a~2xb*d*f~2*x"2 - 3*axb " 2xd*f"2%x"2 + Ixb~3xd*f~2%x"2 - 2xb*(-3*
a”2 + b"2)*d*(e + fxx)*Logl[l - ET((2+%I)*(e + f*x))] + 2xb*(3*a*xb*d + b~2*(
dxe - c*f) + a~2%(-3*dxe + 3*cxf))*Logl[Cos[e + f*x]] + 6*axb~2*d*Log[Tanl[e
+ fxx]] - 6*a"2xbxdxexLogl[Tan[e + f*x]] + 2xb~3*d*exLog[Tan[e + f*x]] + 6
*xa~2xbxcxfxLog[Tan[e + f*x]] - 2%b~3*c*f*Log[Tan[e + f*x]])*Sin[e + f*x]~2
+ I*b*(-3*a~2 + b~2)*d*PolyLog[2, E~((2*%I)*(e + f*x))]*Sin[e + f*x]~2 - (
b~2* (2+%b*fx(c + d*x) + (bxd + 6*axfx(c + d*x))*Sin[2*x(e + £*x)]1))/2))/(2xf
~2%(b*Cos[e + f*x] + a*Sin[e + f*x])~3)

& J

3.49.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 276, normalized size of antiderivative = 0.99,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(a + beot(e + fz))3 dz
| 3042

/(c—l—dfv) (a — btan (e—l—fw—l— g))gdaz

l 4205

349.  [(c+dz)(a+bcot(e+ fz))*dx
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a3(c+ dx) + 3a®b(c + dz) cot(e + fz) + 3ab?(c + dx) cot®(e + fx) + b3(c + dz) cot®(e + fz)) dx
(

l 2009

ad(c+dz)?  3a’b(c+ dx)log (1 — e (eHf?))  3ia2b(c + dx)?  3ia’bd PolyLog (2, e(¢+/2))
2d f 2 2f2 ‘
3ab®(c + dx) cot(e + fx) 3ab®(c+ dx)? +3ab2dlog(sin(e + fx)) b(c+dz)log (1 - e2iet+z))
f 2d f? .
b3(c + dz) cot?(e + fz) N ib%(c + dz)? N ib*d PolyLog (2,e**H/®)  p3dcot(e+ fz) bidz
2f 2d 2f2 2f2 2f

-

input LInt[(c + d*x)*(a + b*Cot[e + f*x])"3,x]

~—

output | -1/2*(b~3*d*x)/f + (a”3*(c + d*x)"2)/(2*%d) - (((3*I)/2)*a"~2*b*(c + d*x)~2)
/d - (3*%a*b~2*x(c + d*x)~2)/(2xd) + ((I/2)*b~3*(c + d*x)~2)/d - (b~3*d*Cot[
e + £xx])/(2x£72) - (3*a*xb"2*(c + d*x)*Cot[e + f*x])/f - (b~3*(c + d*x)*Co
tle + £*x]172)/(2%f) + (3*a~2*b*(c + d*x)*Logl[l - E~((2*I)*(e + f*x))])/f -

(b~3%(c + d*x)*Log[1l - ET((2*I)*(e + f*x))])/f + (3*a*b~2+d*Log[Sin[e + £
*x]])/£72 - (((3*%I)/2)*a"2xb*d*xPolyLog[2, E~((2*I)*(e + f*x))])/£f"2 + ((I/
2)*b~3*d*PolyLog[2, E~((2%I)*(e + f*x))]1)/f"2

3.49.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

349.  [(c+dz)(a+bcot(e+ fz))*dx
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3.49.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 744 vs. 2(248) = 496.

Time = 0.72 (sec) , antiderivative size = 745, normalized size of antiderivative = 2.68

method | result

b2 (—ﬁiadfz e2i(fzte) _giacf e2i(fote) Lobdfx e2i(frte)  Giadfr—ibd e2:(Frte) {2pcf e2i(Frte) L Gigcef+il

. _ih3 ib3d 22
risch ib°cr + 5% + F2 (@G re 1)

inputLint((d*x+c)*(a+b*cot(f*x+e))“3,x,method=_RETURNVERBOSE)

output

-I*b~3*c*xx+6/f " 2xb*exd*a”2*1n (exp (I* (f*x+e)))-3/f " 2+b*e*d*a~2*1n (exp (I* (f*
x+e))-1)+3/f*xbxa~2*xd*1n(1-exp (I* (f*x+e)) ) *x+3/f*b*a~2*d*1n(exp (I* (f*x+e))+
1) *x+3/£"2xb*a~2*d*1n(1-exp (I* (f*x+e)) ) *e—-3*I/f " 2*b*a~2*d*polylog(2,exp (I*
(fxx+e)))-3*I/f"2*b*a"~2*d*polylog(2,-exp (I*(f*x+e)))-3*I/f " 2*b*a"~2*d*e 2+2
*I/fxb~3*d*exx-6*I1/f*b*xa~2*d*e*x+1/2%a~3*d*x~2+a"3*c*x+1/2*%I*b~3*d*x"2+b"2
* (—6*Dkaxd*f*xkexp (2+%I* (f*x+e)) -6+ I*kaxcxf*exp (2xI* (fxx+e) ) +2xb*d*f*x*exp (2
*xI* (f*x+e) ) +6*[*axd*f*x-I*bxd*exp (2% I* (fxx+e) ) +2*bxc*xf*xexp (2+xI* (f*x+e) ) +6%
Ixaxc*f+I*bxd) /£72/ (exp (2*I* (fxx+e))—1) "2-3*a*b~2kc*x-3/2*a*b™2xd*x~2-3/2%
Ixa~2%bxd*x~2-1/f*b~3*d*1n(1-exp (I*(f*x+e)))*x-1/f"2*%b"3*d*1n(1-exp (I* (£*x
+e)) ) *e+I/£"2+%b"3*d*polylog(2,exp(I*(f*x+e)))+I/f"2*b~3*d*polylog(2,-exp(I
* (fxx+e)))+3/£"2*b"2*a*d*1n(exp (I* (f*x+e) ) +1)-6/f"2xb~2*xa*d*1n (exp (I* (f*x+
e)))+3/£72%b"2*axd*1n (exp (I* (f*x+e))-1)+3/f*b*a~2*c*1n(exp(I*(f*x+e))+1)-6
/f¥b*a~2xc*1ln(exp (I*(f*x+e)))+3/f*b*a~2*c*1n(exp(I*(f*x+e))-1)-2/f"2xb"3*e
*d*1n(exp (I*(f*x+e)))+1/£ " 2*b~3*exd*1ln(exp (I* (f*x+e))-1)+I/f"2*b"3*xd*e"2-1
/E*¥b~3*%d*1n (exp (I* (f*x+e))+1) *x+3*I*a~2*bxc*x—1/f*xb~3*c*1n(exp (I* (f*x+e))+

1)+2/£%b"3*c*1n(exp (I* (f*x+e)))-1/f*b"3*c*x1n(exp (I* (f*x+e))-1)

N

3.49.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 721 vs. 2(242) = 484.

Time = 0.29 (sec) , antiderivative size = 721, normalized size of antiderivative = 2.59

/(c +dz)(a+ beot(e + fx))* dr =

2 (a3 — 3ab?)df?x? — 4b3cf — 4 (B3df — (a® — 3ab?)cf?)r — 2 ((a® — 3ab?)df?z? + 2 (a® — 3 ab?)cfix)

349.  [(c+dz)(a+bcot(e+ fz))*dx
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input‘integrate((d*x+c)*(a+b*cot(f*x+e))”3,x, algorithm="fricas")

output | -1/4%(2*x(a~3 - 3*axb~2)*d*f " 2%xx~2 - 4*b~3xc*xf - 4*x(b~3*d*f - (a~3 - 3*axb~
2)*c*f72)*xx — 2x((a”3 - 3*a*b”2)*d*f72*x"2 + 2x(a”3 - 3*axb”2)*c*f 2*x)*co
s(2xfxx + 2xe) - (-I*(3*a"2%b - b~ 3)*d*cos(2xf*x + 2%e) + I*(3*%a"2*xb - b~3
)*d)*dilog(cos(2xf*x + 2%e) + I*sin(2*f*x + 2%e)) - (I*(3*%a~2%b - b~3)*d*c
os(2xf*x + 2xe) - I*(3*a"2%b - b~3)*d)*dilog(cos(2*f*x + 2%e) - I*sin(2*fx*
X + 2xe)) + 2x(3xa*b~2*d - (3*a~2*b - b"3)*d*e + (3*a~2*b - b"3)*c*kf - (3%
a*b~2*d - (3*a”2*b - b~3)*dxe + (3%a"2*b - b"3)*cxf)*cos(2*xfxx + 2xe))*log
(-1/2*cos(2*xf*x + 2*e) + 1/2*I*sin(2*f*x + 2%e) + 1/2) + 2*(3*axb~2xd - (3
*a"2+%b - b~3)*d*e + (3*a"2xb - b~3)*kckxf - (3*xa*b"2xd - (3*a”2*b - b~3)*d*e
+ (3*a"2%b - b~3)*cxf)*cos(2*xf*x + 2xe))*log(-1/2xcos(2*f*x + 2*%e) - 1/2%
I*xsin(2*f*xx + 2*%e) + 1/2) + 2% ((3*a”2%b - b~3)*d*f*x + (3*a~2*b - b~ 3)*d*e
- ((3*a"2xb - b~3)*d*f*x + (3*a"2*b - b~3)*d*e)*cos(2xf*x + 2*e))*log(-co
s(2xfxx + 2*%e) + I*sin(2*f*x + 2xe) + 1) + 2% ((3*a"2%b - b~ 3)*d*xf*xx + (3*a
~2x¥b - b~3)*d*e - ((3*a"2%b - b~ 3)*d*fxx + (3*a"2%b - b~3)*d*e)*cos(2xf*x
+ 2xe))*log(-cos(2*xf*x + 2%e) — I*sin(2*f*x + 2%e) + 1) - 2% (B*kaxb~2*d*f*x
+ 6*axb”2*cxf + b~ 3*d)*sin(2*f*xx + 2xe))/(£f72*cos(2*f*x + 2%e) - £72)

3.49.6 Sympy [F]

/(c+dx)(a+bcot(e+fx))3dw:/(a+bcot (e + f2))* (c + dz) dz

input’integrate((d*x+c)*(a+b*cot(f*x+e))**3,x)

e

outputtlntegral((a + bxcot(e + f*x))**3*(c + d*x), x)

3.49.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2017 vs. 2(242) = 484.

Time = 0.78 (sec) , antiderivative size = 2017, normalized size of antiderivative = 7.26

/(c +dz)(a + beot(e + fx))? dz = Too large to display

349.  [(c+dz)(a+bcot(e+ fz))*dx

~—
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input‘integrate((d*x+c)*(a+b*cot(f*x+e))”3,x, algorithm="maxima")

output

input

output

1/2%(2x (f*x + e)*a~3*%c + (f*x + e) 2*a~3*d/f - 2% (f*xx + e)*a"3xd*e/f + 6*a
~2%bxc*log(sin(f*x + e)) - 6*a~2+bxdxe*xlog(sin(f*x + e))/f - 2x(12*a*b~2*d
xe — 12xaxb~2xckf + (3*a”2%b - 3*I*a*xb”2 — b"3)*x(f*x + e)72*%d - 2*b~3*d -
2% ((-3*I*a*b~2 - b~3)*d*e + (3*I*a*b~2 + b~ 3)*cxf)*(f*x + e) — 2% (b~ 3*d*e
- b7"3xc*f + 3*axb"2xd + (3*¥a"2xb - b"3)*(f*x + e)*d + (b"3*d*e - b~ 3*kcxf +
3ka*b”~2%d + (3*%a"2xb - b"3)*(f*x + e)*d)*cos(4xfxx + 4*xe) - 2% (b~ 3*d*e -
b~3xcxf + 3%axb~2xd + (3*a"2*%b - b~3)*(f*x + e)*d)*cos(2xf*xx + 2xe) + (I*b
~3*d*e - I*b~3kcxf + 3*kI*kaxb~2+d + (3kI*xa~2+%b — I*xb~3)*(f*x + e)*d)*sin(4x*
fxx + 4%e) + 2x(-I*b~3*d*e + I*b~3*c*f - 3xI*a*xb~2xd + (-3*Ixa~2%b + I*b~3
Yk (f*x + e)*d)*sin(2*f*x + 2%e))*arctan2(sin(f*x + e), cos(f*x + e) + 1) -
2% (b"3*d*e - b~ 3*xc*kf + 3*a*xb~2*d + (b"3*d*e - b~ 3*kc*f + 3*axb~2*d)*cos(4*
f*x + 4xe) - 2x(b"3*xd*e - b~ 3*c*f + 3*axb~2xd)*cos(2xf*x + 2%e) + (I*b~3*xd
xe — Ixb"3xcxf + 3*I*a*b~2+d)*sin(4*xfxx + 4*e) + 2% (-I*b"3*d*e + I*xb~3*kcx*f
- 3*I*xaxb~2*d) *sin(2*f*x + 2*e))*arctan2(sin(f*x + e), cos(f*xx + e) - 1)
+ 2% ((3*%a~2*%b — b~3)*x(f*x + e)*d*cos(4*f*x + 4xe) - 2x(3*%a”~2%b - b~3)*(f*x
+ e)*d*cos(2*f*x + 2xe) — (-3*I*a"2%b + I*b~3)*(f*x + e)*d*sin(4d*xf*x + 4%
e) - 2x(3xI*a”2%b - I*b~3)*(f*x + e)*d*sin(2*f*x + 2xe) + (3*a"2xb - b~3)*
(f*x + e)*d)*arctan2(sin(f*x + e), -cos(f*x + e) + 1) + ((3*a~2xb - 3*I*a*
b2 - b™3)*x(f*x + e)~2%d + 2x(6*axb~2%d - (-3*I*a*xb™2 - b~3)*d*e - (3*xI*ax
b™2 + b73)*kcxf)*(f*xx + e))*cos(4xf*x + 4*xe) - 2% ((3*a”2%b - 3*I*xa*xb™2 -...

3.49.8 Giac [F|

/(c+dz)(a+bcot(e+fx))3 dz = /(d:c+c)(bcot (fz+e)+a)ide

Lintegrate((d*x+c)*(a+b*cot(f*x+e))‘3,x, algorithm="giac")

~—

;
integrate((d*x + c)*(bxcot(f*x + e) + a)~3, x)

J

349.  [(c+dz)(a+bcot(e+ fz))*dx
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3.49.9 Mupad [F(-1)]

Timed out.

/(c + d)(a + boot(e + fx))* dz = / (a+beot(e + £2))* (c + dz) da

inputtint((a + bxcot(e + £*x))"3x(c + d*x),x)

outputtint((a + bxcot(e + f*x))"3*(c + d*x), x)

349.  [(c+dz)(a+bcot(e+ fz))*dx
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3.50.7 Maxima [N/A] . . . . . . . . 3661
3.50.8 Giac [N/A] . . . . . . 360
3.50.9 Mupad [N/A] . . . . 367

3.50.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+beot(e + fz))? i — Int<(a + beot(e + fx))?”x)
c+dz c+dzx

3.50.2 Mathematica [N/A]

Not integrable

Time = 9.42 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

(a+ beot(e + fx))3 (a+beot(e + fx))?
/ c+dx c+dx

input LIntegrate[(a + b*Cot[e + f*x])73/(c + d*x),x]

output‘ Integrate[(a + bxCot[e + fxx])~3/(c + d*x), x]

3.50. [ (erbeotlehin)l gy
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3.50.3 Rubi [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ beot(e + fz))3 i
c+dx

J’3042

)3
/(a—btan(e+f:r+2)) i
c+dzx

l 4223

/ (a+ beot(e + fz))3 di
c+dz

input‘ Int[(a + b*Cot[e + f*x])~3/(c + d*x),x] ‘

output ‘ $Aborted ‘

rule 3042

rule 4223

3.50.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.50. [ (erbeotlehin)l gy
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3.50.4 Maple [N/A] (verified)

Not integrable

Time = 0.48 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+ bcot (fx+e))3dx
dz +c

input Lint ((at+b*cot (f*x+e)) "3/ (d*x+c) ,x)

output Lint ((at+b*cot (f*x+e) ) "3/ (d*x+c) ,x)

3.50.5 Fricas [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.60

(a+beot(e+ fz))® [ (beot (fz+e)+a)’
/ c+dzx do = / dr +c de

inputtintegrate((a+b*cot(f*x+e))‘3/(d*x+c),x, algorithm="fricas")

output‘integral((b“S*cot(f*x + e)73 + 3%axb~2xcot (f*x + e)72 + 3*a~2xbxcot(f*x +
‘e) + a”3)/(d*x + c), x)

3.50.6 Sympy [N/A]

Not integrable

Time = 1.38 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/(a+bcot(e+fx))3 dp — (a + beot (e + fx))? i
c+dz c+dz

input Lintegrate ((atbxcot (fxx+e))**3/ (d*x+c) ,x)

output LIntegral((a + bxcot(e + f*x))*x3/(c + d*x), x)

3.50. [ (erbeotlehin)l gy
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3.50.7 Maxima [N/A]

Not integrable

Time = 5.49 (sec) , antiderivative size = 2585, normalized size of antiderivative = 129.25

(a+beot(e+ fz))> , [ (beot (fz+e)+a)’
(/ c+dzx dﬁ_/ dr +c de

Lintegrate((a+b*cot(f*x+e))‘3/(d*x+c),X, algorithm="maxima")

(((a™3 - 3*a*xb”2)*d"2*%f"2*x"2 + 2*x(a~3 - 3*axb~2)*kckd*f~"2*x + (a~3 - 3*axb
“2)xc"2+f"2) *cos(4xf*x + 4xe) 2xlog(d*x + c) + ((a”3 - 3*a*xb~2)*d~2*f 2*x"
2 + 2%(a”3 - 3*axb”2)*xckd*f"2xx + (a3 - 3xa*b”2)*c"2xf"2)*xlog(d*x + c)*si
n(4*xfxx + 4%e)”2 - 4x(b~3*%d"2*xf*x + b~3*cxd*f - ((a~3 - 3*axb~2)*d~2*f " 2*x
"2 + 2%(a”3 - 3%axb”2)*cxd*f"2xx + (2”3 - 3*a*b"2)*c"2*f72)*log(d*x + c))*
cos(2xf*x + 2%e)”"2 - 4% (b~3*d"2%f*x + b~ 3kckd*f - ((a~3 - 3*axb~2)*d~2%f"2
*x"2 + 2x(a”3 - 3*a*b”"2)xcxd*f"2xx + (a”3 - 3*axb~2)*c”2*f"2)*log(d*x + c)
Yksin(2xf*x + 2%e) "2 + (2x(b"3*%d"2*f*x + b~ 3*ckd*f - 2*%((a”3 - 3*a*b~2)*d"”
2xf"2xx"2 + 2%(a”3 - 3*a*b”2)*cxd*f"2xx + (2”3 - 3*kaxb”2)*c"2*f72)*log(d*x

+ c))*cos(2*f*x + 2xe) + 2x((a”3 - 3*a*b"2)*d"2*xf"2*xx"2 + 2*(a"3 - 3*a*b”
2)*cxd*f~2*x + (a”3 - 3*axb~2)*c”2*f"2)*log(d*x + c) + (6*axb~2xd"2xf*xx +
6*axb”~2*cxd*f - b"3*%d"2)*sin(2*f*x + 2%e))*cos(4*xf*x + 4*e) + 2% (b~ 3*d"2*f
*x + b 3xckd*f - 2+((a”3 - 3*a*xb”2)*kd"2*xf"2*x"2 + 2%(a”3 - 3*a*b”2)*kckd*f”
2+x + (a3 - 3%axb”2)*c"2*f"2)*xlog(d*x + c))*cos(2*f*x + 2*e) + (d"3*f"2*x
T2 + 2%cxdT2xfT2kx + cT2*%d*f72 + (A73*fT2xx72 + 2kcxdT2xfT2xx + cT2%d*f72)
*cos (4*fxx + 4%e) 2 + 4x(d"3*f"2%x"2 + 2%ckd"2xf"2%x + c”2*d*f"2) *cos (2xf*
X + 2%e) "2 + (A73*f724x72 + 2%ckxd"2+f72%kx + cT2*d*f”2) *sin(4*fxx + 4xe)”2
- Ax(A73*f72%x72 + 2%ckd"2+f72kx + cT24d*f”2) *sin(4*fxx + 4xe)*sin(2xf*x +

2%e) + 4% (d"3*f"2%x"2 + 2kckd"2*f"2%x + c”2*d*f"2)*sin(2*fkx + 2%e) "2 + 2
*(d73*f"2%x72 + 2xckd"2*%f72%x + cT2*%dA*f"2 - 2% (d73*%fT2%x"2 + 2kxc*kd"2xf”. ..

3.50.8 Giac [N/A]

Not integrable

Time = 0.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fr))> [ (beot (fr+e)+a)’
/ c+dx de = / dxr +c de

3.50. [ (erbeotlehin)l gy
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input Lintegrate ((atbxcot (f*x+e)) "3/ (d*x+c) ,x, algorithm="giac")

output Lintegrate((b*cot(f*x +e) + a)73/(d*x + ¢), x)

3.50.9 Mupad [N/A]

Not integrable

Time = 12.63 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fz))® . [ (a+bcot(e+ fx))°
/‘ c+dx dx_/n ct+dz de

inputtint((a + bxcot(e + £*x))~3/(c + d*x),x)

output Lint((a + bxcot(e + f*x))~3/(c + d*x), x)

3.50. [ (erbeotlehin)l gy
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3.51 f (a+bcot(e+fx))3 dx

(ct+dzx)?
3.51.1 Optimalresult . . .. ... ... . ... .. .
3.51.2 Mathematica [N/A] . . . . . . . . . . 368
3513 Rubi [N/A] « . o oo oo oo 369
3.51.4 Maple [N/A] (verified) . . . . . . ... ... 3701
3.51.5 Fricas [N/A] . . . . . . 370
3.51.6 Sympy [N/A] . . . . e 370
3.51.7 Maxima [N/A] . . . . . . . 371
3.51.8 Giac [N/A] . . . . . 371
3.51.9 Mupad [N/A] . . . .

3.51.1 Optimal result

Integrand size = 20, antiderivative size = 20

(a+bcot(e+ fx))® . (a+ beot(e + fz))?
/ (c+ dx)? do = Int ( (c+ dz)? ’ x)

output LUnintegrable ((a+b*cot (fxx+e)) "3/ (d*x+c) ~2,x) J

3.51.2 Mathematica [N/A]
Not integrable

Time = 12.32 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a+bceot(e + fxz))? g — (a+beot(e + fx))?

(¢ + dx)? (c+ dx)? do

p
input LIntegrate [(a + bxCot[e + £*x])~3/(c + d*x)~2,x]

~—

output LIntegrate [(a + bxCot[e + £*x])~3/(c + d*x)~2, x]

~—

a cot(e xr 3
3.51. [ (tbeotleifn) gy
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3.51.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ beot(e + fz))3 i
(c+dzx)?

l 3042
(a—btan (e + fz+ I))3
/ (c+ dx)? da
J'4223

/ (a +bcot(e + fx))3 i
(c+ dz)?

input\ Int[(a + bxCot[e + f*x])~3/(c + d*x)~2,x]

output L$Aborted

3.51.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a-+0cot(e $3
3.51. [ letbelta)l gy
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3.51.4 Maple [N/A] (verified)

Not integrable

Time = 0.64 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+beot (fz + e))3dx
(dz + c)®

input Lint ((atb*cot (f*x+e) ) "3/ (d*x+c) ~2,x)

—

output Lint ((at+bxcot (f*x+e)) "3/ (d*x+c) ~2,x%)

3.51.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.15

dz

/(a+bcot(e+fz (bcot fx+e)+ )
(c+dx)? dz+c

input Lintegrate ((atbxcot (f*x+e)) "3/ (d*x+c)~2,x, algorithm="fricas")

Output‘integral((b*S*cot(f*x + e)73 + 3xaxb”2xcot(f*x + e)"2 + 3*a"2xbkcot(f*x +
‘e) + a~3)/(d"2%x"2 + 2%ckd*x + c~2), x)

3.51.6 Sympy [N/A]
Not integrable

Time = 2.55 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+beot(e+ fr))® . [ (a+bcot(e+ fzr))’ .
/ (c+ dzx)? de = / (c + dz)® d

input Lintegrate ((a+b*xcot (f*x+e) ) **3/ (d*x+c) **2,X)

—

output LIntegral((a + bxcot (e + fxx))**3/(c + d*x)**2, x)

a cotle 9 3
3.51. [ letbelta)l gy
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3.51.7 Maxima [N/A]

Not integrable

Time = 15.25 (sec) , antiderivative size = 3017, normalized size of antiderivative = 150.85

(a+beot(e+ fz))> , [ (beot (fz+e)+a)’ .
/ (c+dx)? dz = / (dx + 0)2 d

input ‘ integrate ((a+b*cot (f*x+e)) "3/ (d*x+c)~2,x, algorithm="maxima")

output | -((a”3 - 3*axb~2)*xd~2*%f"2*x"2 + 2*x(a”~3 - 3xaxb”2)*kckxd*f"2*x + (a~3 - 3*axb
"2)xc”2xf72 + ((a73 - 3*a¥b”2)*d"2*xf72xx"2 + 2% (2”3 - 3*a*b”2)*ckdxf"2xx +
(a™3 - 3*xaxb”2)kc"2*%f"2)*cos(4*xfxx + 4xe) 2 + 4*%((a”3 - 3*axb~2)*xd~2xf 2%
X"2 + b 3*ckd*f + (a”3 - 3*axb"2)*kc"2*%f"2 + (b"3*%d"2*f + 2*(a"3 - 3*a*b”2)
*cxd*xf~2) *x) *cos (2xf*x + 2%e)”2 + ((a”3 - 3*axb~2)*d"2*f"2*x"2 + 2x(a~3 -
3*a*xb~2) xcxd*f"2xx + (2”3 - 3*a*b"2)*c"2*xf"2)*sin(4*xf*x + 4%e)”2 + 4%((a”3
- 3xa*xb”2)*d"2*f£72%x"2 + b~ 3kckd*f + (2”3 - 3*axb”2)*c”"2*f72 + (b~3*d"2*f
+ 2%(a”3 - 3*axb"2)*ckd*kf~2)*kx)*sin(2*f*x + 2%e) "2 + 2x((a”3 - 3*axb”2)*d
~2%f"2%x"2 + 2% (a3 - 3*a*b”2)*ckd*f"2%x + (a~3 - 3*axb"2)*c"2xf"2 - (2*(a
3 - 3%axb”2)*kd"2*f"2%x"2 + b~ 3kckd*xf + 2%x(a”3 - 3*a*b"2)*c"2xf~2 + (b"3*d
“2xf + 4x(a”3 - 3*axb”~2)kckd*f"2)*x)*cos(2xf*x + 2%e) - (3*xaxb"2*xd"2xf*x +
3*ka*xb~2*c*d*f - b"3*d"2)*sin(2*f*x + 2+%e))*cos(4xf*xx + 4*e) - 2*%(2*(a”3 -
3*ka*xb”2) *d"2*%f"2%x"2 + b7 3*kckd*f + 2%(a”3 - 3*axb"2)*xc”2*xf"2 + (b"3*d"2*f
+ 4% (2”3 - 3*axb~2)*ckxd*xf~2)*x)*cos(2*f*x + 2xe) — (d"4*f"2*x"3 + 3*c*d"3
*fT2%x"2 + 3*%cT2kd"2xFf"2%x + cT3*%d*f"2 + (dT4*f72%x"3 + 3kckd"3xfT2*x"2 +
3*%c"2%A"2*xf"2%x + ¢ 3*xd*f"2)*cos (4xf*xx + 4*xe) 2 + 4*x(d"4*f72xx"3 + 3*kc*d”"3
*fT2xx72 + 3kcT2kd"2*f72%x + c"3*d*f72) *cos (2xfxx + 2%e) 2 + (dT4*f"2%x"3
+ 3kckd"3*xf"2%x”2 + 3%cT2xd"2%f"2xx + c"3*d*f"2)*sin(4xfxx + 4*%e)”2 - 4x(d
“AxfT2xx™3 + 3kckdT3kFT2%xT2 + 3kcT2xdT2xFT2kx + ¢ T3*d*fT2) *sin(4xfxx + 4%
e)*sin(2*xf*xx + 2xe) + 4x(d"4*f"2+x"3 + 3*ckd"3*%f72*x"2 + 3*kcT2kdT2xf 2%, .,

3.51.8 Giac [N/A]

Not integrable

Time = 2.78 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fz))> [ (beot (fz+e)+a)’ .
/ (c+dx)? dz = / (dx + 0)2 d

3.51. [ letbetletfa)l gy
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input Lintegrate ((atbxcot (fxx+e)) "3/ (d*x+c)"2,x, algorithm="giac")

output Lintegrate((b*cot(f*x +e) + a)73/(d*x + ¢)72, x)

3.51.9 Mupad [N/A]

Not integrable

Time = 13.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+beot(e+ fz))® . [ (a+bcot(e+ fx))° .
/ (c+dx)? dz = / (c+ dar:)2 d

input‘ int((a + bxcot(e + f*x))~3/(c + d*x)~2,x)

output Lint((a + bxcot(e + £*x))~3/(c + d*x)"2, x)

a cotle 9 3
3.51. [ letbelta)l gy
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3.52.4 Maple [B] (verified) . . . . ... . ... .. 378
3.52.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 3791
3.52.6 Sympy [F] . . . . . 379
3.52.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 3801
3.52.8 Giac [F] . . . . . o
3.52.9 Mupad [F(-1)] . . . . o

3.52.1 Optimal result

Integrand size = 20, antiderivative size = 242

aib)e2i(etfe)
/ (c+dz)3 i — (c+dz)* b(c+ dz)’ log <1 - %)

a+bcot(e + fx) T= 4(a — ib)d @]
) (a+ib)e2i(et+fz)
3ibd(c + dz)* PolyLog <2, T)
2 (a2 + b2) f2
(atib)e?ile+f)
_ 3b(c+ dz) PolyLog (3, rinerr)
2(a® +0%) f°
3ibd® PolyLog (4, ")

a—1ib

1@+ 5) [

+

1/4* (d*x+c) "4/ (a-I*b)/d-b* (d*x+c) “3*1n(1-(a+I*b)*xexp(2*I*(f*x+e))/(a-I*b))
/(a~2+b~2) /£+3/2*Ixbxd* (d*x+c) ~2*polylog (2, (a+I*b)*exp (2*I* (f*x+e))/(a-I*b
)/ (a~2+b~2) /£72-3/2%b*d"2* (d*x+c) *polylog (3, (a+I*b)*exp (2*I* (f*x+e))/(a-I
*b))/(a~2+b"2) /£73-3/4*I*bxd"3*polylog(4, (a+I*b)*exp(2*I* (f*x+e))/(a-Ixb))
/(a~2+b"2)/£f"4

(ctdx)3
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3.52.2 Mathematica [A] (verified)

Time = 2.19 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.43

d 3
/ (c+dx) d
a + bceot(e + fx)
b <2i(c+dx)4 4(a(—1+e2ie)+ib(1+62ie)) (c+d:1:)3 log (1+—(_a+ib):;;j(e+fm) ) + 3d(—ia(—l+e2ie)+b(1+62ie)) <2f2 (c+d:z)2 PolyLog(

(atib)yd @260 f

4(a(—1+ e?e) +ib(1+ €
z(4c® + 6c2dz + 4ed*x? + dPz?) sin(e)
4(bcos(e) + asin(e))

input‘ Integrate[(c + d*x)~3/(a + b*Cot[e + f*x]),x]

output (bx(((2xI)*(c + d*x)~4)/((a + Ixb)*d) - (4*(ax(-1 + E~((2*I)*e)) + I*bx(1
+ E7((2*I)*e)))*(c + d*x)~3xLogl[l + (-a + Ixb)/((a + I*b)*E~((2*I)*(e + f*
x)))1)/((@72 + b™2)*f) + (3*d*((-I)*a*(-1 + E7((2*¥I)*e)) + b*(1 + E~((2xI)
xe)))*x(2xf~2%(c + d*x) "2*PolyLog[2, (a - I*b)/((a + I*b)*E~((2*xI)*(e + f*x
)))] + dx((-2xI)*fx(c + d*x)*PolyLogl[3, (a - I*b)/((a + I*b)*E~((2*I)*(e +
f*x)))] - d*PolyLogl[4, (a - Ixb)/((a + I*b)*E~((2xI)*(e + f*x)))]1)))/((a”
2 + b72)*%f74)))/(4x(a*(-1 + ET((2xI)*e)) + I*bx(1 + E~((2*I)*e)))) + (x*(4
*C"3 + B*CcT2%d*x + 4*xc*d"2*x"2 + d"3*x"3)*Sin[e])/(4*(b*Cos[e] + a*Sin[e])
)

3.52.3 Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.01,
number of steps used = 9, number of rules used = §, Lumber of rules _ 0.400, Rules used

integrand size
= {3042, 4214, 25, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)3
/ a+ beot(e + fx)
| 3042
/ (c+dz)3 B
a—btan(e+fa:+ %)

(ctdx)3
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l 4214
4 2i(e+fx)
lerdo)” o / (c+dz)®
4d a - Zb) (a - ’Lb a2 + b2) e2i(etfz)
l 25
27,(e+fz 3 4
mg/ (c+d@ oy EF2)°
(a —ib)2 — (a2 + b2) e2i(etfz) 4d(a — ib)
l 2620
. 16+ 42 o8 (1- CHUE)  sid f(e+ do)log (1 - OE ) dr\ (o gyt
l 2f (a® +%) 2f (a% +?) 4d(a — ib)
l 3011

2i(e+ 2i(e+
sid (z(c dz)? PolyLog (2 W) id [(c+dx) PolyLog( W)
) Z

| 16 40 log (1 - S % f
| e 2f (a2 + b2)
(c+dn)*
4d(a — ib)
| 7163
id [ PolyLog< W> .
. i(c+dzx)? PolyLog (2 W) id 2f )
3id . ~ f
i(c+ dz)*log (1 — (HHE)
) e _ 2f (a2 + b?)
(c+dn)*
4d(a — ib)

l 2720

(c+dz)3
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d [ e=2i(e+£2) polyLog (3,%:?1_(;*
3id + _
Z 2 (@ + ) ST
(c+dn)*
4d(a — ib)
| 7143
dPolyLog (4,W) oo
| ilct+dz)? PolyLog (2%) id - .
3id o B f
2| T dz)? log (1 — (D)
U 2f (a2 + b2) 2f (a2 + b?)
(c+dn)*
4d(a — ib)
inputLInt[(c + d*x)~3/(a + b*Cot[e + f*x]),x] J
output (c + d*x)~4/(4*(a - Ixb)*d) + (2*I)*bx(((I/2)*(c + d*x)~3*Logl[l - ((a + Ix

b)*E~((2*D)*(e + £*x)))/(a - I*b)]1)/((a”2 + b2)*f) - (((3*I)/2)*d*(((I/2)
*(c + d*x) 2*PolyLogl[2, ((a + I*b)*E~((2*I)*(e + f*x)))/(a - I*b)])/f - (I
*d* (((-1/2%I)*(c + d*x)*PolyLog[3, ((a + I*b)*E~((2*I)*(e + f*x)))/(a - Ix
b)1)/f + (d*PolyLogl4, ((a + Ixb)*E~((2*I)*(e + £*x)))/(a - I*b)1)/(4*f"2)

))/£))/((a"2 + b~2)*f))

(c+dz)3
3.52. f m dlL'



rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 4214

rule 7143
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3.52.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x=_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x))))"(@_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*cxn*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)~"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xI*¥b Int[(c + d*x) "m*E~(2*I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)~
2 + (a2 + b™2)*E~ (2+Ixk*Pi)*E~Simp[2*I*(e + f*x), x])), x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

(ctdx)3
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7

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.52.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 1401 vs. 2(215) = 430.

Time = 0.43 (sec) , antiderivative size = 1402, normalized size of antiderivative = 5.79

-

method | result size

risch Expression too large to display | 1402

inputLint((d*x+c)‘3/(a+b*cot(f*x+e)),x,method=_RETURNVERBOSE)

output

1/4%d"3/ (a+Ixb)*x~4+1/(a+I*b)*c~3*x+1/4/d/ (a+I*b)*c~4+I/f~4/(b-I*a)*b*e 3%
d~3/(I*b-a)*1n(exp(2*I*(f*x+e))*a+I*bxexp(2*I* (f*x+e))-a+I*b)+6/f/(b-I*a)*
b/ (a-I*b)*c~2*d*e*x+I/f~4/(b-I*a)*b/(a-I*b)*e~3*d~3*1n(1-(a+I*b)*exp (2%I*(
fxx+e))/(a-I*b))-6/£"2/(b-I*a)*b/(a-I*b)*e~2*c*d 2*x+I/f/(b-I*a)*b/(a-I*b)
*d"3x1n(1- (a+I*b)*exp (2*I*(f*x+e))/(a-I*b))*x"3+3/£72/(b-I*a)*b/(a-I*b)*d"
2xcxpolylog(2, (a+I*b)*exp(2xI* (£xx+e))/(a-I*b))*x-2*I/f~4/(b-I*a)*b*e~3*d"
3/ (Ixb-a)*1n(exp(I*(f*x+e)))+3/2*I/£"3/(b-I*a)*b/(a-I*b)*d~2*c*polylog(3, (
a+Ixb)*exp(2*xI*(f*xx+e))/(a-I*b))+3/2+%I/£~3/(b-I*a)*b/(a-I*b)*d 3*polylog(3
, (a+I*b)*exp(2xI* (f*x+e))/(a-I*b))*x+3/£72/(b-I*a)*b/(a-I*b)*c~2*d*e~2+3/2
/£7°2/ (b-I*a)*b/(a-I*b)*c 2xd*polylog(2, (a+I*b)*exp (2xI*(f*x+e))/(a-I*b))+2
/£73/ (b-I*a)*b/(a-I*b)*d"3*e~3*x-4/£~3/(b-I*a)*b/(a-I*b)*e"3*xc*d~2+3/2/£"2
/ (b-I*a)*b/(a-I*b)*d 3*polylog(2, (a+I*b)*exp(2*I*(f*x+e))/(a-I*b))*x"2+2*I
/£/ (b-Ixa)*bxc~3/(I*b-a)*1n(exp(I*(f*x+e)))-I/f/(b-I*a)*bxc~3/(I*b-a)*1ln(e
xp (2*I* (fxx+e) ) *a+Ixbkexp (2%I* (fxx+e))-a+Ixb)+6*I/£~3/(b-I*a)*b*e~2%c*d~2/
(I*b-a)*1n(exp(I*(f*x+e)))-3*I/£73/(b-I*a)*b*e~2*c*xd~2/(I*b-a)*1n(exp(2*I*
(f*x+e)) xa+I*bkexp (2*%I* (f*x+e)) -a+I*b)-6*I/f~2/ (b-I*a)*b*exc~2+d/ (I*b-a)*1
n(exp(Ix(fxx+e)))+3*I/f~2/(b-I*a)*b*exc~2*d/(I*b-a)*1n(exp (2*I*(f*x+e))*a+
Ixbxexp (2*%I* (f*x+e))-a+I*b)+3*I/f/(b-I*a)*b/(a-I%b)*c”2*d*1n(1-(a+I*b)*exp
(2%I*(f*x+e))/(a-Ixb))*x+3*xI/£2/(b-I*a)*b/(a-I*b)*c~2*d*1n(1-(a+I*b)*exp(
2xIx (fxx+e))/(a-I*b))*e-3*I/£~3/(b-I*a)*b/(a-I*b)*e 2kcxd~2+1n(1-(a+I*b...
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3.52.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1031 vs. 2(203) = 406.

Time = 0.34 (sec) , antiderivative size = 1031, normalized size of antiderivative = 4.26

(c+ dx)3 B .
/ a + beot(e + fa) dxz = Too large to display

.
input  integrate((d*x+c)~3/(a+b*cot (f*x+e)),x, algorithm="fricas")

output | 1/8% (2*a*xd~3*f~4*x"4 + 8xa*xckd 2xf 4*x"3 + 12%axc 2kd*xf ~4*x"2 + 8kaxc 3xf"
4xx - 3xIxbxd"3*polylog(4, ((a”2 + 2xI*a*xb - b~2)*cos(2*f*x + 2%e) + (I*a”
2 - 2%a*b - I*b"2)*sin(2xf*x + 2xe))/(a”2 + b~2)) + 3*Ixb*d~3*polylog(4, (
(a™2 - 2xIxaxb — b~2)*cos(2*f*x + 2xe) + (-I*a"2 - 2%a*b + I*b~2)*sin(2*xf*
X + 2%e))/(a”2 + b72)) - 6x(-I*b*d"3*f"2*x"2 — 2xIxbxcxd"2*f~2%x - I*b*c~2
*d*f~2)*dilog(-(a"2 + b~2 - (a2 + 2xI*a*b - b~2)*cos(2xf*x + 2%e) + (-Ixa
2 + 2xaxb + I*b"2)*sin(2*f*x + 2*e))/(a"2 + b"2) + 1) - 6% (I*b*xd~3*f " 2*xx~
2 + 2%I*bkckd~2*f~2*%x + I*b*xc~2xd*f~2)*dilog(-(a"2 + b2 - (a”2 - 2xI*a*xb
- b™2)*cos(2xf*x + 2%e) + (I*a~2 + 2%axb - I*b~2)*sin(2*f*x + 2xe))/(a~2 +
b"2) + 1) + 4x(b*d~3%e”~3 - 3*bkcxd"2xe 2*f + 3xbkc 2*d*e*f~2 - bxc~3*f"3)
*log(1/2%a”2 + I*axb - 1/2%b"2 - 1/2%(a”2 + b~2)*cos(2xf*x + 2xe) + 1/2%(I
*a"2 + Ixb"2)*sin(2xf*x + 2%e)) + 4*(b*d"3*e”3 - 3*bkxc*d"2*e”2+f + 3xb*xc™2
xd*xe*f~2 - b*c"3*f73)*xlog(-1/2%a"2 + I*a*xb + 1/2*%b"2 + 1/2*(a”"2 + b~2)*cos
(2xfxx + 2xe) + 1/2*%(I*a"2 + I*b"2)*sin(2xf*x + 2%e)) - 4*(b*d~3*f~3*x"3 +
3*b*kckd"2%f"3*%x72 + 3*bkcT2*kd*f"3*%x + b*kd"3*%e”3 - 3*bkckd " 2xe"2xf + 3xb*c
“2xd*exf~2)*log((a”2 + b"2 - (a”2 + 2*I*axb - b~2)*cos(2*f*x + 2%e) + (-I*
a~2 + 2%axb + I*xb"2)*sin(2*f*x + 2xe))/(a"2 + b72)) - 4*(b*d"3*f"3*x"3 + 3
*bkckd"2xf"3*%x"2 + 3kbkc 2xd*f"3%x + bkd"3*%e”3 - 3kbkckd"2%e"2+f + 3kbxc”2
*xdxexf~2)*log((a™2 + b2 - (a2 - 2+I*a*b - b~2)*cos(2xf*x + 2%e) + (I*a~2
+ 2xaxb - Ixb~2)*sin(2*f*x + 2*e))/(a”2 + b~2)) - 6*(bxd~3*f*x + bxcxd...

N\

3.52.6 Sympy [F]

(c+dz)? B (c + dx)®
/a—l—bcot(e—l—fx)dm_/a-l-bCOt(e‘i‘fl')dx

input ‘ integrate ((d*x+c)**3/ (atb*cot (f*x+e)) ,x)

(ctdx)3
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output | Integral((c + d*x)**3/(a + brcot(e + £¥x)), x)

3.52.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 990 vs. 2(203) = 406.

Time = 0.57 (sec) , antiderivative size = 990, normalized size of antiderivative = 4.09

(c+ dx)? :
dz = Too 1 to displ
/ o ¥ boot(e + fz) 1 = Too large to display

input‘integrate((d*x+c)“3/(a+b*cot(f*x+e)),x, algorithm="maxima")

output | -1/12* (18xc~2*d*ex (2x (f*x + e)*a/((a"2 + b~2)*f) - 2*bxlog(a*tan(f*x + e)

+ b)/((a"2 + b~2)*f) + bxlog(tan(f*x + e)”2 + 1)/((a”2 + b~2)*£f)) - 6x(2%(
f*xx + e)*a/(a”"2 + b~2) - 2xb*log(axtan(f*x + e) + b)/(a”2 + b~2) + bxlog(t
an(f*x + )72 + 1)/(a"2 + b"2))*c"3 - (3*(f*x + e)"4*x(a + I*b)*d"3 - 12xIx*
bxd~3*polylog(4, (I*a - b)*e” (2*Ixf*x + 2+Ixe)/(I*a + b)) - 12x((a + Ixb)*
d"3*e - (a + I*b)*ckd "2*f)*(f*xx + e)~3 + 18*((a + I*b)*d"3*e”2 - 2x(a + I*
b)*ckd"2*%exf + (a + I*b)*c™2xd*f~2)*(f*x + e)~2 - 12x((a + I*b)*d~3*e”3 -

3x(a + I*b)*xc*xd"2xe 2+f)*x(f*x + e) + 12+ (I*b*d"3*e~3 — 3*Ixb*ckd 2xe”2*f) *
arctan2(bxcos (2*xf*x + 2%e) + a*sin(2xf*x + 2%e) + b, a*cos(2xf*xx + 2%e) -

bksin(2*f*x + 2%e) — a) + 4x(—-4xIx(f*x + e) " 3*b*d~3 + 9*(I*b*d~3*e - Ixb*c
*d"2*%f)* (f*x + e) 72 + 9% (-I*b*d"3*e”2 + 2kI*bxckxd 2kexf — Ixbkxc ™ 2xd*xf~2)x*(
f*x + e))*arctan2(-(2*ax*bkxcos(2*f*x + 2xe) + (2”2 - b72)*sin(2*f*x + 2xe))
/(@a”2 + b72), (2*xaxbxsin(2*f*xx + 2%e) + a”2 + b™2 - (a"2 - b~2)*cos(2xf*x

+ 2%e))/(a"2 + b72)) + 6x(4xI*x(f*x + e) 2%b*d"3 + 3*I*bxd~3*e”2 — 6*xI*b*c*
d"2xexf + 3xIxbkxc~2xd*f~2 + 6% (-Ixb*d~3%e + Ixb*c*d~2*f)*(f*x + e))*dilog(
(I*a - b)*e” (2xI*xf*x + 2*Ixe)/(I*a + b)) + 6*(b*d"3*xe”3 - 3*bkc*xd~2*e 2*f)
*log((a™2 + b~2)*cos(2*f*x + 2*e)”~2 + 4*axbxsin(2*f*x + 2xe) + (a2 + b~2)
*sin(2xf*x + 2%e)”2 + a”2 + b72 - 2%(a”2 - b"2)*cos(2xf*xx + 2%e)) - 2% (4x*(
fxx + e) " 3*%bxd"3 - 9*(b*d"3*e - bkckxd 2xf)*x(fxx + e)"2 + 9k (b*xd"3*e”2 - 2%
b¥ckd"2xe*xf + bxc 2*d*f"2)*(f*x + e))*log(((a”™2 + b~2)*cos(2xf*x + 2*e)...

(ctdx)3
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3.52.8 Giac [F]

(c+dz)? B (dz + ¢)°
/a+bcot(e-|—fac)dm_/bcot(fcc—i—e)—i—adac

inputLintegrate((d*x+c)“3/(a+b*cot(f*x+e)),x, algorithm="giac")

output integrate((d*x + c)~3/(b*cot(f*x + e) + a), x)

3.52.9 Mupad [F(-1)]

Timed out.

/ (c+dz)? g — / (c+dz)’ I

a+ beot(e+ fx) a+beot(e+ fx)

input Lint((c + dxx)~3/(a + bxcot(e + f*x)),x)

output Lint((c + d*x)~3/(a + bxcot(e + f*x)), x)

(ctdx)3
3.52. f m dl‘
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3.53

3.53.1
3.53.2
3.53.3
3.53.4
3.53.5
3.53.6
3.53.7
3.53.8
3.53.9

(c+dzx)?
a+b cot(e+f)

dx

J

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [B] (verified)
Fricas [B] (verification not implemented)
Sympy [F]
Maxima [B] (verification not implemented)
Giac [F]
Mupad [F(-1)]

3.53.1 Optimal result

Integrand size = 20, antiderivative size = 181

a+i eQi(e‘FfZ)
/ (C + d:z;)2 e — (C + d:L')3 b(c + d:L‘)2 log <1 . %)
a+bCOt(6+fx) T = 3(a—’l,b)d (a2+b2)f
ibd(c + dz) PolyLog (2, %)

+

@+ )

bd? PolyLog (3, M)

a—1ib

2(a? + 2 f3

389

output \ 1/3* (d*x+c) "3/ (a-I*b) /d-b* (d*x+c) “2*1n(1- (a+I*b)*xexp(2*I* (f*x+e))/(a-I*b))
|/ (a~2+b"2) /£+I¥bxd (d*x+c) *polylog(2, (a+I¥b)*exp(2xI*(fx+e))/(a-I*b))/(a"
‘2+b‘2)/f“2—1/2*b*d‘2*polylog(3,(a+I*b)*exp(2*I*(f*x+e))/(a—I*b))/(a“2+b‘2)

}/f*s

3.53.

f (ctdx)?

a+bcot(et+fx) dx
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3.53.2 Mathematica [A] (verified)

Time = 1.64 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.60

d 2
/ (c+dx) d
a + bceot(e + fx)
b <4i(c+dx)3 6(11(—1+e2i‘5)+ib(1+62ie))(c+d:1r:)2 log (1_'_%) + 3d(—ia(—l+e2ie)+b(1+62ie)) <2f(c+da:) PolyLog (2‘

(atib)yd (a2+b2)f (a2

6 (a (—1 4 e2€) + ib (1 + e%e))
(3¢ + 3edz + d’c) sin(e)
3(bcos(e) + asin(e))

input‘ Integrate[(c + d*x)~2/(a + b*Cot[e + f*x]),x]

output | (b*(((4*I)*(c + d*x)~3)/((a + I*b)*d) - (6%(a*x(-1 + E~((2*xI)*e)) + Ixbx(1
+ ET((2*I)*e)))*(c + d*x)~2xLogl[l + (-a + Ixb)/((a + I*b)*E~((2*I)*(e + f*
x)))1) /(@72 + b™2)*f) + (3*d*x((-I)*ax(-1 + E~((2*¢I)*e)) + b*x(1 + E~((2*I)
xe)))*(2xf*x(c + d*x)*PolyLog[2, (a - I*b)/((a + I*b)*E~((2*I)*(e + f*x)))]
- Ixd*PolyLogl[3, (a - I*b)/((a + I*b)*E~((2*xI)*(e + f*x)))]))/((a"2 + b~2
)*£73)))/(6x(a*x(-1 + E“((2xI)*e)) + Ixb*x(1 + E"((2xI)*e)))) + (x*(3*c™2 +

3xckdxx + d"2*x"2)*Sin[e])/(3*(b*Cos[e] + a*Sin[el))

3.53.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.03,
number of steps used = 8, number of rules used = 7, number of rules _ 0.350, Rules used

integrand size
= {3042, 4214, 25, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)?
/ a+ beot(e + fx) de

l 3042

/ (c + dz)?
a—btan(e+fa:+%) v

l 4214

(c+dz)?
353. [ oestterrs 4%
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dxr

(etde)’ o / X2 (¢ + da)?
3d(a — ib) (a — ib)2 — (a2 + b2) e2i(e+f2)
| 25

2ib / NI e + da)? (c+ da)’®
' (a —ib)2 — (a2 + b?) e2i(etfx) ’ 3d(a — ib)

| 2620
. a-+ib)e2i(e+fz) . (a+ib)e2i(e+fz)
oib i(c+ dz)?log (1 - %) - id [(c+ dz)log (1 - T) dz (c+ dz)?
2f (a2 + b2) f(a®+b?) 3d(a — ib)
| 3011

2i(e+fx 2i(e+fx
‘ (i(c—i—dw) PolyLog (2 W) id [ PolyLog (2 %) dx)
) ]

0i i(c+ dz)? log (1 - (ativ)etic+12) % -
| e f (a2 +b?)
(c+d)’
3d(a — ib)
l_2720
) Herds) POIYLOg( w) dfe_2i(e+fz) PolyLog (2 w
. 1ib)e2i(etfz) I3 - B - |
2ib i(c+ da)*log (1 "gg‘ligia;“") _
e f (a2 +b2)
(c+dn)*
3d(a — ib)
| 7143
e POlyLog( W) dPolyLog< w>
. y )
' (a-+ib)e2i(e+ =) ) . -
24b i(c + dr)?log (1 - HRET) ~ +
2f (a2 + b2) f (a2 + b2)
(c+dn)*
3d(a — ib)

(c+dz)?
353. [ oestterrs 4%



input

output

rule 25

rule 2620

rule 2720

rule 3011

rule 3042
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‘Int[(c + d*x)~2/(a + b*Cot[e + f*x]),x]

((c + d*x)"3/(3x(a - I*b)*d) + (2+I)*b*(((I/2)*(c + d*x) 2*Log[l - ((a + Ix
\b)*E‘((2*I)*(e + fxx)))/(a - Ixb)])/((a"2 + b~2)*f) - (I*d*(((I/2)*(c + dx*
‘x)*PolyLog[2, ((a + I*b)*E~((2*xI)*(e + f*x)))/(a - I*b)])/f - (d*PolyLogl3
L, ((a + Ixb)*E~((2%I)*(e + f*x)))/(a - I*b)])/(4*£72)))/((a"2 + b~2)*f))

|

3.53.3.1 Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_L)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]
Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F]1)) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

(c+dz)?
353. [ oestterrs 4%
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rule 4214 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xI*xb  Int[(c + d*x) "m*E~(2%I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + Ixb)~
2 + (2”2 + b"2)*E” (2*I*k*Pi)*E~Simp [2*I*(e + f*x), x])), x], x] /; FreeQ[{a

, b, ¢, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

ruk37143/Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

3.53.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 896 vs. 2(163) = 326.

Time = 0.32 (sec) , antiderivative size = 897, normalized size of antiderivative = 4.96

method | result
o9 (ibta)e2t(fz+e) .
isch d23 dex2 2z c3 % d2a3 2ib 2 ln(ei(f:c+e)) be“d® In 1_7—ib+a 2ibce
IS¢ 3ib+3a T ibta 1 ibta T 3d(ta) T 3(iatd)(—ibra) T Ffloiatb)—a) 73 (—iatb)(—ibta) +—

inputtint((d*x+c)‘2/(a+b*cot(f*x+e)),x,method=_RETURNVERBOSE)

1/3%d"2/ (a+I*b)*x"~3+d/ (a+I*b)*c*x"2+1/(a+I*b)*c~2*x+1/3/d/(a+I*b)*c~3+2/3/
(b-I*a)*b/(a-I*b)*d~2+x"3+2*I/f/(b-I*a)*b*xc~2/(Ixb-a)*1ln(exp(I*(f*x+e)))-I
/£73/ (b-I*a)*b/(a-I*b)*e~2%d"2*1n(1-(a+I*b)*exp(2*xI*(f*x+e))/(a-Ixb))+2xI/
£72/ (b-I*a)*b/ (a-I*b)*c*d*1n(1-(a+I*b)*exp (2+xI*(f*x+e))/(a-I*b))*e-I1/£~3/(
b-I*a)*b*e~2%d~2/(I*b-a)*1n(exp(2*I* (fxx+e))*a+Ixbkexp(2*I* (fxx+e))-a+I*b)
-4xI1/£"2/(b-I*a)*b*exc*d/ (Ixb-a)*1n(exp(I*(f*x+e)))-2/£72/(b-I*a)*b/(a-I*b
)*xe~2xd"2*x+1/£72/(b-I*a)*b/ (a-I*b)*d~2*polylog(2, (a+I*b)*exp(2*I* (f*x+e))
/ (a-Ixb))*x+2*I/f~3/(b-I*a)*b*e~2+%d~2/(I*¥b-a)*1n(exp (I*(f*xx+e)))+2+*I/£72/(
b-I*a)*b*exc*d/(I*b-a)*1ln(exp(2+I*(f*x+e))*a+I*bkexp(2*xI* (f*x+e))-a+Ixb)+2
/ (b-I*a)*b/(a-I*b)*cxd*x~2+4/f/(b-I*a)*b/(a-I*b)*ckd*xe*x+2/f~2/(b-I*a)*b/(
a-I*b)*c*d*e~2+1/£72/(b-I*a)*b/(a-I*b)*c*d*polylog(2, (a+I*b)*exp (2*I* (f*x+
e))/(a-I*b))+1/2*1/£~3/(b-I*a)*b/(a-I*b)*d"2*polylog(3, (a+I*b)*exp (2xI*(f*
x+e))/(a-I*b))-I/f/(b-I*a)*b*c"2/(I*b-a)*1n(exp (2*I*(f*x+e))*a+Ixb*exp(2*I
* (£xx+e) ) —a+I*b)+2+I/f/(b-I*a)*b/ (a-I*b)*c*d*1ln(1-(a+Ixb)*exp (2*xI*(f*x+e))
/(a-I*b))*x-4/3/£73/(b-I*a)*b/(a-I*b)*e~3*%d~2+I/f/(b-I*a)*b/(a-I*b)*d~2*1ln
(1-(a+I*b)*exp(2*I*(f*x+e))/(a-I*b))*x"2

output

f (ctdx)?

a+bcot(et+fx) dx

3.53.
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3.53.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 732 vs. 2(154) = 308.

Time = 0.31 (sec) , antiderivative size = 732, normalized size of antiderivative = 4.04

(c+ dzx)?
/ a+ beot(e + fx) dz

(a2+2i ab—b?) cos(2 fz+2e)+ (i a?—2ab—ib?) sin(2 fz+2e€)

B 4ad? f3x3 4+ 12 acdf3z* + 12 ac® f3x — 3 bd?polylog (3, i

) -

input Lintegrate ((d*x+c)~2/ (a+bxcot (f*x+e)) ,x, algorithm="fricas") ‘

output

p

1/12% (4*a*d~2*£"3%x"3 + 12*%axc*xd*f~3*x"2 + 12%a*xc”2xf~3%x - 3*b*d~2*polylo
g(3, ((a"2 + 2xI*a*b - b~2)*cos(2xf*x + 2%e) + (I*a~2 - 2*axb — I*b~2)*sin
(2xfxx + 2xe))/(a”2 + b72)) - 3*b*d"2*polylog(3, ((a"2 - 2*I*a*b - b~2)*co
s(2xfxx + 2*xe) + (-I*a"2 - 2*axb + I*b~2)*sin(2*f*x + 2*e))/(a"2 + b~2)) -
6% (-Ixbxd~2*f*x - I*bkckd*f)*dilog(-(a~2 + b~2 - (a”2 + 2xI*a*b - b~2)*co
s(2xfxx + 2%e) + (-I*a”2 + 2%axb + I*b~2)*sin(2xf*x + 2xe))/(a"2 + b~2) +

1) - 6x(Ixbxd~2*f*x + Ixbkckd*f)*dilog(-(a"2 + b~2 - (a”2 - 2xIxa*b - b~2)
xcos (2+%f*xx + 2xe) + (I*a™2 + 2%axb - I*b~2)*sin(2*f*x + 2xe))/(a"2 + b~2)
+ 1) - 6%(b*d"2%e”2 - 2#bkcxdkexf + b*c~2*f£72)*log(1/2*xa”2 + I*axb - 1/2%b
"2 - 1/2%(a"2 + b"2)*cos(2*f*x + 2xe) + 1/2*(I*a"2 + I*b"2)*sin(2xf*xx + 2%
e)) - 6*%(b*d"2%e"2 - 2%b*ckd*e*f + b*c~2*f~2)*log(-1/2*%a~2 + I*a*b + 1/2%b
"2 + 1/2%(a”2 + b"2)*cos(2*f*x + 2xe) + 1/2*x(I*a”2 + I*b~2)*sin(2xf*xx + 2%
e)) - 6%(b*d"2*f72%x"2 + 2xb*ckd*f~2%x - bxd"2%e”2 + 2¥bkckdxexf)*log((a~2
+ b"2 - (a2 + 2+I*axb - b"2)*cos(2xf*x + 2xe) + (-I*a”~2 + 2%a*xb + I*b"2)
*xsin(2xfxx + 2xe))/(a”2 + b72)) - 6*%(b*d"2*f"2%x"2 + 2*b*c*d*f~2*x - b*d"2
*e~2 + 2¥bkxckdxexf)*log((a”2 + b2 - (a2 - 2*I*xa*b - b~2)*cos(2xf*x + 2%e
) + (I*a~2 + 2%axb - I*b~2)*sin(2xf*x + 2%e))/(a”2 + b72)))/((a~2 + b~2)*f
~3)

(c+dz)?
353. [ oestterrs 4%
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3.53.6 Sympy [F]
(c+dz)? B (¢ + dz)®
/a+bcot(e+f:c) de _/a-l—bcot(e-l—fx) &

input Lintegrate ((d*x+c) **2/ (a+b*cot (£*x+e)) ,x) J

output  Integral((c + dxx)**2/(a + bxcot(e + £*x)), x)

3.53.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 720 vs. 2(154) = 308.

Time = 0.54 (sec) , antiderivative size = 720, normalized size of antiderivative = 3.98

/ (c+ dzx)? dp —

a+ beot(e + fx)

6 cde [ 2Uztela _ 2blog(atan(fa-te)+h) blog tan(fa-+e)* +1) 3 ( 2Uzte)a _ 2blog(atan(frte)t) blogtan(/;
Cae\ Ly (@21b2)f + @216 ] - a2 1b2 21b2 a2

input Lintegrate ((d*x+c) "2/ (a+b*cot (f*x+e)) ,x, algorithm="maxima") J

(c+dz)?
353. [ oestterrs 4%
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input

output

input

output
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-1/6%(6xckd*ex (2x(fxx + e)*a/((a”2 + b~2)*f) - 2*bxlog(axtan(f*x + e) + b)
/((a”2 + b"2)*f) + bxlog(tan(f*x + e)~2 + 1)/((a”2 + b"2)*f)) - 3*(2x(f*x
+ e)*a/(a”2 + b™2) - 2*bxlog(a*tan(f*x + e) + b)/(a"2 + b~2) + bxlog(tan(f
*x + e)”2 + 1)/(a"2 + b72))*c”2 - (2*x(f*x + e) " 3*(a + I*b)*d"2 + 6x(f*x +
e)*x(a + I*b)*d"2xe"2 - 6xIxbxd~2*e”2*arctan2(b*xcos(2*f*x + 2*xe) + a*sin(2*
fxx + 2%e) + b, a*cos(2xf*x + 2%e) - b*sin(2xf*x + 2%e) - a) - 3*xbxd~2*e”2
x1log((a™2 + b~2)*cos(2*f*x + 2%e) 2 + 4xaxb*sin(2xf*x + 2xe) + (a"2 + b72)
*s5in(2*%f*x + 2*xe)”2 + a”2 + b"2 - 2*(a”2 - b"2)*cos(2xf*x + 2%e)) — 3*bxd”
2%polylog(3, (I*a - b)*e~ (2*Ixf*x + 2%Ixe)/(I*a + b)) - 6%((a + I*b)*d 2*e
- (a + Ixb)*cxd*f)*(fxx + e)72 + 6% (~I*(f*x + e) 2*%b*d"2 + 2% (Ixbxd"2xe -
Ixbxckd*f)*(f*xx + e))*arctan2(-(2%a*bkcos(2*f*x + 2%e) + (a~2 - b~2)*sin(
2xfxx + 2%e))/(a”2 + b”"2), (2*axb*sin(2*f*x + 2%e) + a”2 + b2 - (2”2 - b~
2)*cos(2*xfxx + 2xe))/(a"2 + b~2)) + 6x(I*x(f*xx + e)*b*d"2 - I*b*d"2*e + Ixb
xc*xd*f)*dilog((I*a - b)*e” (2*I*f*x + 2%I*xe)/(I*a + b)) - 3k ((f*x + e) 2%bx*
d~2 - 2x(b*d"2xe — bkxcxd*f)*(f*x + e))*Llog(((a"2 + b~2)*cos(2xf*x + 2%e)~2
+ 4*axb*sin(2*xf*x + 2*xe) + (2”2 + b"2)*sin(2*xf*x + 2*e)”"2 + a”2 + b™2 - 2
x(a”2 - b"2)*cos(2xf*x + 2xe))/(a"2 + b72)))/((a"2 + b~2)*£72))/f

3.53.8 Giac [F]

(c+ dzx)? B (dz + ¢)®
/a+bcot(e+fa:)dx_/bcot(fx+e)+adx

Lintegrate((d*x+c)“2/(a+b*cot(f*x+e)),x, algorithm="giac")

~—

-

integrate((d*x + c)~2/(bxcot(f*x + e) + a), x)

_

3.53.9 Mupad [F(-1)]

Timed out.
2 2
/ (c+dzx) i :/ (c+dx) i
a+ beot(e+ fx) a+beot (e + fx)
lint((c + d*x)~2/(a + bcot(e + £+x)),x)

N

Lint((c + d*x)~2/(a + b*cot(e + f*x)), x)

(c+dz)?
353. [ cpest(erya 42
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3.54 [t __gg

a+b cot(e+fx)
3.54.1 Optimal result . . . . . . .. . . . ... 390
3.54.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 390
3.54.3 Rubi [A] (verified) . . . . . . .. .. 391]
3.54.4 Maple [B] (verified) . . . ... ... ... 3931
3.54.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... ..
3.54.6 Sympy [F] . . . . . 394
3.54.7 Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... .. 394
3.54.8 Giac [F] . . . o o
3.54.9 Mupad [F(-1)] . . . . o

3.54.1 Optimal result

Integrand size = 18, antiderivative size = 126

(a+ib)e2i(etf=)
/ ctdz de = (c+ dz)? _b(c+dx)log (1_T>
a+beot(e+fz)  2(a—b)d (@+8) ]
_+ide%ﬂyLog<2,QiE§§§jfj>
2(a? +0%) f2

output ‘ 1/2% (d*x+c) "2/ (a-I*b) /d-b* (d*x+c)*1n(1-(a+I*b)*exp (2*I* (f*x+e))/(a-Ixb))/(
|a~2+b"2) /£+1/2*%Ixbxd*polylog(2, (a+Ib)*exp(2xI*(fxx+e))/(a-I¥b))/(a~2+b"2)
/£72

3.54.2 Mathematica [A] (verified)

Time = 2.13 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.44

/ c+dz i — lb 2i(c + dzx)?
a+beotle+ fz) 2 | (a+ib)d(a(—1+ e%e) +ib(1 + eZe))
2(c+dz)log <1 4+ (—a+ib‘)li‘izi(e+f””)>
(a® +0%) f
. (a_ib)e—2i(e+fw)
id PolyLog <2’ T) ) z(2c + dz) sin(e)
2

(a® + b?) f2? (bcos(e) + asin(e))

ctdz
354 ]‘mdl}
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input | Integrate[(c + d*x)/(a + bxCotle + £*x1),x]

output (bx(((2xI)*(c + d*x)~2)/((a + Ixb)*dx(a*x(-1 + E~((2xI)*e)) + I*xbx(1 + E~((
2xI)*e)))) - (2*(c + d*x)*Logl[l + (-a + Ixb)/((a + Ixb)*E~((2*I)*(e + f*x)
N1 /((a”2 + b™2)*f) - (I*d*PolyLogl[2, (a - I*b)/((a + I*b)*E~((2*I)*(e +
£xx)))1)/((a”2 + b™2)*£72)))/2 + (x*(2*c + d*x)*Sinl[e])/(2*(b*Cos[e] + a*S
infel))

3.54.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.05,
number of steps used = 7, number of rules used = 6, number of rules _ = 0.333, Rules used

integrand size
= {3042, 4214, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx -
a+ beot(e + fx)
l 3042

/ c+dx de
a—btan(e+fx+%)
l 4214

(etda)® ,,/ S etda)
2d a - Zb) (a - ’Lb a2 + b2) e2i(e+fz)
l 25

22()/ e?(e+f2) (¢ 4 dir) B (c+ dzx)?
(a —ib)2 — (a2 + b2) eZi(etfz) 2d(a — 1b)

l 2620
%ib i(c+ dx)log (1 - W) id [ log (1 - W) dx (c + dz)?
’ 2f (a2 + b2) - 2f (a2 + b2) 2d(a — ib)
l 2715

ctdz
354 fmdx
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a—1ib a—1ib

(i(c + dz)log (1 _ M) d [ e~2(e+n) og (1 _ M) de2i(e+fx))
2ib

2f (a2 + b2) B 412 (a? +b?) i
(et do)®
2d(a — ib)
l 2838
., [+ 4108 (1- @) dPolyLog (2, @S\ (L gy
' 2f (@ + 2 + 42 (@ + B2) 2d(a — ib)

input LInt[(c + d*x)/(a + bxCot[e + f*x]),x]

Output‘(c + d*x)"2/(2%(a - I*b)*d) + (2*I)*bx(((I/2)*(c + d*x)*Logll - ((a + I*b)
‘*E‘((2*I)*(e + fxx)))/(a - I¥b)])/((a"2 + b~2)*f) + (d*PolyLogl[2, ((a + I*
(BY*E"((2+I)*(e + £*x)))/(a - I#b)1)/(4%(a™2 + b 2)*£72))

3.54.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symboll :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 | Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ctdz
354 ]‘mdl}



rule 4214

input

output
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Int[((c_.) + (A_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xI*xb  Int[(c + d*x) "m*E~(2%I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + Ixb)~
2 + (2”2 + b"2)*E” (2*I*k*Pi)*E~Simp [2*I*(e + f*x), x])), x], x] /; FreeQ[{a
, b, ¢, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

3.54.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 444 vs. 2(112) = 224.

Time = 0.38 (sec) , antiderivative size = 445, normalized size of antiderivative = 3.53

method | result

dx? 4 g 2bcIn (ei(f“'e)) becln (e2i(fz+e)a+ib e2i(fate) —a+ib) bdIn (1_ —ibta

) 2% (fz+
(ib+a)e i(fz+e) z

ibd 2

risch

2ib+2a ' ib+a  f(ib+a)(ib—a) f(ib+a)(ib—a) - f(ib+a)(—ib+a)

+ (ib+a)(—ib+a

-

Lint((d*x+c)/(a+b*cot(f*x+e)),x,method=_RETURNVERBOSE)

|

1/2/ (a+I*b)*d*x~2+1/(a+I*b)*x*c-2/f*b/(a+I*b)*c/(I*b-a)*1n(exp(I*(f*x+e)))
+1/£%b/ (a+I*b)*c/(I*¥b-a)*1n(exp(2*I*(f*x+e))*a+I*bxexp(2*I* (f*x+e))-a+I*b)
-1/£*b/ (a+I*b)/(a-I*b)*d*1n(1-(a+I*b)*exp (2*xI*(f*x+e))/(a-I*b))*x+Ixb/(a+I
*b) / (a-I*b) *d*x~2-1/f"2*xb/ (a+I*b)/(a-I*b)*d*1n(1-(a+I*b)*exp(2*I*(f*x+e))/
(a-Ixb))*e+2xI/fxb/(a+I*b)/(a-I*b)*d*e*x+I/f"2%b/(a+I*b)/(a-I*b)*d*e 2+1/2
*1/£~2*b/ (a+I*b)/(a-I*b)*d*polylog(2, (a+I*b)*exp(2*I*(f*x+e))/(a-I*b))+2/f
~2*b/ (a+I*b)*d*e/(I*b-a)*1n(exp (I*(f*x+e)))-1/£"2*%b/ (a+I*b)*d*e/(I*b-a)*1ln
(exp (2*I* (f*x+e) ) *a+Ixbxexp (2*I* (f*x+e))-a+Ixb)

3.54.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 475 vs. 2(105) = 210.

Time = 0.29 (sec) , antiderivative size = 475, normalized size of antiderivative = 3.77

/ c+dx
dx
a+ beot(e + fx)

2 adf2x2 +4 acf2w +i de12 <_a2+b2_(a2+2i ab—b?) cos(2 fz+2e)+(—ia?+2ab+ib?) sin(2 fz+2e€) + 1) . Zde12 (_ﬂ

a2+b2

ctdz
354 j‘mdﬂf
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input‘integrate((d*x+c)/(a+b*cot(f*x+e)),x, algorithm="fricas")

output | 1/4% (2%a*d*f~2+x"2 + 4xa*c*f~2xx + I*bxd*dilog(-(a”2 + b~2 - (2”2 + 2xIxax*
b - b"2)*cos(2*f*x + 2xe) + (-I*a~2 + 2*a*b + I*b"2)*sin(2xf*xx + 2*e))/(a”
2 + b72) + 1) - I*b*d*dilog(-(a”"2 + b~2 - (2”2 - 2xIxa*b - b~2)*cos(2*xf*x
+ 2%e) + (I*a~2 + 2xaxb — I*b"2)*sin(2*f*x + 2xe))/(a"2 + b"2) + 1) + 2*(b
xd*xe - bxcxf)*xlog(l/2*a”2 + I*axb — 1/2%b"2 - 1/2x(a”2 + b~2)*cos(2xf*x +
2xe) + 1/2%(I*a"2 + Ixb"2)*sin(2xfxx + 2xe)) + 2x(bkd*e — b*cxf)*log(-1/2*
a”2 + Ikaxb + 1/2%b"2 + 1/2*(a”2 + b"2)*cos(2xf*x + 2xe) + 1/2*%(I*a"2 + I*
b~2)*sin(2*xf*x + 2xe)) - 2*(b*d*f*x + b*d*e)*log((a”2 + b™2 - (a”2 + 2*I*a
*b - b"2)*cos(2*fxx + 2xe) + (-I*a"2 + 2xa*b + I*b~2)*sin(2xf*x + 2xe))/(a
"2 + b72)) - 2k (b*dkfxx + bkd*e)*log((a”2 + b~2 - (a”2 - 2%I*a*b - b~2)*co
s(2xf*x + 2%e) + (I*a~2 + 2*xa*b - I*b"2)*sin(2xf*x + 2*e))/(a"2 + b~2)))/(
(a2 + b~2)*£72)

3.54.6 Sympy [F]

/ c+dz @P—/‘ c+dx
a+bcot(e+ fr) = ) a+beot(e+ fx)

input| integrate ((d*x+c)/(atbkcot (£x+e)) ,x) |

output LIntegral((c + d*x)/(a + bxcot(e + f*x)), x) J

3.54.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 406 vs. 2(105) = 210.

Time = 0.45 (sec) , antiderivative size = 406, normalized size of antiderivative = 3.22

/ c+dz
dz
a+ beot(e + fx)

(a +i b)df2.’132 +2 (a 4+ b)Cf2$ — 9 bdfa: arctan (_ 2abcos(2 fx+2 e):z(_ﬁz_bQ) sin(2 fz+2 e), 2absin(2 fz+2 e)+a2:2bj_;2(

ctdz
354 j‘mdﬂf
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input‘integrate((d*x+c)/(a+b*cot(f*x+e)),x, algorithm="maxima")

output | 1/2x((a + I*b)*d*xf~2%x~2 + 2x(a + I*b)*c*xf~2%x - 2%I*bxd*f*x*arctan2(-(2*a
*bxcos (2xf*xx + 2xe) + (a”2 - b™2)*sin(2*xf*x + 2xe))/(a"2 + b~2), (2*axb*si
n(2*f*x + 2%xe) + a”2 + b2 - (2”2 - b"2)*cos(2*f*x + 2*e))/(a"2 + b~2)) -
b*d*xf*x*xlog(((a~2 + b~2)*cos(2*f*x + 2%e) "2 + 4*axbxsin(2xf*x + 2%e) + (a~
2 + b"2)*sin(2*f*x + 2*%e)”2 + a2 + b"2 - 2x(a”2 - b"2)*cos(2*f*x + 2%e))/
(a”2 + b72)) - 2*kIsbxckfrarctan2(b*cos(2xf*x + 2%e) + aksin(2xf*x + 2%e) +
b, a*cos(2*f*x + 2*e) - bxsin(2xf*x + 2%e) - a) - bxcxfxlog((a”2 + b~2)*c
os(2xfxx + 2%e) 2 + 4xaxbkxsin(2%f*x + 2%e) + (2”2 + b~2)*sin(2*f*x + 2%e)”
2 + a™2 + b2 - 2%x(a”2 - b"2)*cos(2*f*x + 2xe)) + I*bxd*dilog((I*a - b)*e”
(2xIxfxx + 2xIxe)/(I*a + b)))/((a"2 + b~2)*f"2)

3.54.8 Giac [F]

(/ c+dz dx—:/ dr+c de
a+bcot(e+ fx) ) beot(fr+e)+a

input | integrate ((d*x+c)/(at+b*cot (f*x+e)),x, algorithm="giac")

N\

output integrate((d*x + c)/(bxcot(f*x + e) + a), x)

3.54.9 Mupad [F(-1)]

Timed out.

/’ c+dx Mr—/ ct+dzx dx
a+bcot(e+ fz) ) a+beot(e+ fx)

-

inputtint((c + d*x)/(a + bxcot(e + f*x)),x)

-/

outputtint((c + d*x)/(a + b*cot(e + f*x)), x)

~—

ctdz
354 ]‘mdl}
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3.99 J (Crdz) (atboot(etTz)) 0%

3.55.1 Optimal result . . . . . . ... ... .. .
3.55.2 Mathematica [N/A] . . . . . . . . . 396
3.55.3 Rubi [N/A] . . . oo
3.55.4 Maple [N/A] (verified) . . . . . . . . ... . ..
3.55.5 Fricas [N/A] . . . . . .
3.55.6 Sympy [N/A] . . . .
3.55.7 Maxima [N/A] . . . . . . 399
3.55.8 Giac [N/A] . . . . o o 399
3.55.9 Mupad [N/A] . . . . . 2001

3.55.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/ (c+ dz)(a + boot(e + o)) = Int(

(c+dz)(a+ beot(e + fz))’

/)

e

output tUnintegrable (1/(d*x+c)/ (at+b*cot (f*x+e)) ,x)

~—

3.55.2 Mathematica [N/A]
Not integrable

Time = 3.34 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c+dw)(a+bcot(e+fx)) dx:/(c+dx)(a+

beot(e + fz))

dz

input

Integrate[1/((c + d*x)*(a + b*Cot[e + f*x])),x]

N\

output LIntegrate [1/((c + d*x)*(a + b*Cot[e + f*x])), x]

3.55. dz

1
f (c+dz)(a+bcot(e+fz))
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3.55.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ : d
(c+ dz)(a+ beot(e + fz))
l.3042

/ 1 dx
(c+dz) (a—btan (e+ fz + %))

l 4223

1
/ (c+ dx)(a+ beot(e + fx))

dzr

input‘Int[i/((c + d*x)*(a + b*Cot[e + f*x])),x]

output ‘ $Aborted

rule 3042

rule 4223

3.55.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

dz

1
3.595. f (c+dz)(a+bcot(etfx))
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3.55.4 Maple [N/A] (verified)

Not integrable

Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ - dz
(dz +c)(a+beot (fz +€))

inputLint(1/(d*x+c)/(a+b*cot(f*x+e)),x)

output tint (1/(d*x+c)/ (a+bxcot (f*x+e)) ,x)

3.55.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/(c+dx)(a+bcot(e+fx)) dm:/(dx+c)(bcot(fx+e)+a) do

inputLintegrate(1/(d*x+c)/(a+b*cot(f*x+e)),x, algorithm="fricas")

output Lintegral(l/(a*d*x + axc + (bxd*x + b*c)*cot(f*x + e)), x)

3.55.6 Sympy [N/A]

Not integrable

Time = 0.95 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1

(c+dz)(a+ beot(e + fx)) dz = / (a +bcot (e + fx)) (c+ dx) dz

inputtintegrate(1/(d*x+c)/(a+b*cot(f*x+e)),x)

output LIntegral(i/((a + bkxcot(e + f*x))*(c + d*x)), x)

3.55. dz

1
f (c+dz)(a+bcot(e+fz))
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3.55.7 Maxima [N/A]

Not integrable

Time = 0.94 (sec) , antiderivative size = 279, normalized size of antiderivative = 13.95

1 dl‘—/ 1
(c+dzx)(a+beot(e+ fz)) ) (dz+c)(bcot (fz +e) +a)

dz

-

input Lintegrate (1/(d*x+c) / (atb*cot (f*x+e)) ,x, algorithm="maxima")

output | (2*x(a”2%b + b~3)*d*integrate(-(2xaxbxcos(2*f*x + 2xe) + (a2 - b"2)*sin(2*
fxx + 2xe))/((a”4 + 2xa"2xb~2 + b74)*d*x + ((a”4 + 2*a"2*b"2 + b~4)*d*x +

(a”4 + 2%xa~2xb~2 + b~4)*c)*cos(2*f*x + 2%e)”2 + ((a”4 + 2*xa~2xb~2 + b~4)*d
*x + (2”4 + 2%a”2+%b"2 + b"4)*c)*sin(2xfxx + 2*%e)”2 + (a”4 + 2*%a"2*xb"2 + b~
4)*c - 2%((a"4 - b™4)*d*x + (a~4 - b~4)*c)*cos(2*xf*x + 2xe) + 4*x((a~3*b +

axb~3)*d*x + (a”3*b + a*b”3)*c)*sin(2xf*x + 2xe)), x) + axlog(d*x + c))/((
a“2 + b~2)*d)

~—

3.55.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 dm_/ 1
(c+dz)(a+beot(e+ fz)) ) (dz+c)(beot (fz +e)+a)

dzx

input Lintegrate (1/(d*x+c) / (atb*cot (f*x+e)) ,x, algorithm="giac")

output | integrate(1/((d*x + c)*(b*cot(f*x + e) + a)), x)

N\

1
3.55. f (c+dz)(a+bcot(e+fz)) dz
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3.55.9 Mupad [N/A]

Not integrable

Time = 12.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dx)(a+ beot(e + fx)) de = / (a+bcot(e+ fz)) (c+dx) de

-

input Lint(l/((a + bxcot(e + f*x))*(c + d*x)),x)

-/

output Lint(l/((a + b*cot(e + f*x))*(c + d*x)), x)

dz

1
3.595. f (c+dz)(a+bcot(etfx))
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401

1
3.56 f (c+dx)2(a+bcot(e+fx)) dz

3.56.1 Optimal result . . . . .. .. ... . ...
3.56.2 Mathematica [N/A] . . . .. .. .. .
3.56.3 Rubi [N/A] © © o oo oo e e
3.56.4 Maple [N/A] (verified) . . . . . . . . ... .
3.56.5 Fricas [N/A] . . . . . .
3.56.6 Sympy [N/A] . . . . e
3.56.7 Maxima [N/A] . . . . . . .
3.56.8 Giac [N/A] . . . . . . e
3.56.9 Mupad [N/A] . . . . .

3.56.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/ (c+ dz)2(a + boot(e + fz)) 22 = Int(

(c+dz)%(a+ beot(e + fx))’ z)

402
403}
400!
403!

400!

output ‘ Unintegrable (1/(d*x+c) "2/ (a+b*cot (f*x+e)) ,x)

3.56.2 Mathematica [N/A]

Not integrable

Time = 5.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/ (c+ dx)%(a+ beot(e + fx)) de = / (c+dx)%*(a+

beot(e + fz))

dz

inputLIntegrate [1/((c + d*x)"2x(a + b*Cot[e + f*x])),x]

~—

-

output LIntegrate [1/((c + d*x)~2*(a + b*Cot[e + f*x])), x]

~—

dz

1
3.56. f (c+dz)2(a+bcot(e+fx))
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3.56.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (c+dz)%(a+ beot(e + fz))

l.3042

/ 1 dx
(c+dz)?(a—btan (e+ fx+ %))

l 4223

1
/ (c+ dz)2(a+ beot(e + fz)

dx

)d:c

input‘ Int[1/((c + d*x)"2x(a + b*Cot[e + f*x])),x] ‘

output ‘ $Aborted ‘

rule 3042

rule 4223

3.56.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.56. dx

1
f (c+dz)2(a+bcot(e+fz))
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3.56.4 Maple [N/A] (verified)

Not integrable

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz + ¢)? (a + beot (fz +€))

inputLint(1/(d*x+c)‘2/(a+b*cot(f*x+e)),x)

output Lint (1/ (d*x+c) ~2/ (a+b*cot (£*x+e)) ,x)

3.56.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/ (c+ dz)%(a + beot(e + fz)) e = / (dz + ¢)*(beot (fz + €) + a) e

inputLintegrate(1/(d*x+c)‘2/(a+b*cot(f*x+e)),x, algorithm="fricas")

output‘ integral(1/(a*d”2*x"2 + 2%akckd*x + a*c™2 + (b*d~2*x"2 + 2%b*c*d*x + b*c™2
‘)*cot(f*x +e)), x)

3.56.6 Sympy [N/A]

Not integrable

Time = 1.65 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+dz)?(a+ beot(e + fx)) dr = / (a+beot (e + fz)) (c + dz)? e

inputkintegrate(1/(d*x+c)**2/(a+b*cot(f*x+e)),x)

output LIntegral(i/((a + bxcot(e + f*x))*(c + d*x)**2), x)

3.56. dx

1
f (c+dz)2(a+bcot(e+fz))
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3.56.7 Maxima [N/A]

Not integrable

Time = 2.50 (sec) , antiderivative size = 424, normalized size of antiderivative = 21.20

1 1
/ (c+dz)?(a+ beot(e + fx)) dr = / (dz + ¢)?(beot (fz + ) + a) de

e

inputLintegrate(1/(d*x+c)‘2/(a+b*cot(f*x+e)),X, algorithm="maxima")

output | (2x((a"2*b + b~3)*d"2*x + (a”2*b + b~3)*c*d)*integrate (- (2*axb*cos (2*f*x +

2xe) + (2”2 - b"2)*sin(2*f*x + 2%e))/((a™4 + 2*%a~2%b"2 + b74)*d"2*x"2 + 2
*(a”4 + 2*%a"2xb"2 + b~4)*cxd*x + (a”4 + 2%¥a"2*%b"2 + b~4)*c”2 + ((a”4 + 2%a
“2*%b"2 + b4)*d"2*x”"2 + 2%(a”4 + 2*a"2%b"2 + b~4)*ckxdkx + (a”4 + 2%a”~2xb"2
+ b74)*xc"2) *cos(2xfxx + 2%e)”2 + ((a”4 + 2¥a”2*%b"2 + b74)*d"2*x"2 + 2*(a”
4 + 2%a"2%b"2 + bT4)*ckd*x + (a”4 + 2*a"2%b"2 + b~4)*c"2)*sin(2*xf*x + 2*e)
"2 - 2x((a”4 - bT4)*d"2*%x"2 + 2*x(a”4 - b"4)*ckd*x + (a4 - b"4)*c"2)*cos(2
*fxx + 2xe) + 4*((a"3%b + a*b~3)*d"2*x"2 + 2*(a"3*b + a*b”3)*ckxd*x + (a~3*
b + a*b”"3)*c"2)*sin(2xf*x + 2*e)), x) - a)/((a”2 + b™2)*d"2*x + (a~2 + b"2
) *c*d)

-/

3.56.8 Giac [N/A]

Not integrable

Time = 2.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)%(a+ beot(e + fx)) de = / (dz + ¢)*(beot (fz + €) + a) e

input‘integrate(l/(d*x+c)‘2/(a+b*cot(f*x+e)),x, algorithm="giac")

output Lintegrate(l/((d*x + c)"2x(bxcot (f*xx + e) + a)), x)

dz

1
3.56. f (c+dz)2(a+bcot(e+fx))
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3.56.9 Mupad [N/A]

Not integrable

Time = 12.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dzx)?(a+ beot(e + fz)) dw = / (a+bcot (e+ fx)) (c+dzx)? d

input Lint(l/((a + bxcot(e + f*xx))*(c + d*x)~2),x)

output Lint(l/((a + b*cot(e + f*x))*(c + d*x)~2), x)

-/

dz

1
3.56. f (c+dz)2(a+bcot(e+fx))
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3.57 [ et da

a+bcot(e+fz))
3.57.1 Optimalresult . . .. ... . . . . . 407
3.57.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... .. 08|
3.57.3 Rubi [A] (verified) . . . ... ... ... 209
3.57.4 Maple [B] (verified) . .. . ... ... .. ... .. 417
3.57.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 41Tl
3.57.6 Sympy [F] . . . . o o 412
3.57.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 4T3l
3.57.8 Giac [F] . . . . . o 413
3.57.9 Mupad [F(-1)] . . . . . oo 414

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 7 dz
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3.57.1 Optimal result

Integrand size = 20, antiderivative size = 839

(c+ dx)3 o 2ib*(c + dx)? 20%(c + da)?
(@+beot(e+ f2))2 " (@+B)2f (a—ib)(a+ib)? (ia+b— (ia— b)ekiet2iz) f
( ) f
(c+ dx)* B b(c + dz)* B b*(c + dx)*

4a+ib)2d  (a+ib)2(ia+b)d  (a?+b7)2d
3b%d(c + dz)? log (1 _ M)

a—ib
+
(a2 +02) f2
(a+ib)e2ie+2if:v
2b(C + dx)3 log <1 — T)

(a — ib)(a + ib)2 f
(0,2 + b2)2 f
3ib%? (¢ + dz) PolyLog (2, (M2 )
(a2 + b2)° f3
3bd(c + dz)? PolyLog <2 (atierase )
(a+ib)(ia+b)f>
(a2 + b2)° f2
36%d® PolyLog (3 w>

a—ib
2 (a2 + b2)° f4
3bd?(c + dz) PolyLog <3, M)

+

a—1b
(a — ib)(a + ib)2f?
3ib%d?(c + dz) PolyLog (3 W)
- (% +b2)° f
3bd3 PolyLog (4, %)
2(a + 1b)2(ia + b) f*
362 PolyLog (4 M)

a—1ib

2 (a? + b2)° f*

+

+

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 dz



output
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-2%I%b~2* (d*x+c) ~3/(a~2+b~2) ~2/f-2%b~2* (d*x+c) ~3/ (a-I*b)/(a+I*b) "2/ (I*a+b-

(Ixa-b)*exp(2xI*e+2xI*xf*x))/f+1/4* (d*x+c) "4/ (a+I*b) ~“2/d-bx (d*x+c) ~4/(a+I*b
)2/ (I*a+b)/d-b~2*(d*x+c) “4/(a~2+b~2) "2/d+3*b~2*d* (d*x+c) “2*1n(1-(a+I*b)*e
xp(2xIxe+2xI*f*x) /(a-I*b))/(a~2+b~2) ~2/£f~2-2%b* (d*x+c) “3*1n(1-(a+I*b)*exp(
2xI*e+2+Ixf*x)/(a-Ixb))/(a-I*b)/(a+I*b) ~2/f-2xI*b~2* (d*x+c) ~3*1n(1-(a+I*b)
xexp (2%Ixe+2xI*f*x)/(a-I*b))/(a~2+b~2) ~2/f-3*I*b~2xd~2* (d*x+c) *polylog(3, (
a+I*b)*exp (2xI*xe+2*xIxf*x)/(a-I*b))/(a~2+b~2) "2/f 3-3*bxd* (d*x+c) ~2*polylog
(2, (a+I*b)*exp(2xIxe+2xIxf*x)/(a-I*b))/(a+I*b) "2/ (I*atb)/f~2-3*b~2kd* (d*x+
c) ~2*polylog(2, (a+I*b)*exp(2*%I*e+2*xI*f*x)/(a-I*b))/(a~2+b~2) "2/£"2+3/2*b"2
*d~3*polylog(3, (a+I*b)*exp(2*xIxe+2*xI*f*x)/(a-I*b))/(a~2+b~2) ~2/f~4-3%b*d 2
* (d*x+c)*polylog(3, (a+Ixb)*exp (2*xI*e+2xIxf*x)/(a-I*b))/(a-I*b)/(a+I*b)~2/f
~3-3*I*b~2%d"2* (d*x+c) *polylog(2, (a+I*b) *exp (2*I*e+2xIxf*x) /(a-I*b))/(a~2+
b~2)~2/£73+3/2xb*d"3*polylog(4, (a+I*b)*exp (2*xI*e+2*xI*f*x)/(a-I*b))/(a+I*b)
=2/ (I*a+b) /£~4+3/2xb~2%d"3*polylog(4, (a+I*b)*exp(2*I*e+2*I*xf*x)/(a-I*b))/(
a~2+b"2)"2/f"4

3.57.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 1733 vs. 2(839) = 1678.

Time = 11.55 (sec) , antiderivative size = 1733, normalized size of antiderivative = 2.07

3
/ o zfct(dml Fayye 47 = oo large to display

input‘Integrate[(c + d*xx)~3/(a + b*xCot[e + f*xx])~2,x]

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 7 dz




output
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/(b*((4*c“2*(a*(-1 + ET((2%I)*e)) + I*b*(1 + E~((2*%I)*e)))*(-3*b*d + 2*a*xcx*

f)*x)/(a”2 + b~2) - (4%b*x(c + d*x)~3)/(a + I*b) + (2*axfx(c + d*x)~4)/((a
+ I*b)*d) + (12*cxd*(ax(-1 + E~((2*%I)*e)) + I*bx(1 + E~((2*I)*e)))*(-(b*d)
+ axcxf)*xxLog[l + (-a + I*b)/((a + I*b)*E~((2*xI)*(e + £*x)))])/((a - I*b
)¥((-I)*a + b)*f) - (6*d"2x(a*x(-1 + E~((2*I)*e)) + Ixbx(1 + E~((2*I)*e)))*
(bxd - 2xaxcxf)*x~2*Log[l + (-a + I*b)/((a + I*b)*E~((2*xI)*(e + £*x)))]1)/(
(a - Ixb)*((-I)*a + b)*f) + (4*a*d~3*(ax(-1 + E~((2xI)*e)) + I*b*(1 + E~((
2xI)*e)))*x"3*Log[1l + (-a + I*b)/((a + I*b)*E~((2*xI)*(e + £f*x)))])/((a - I
*b)*((-I)*a + b)) + (2xc™2x(ax(-1 + E~((2*xI)*e)) + Ixb*x(1 + E~((2xI)*e)))*
(-3*b*d + 2%axc*f)*Logla - I*b - (a + I*b)*E~((2*I)*(e + f*x))])/((a - I*b
)¥((-I)*a + b)*f) - (6xcxdx(a*x(-1 + E~((2*%I)*e)) + Ixbx(1 + E~((2*I)*e)))*
(-(bxd) + axcxf)*PolyLog[2, (a - Ixb)/((a + I*b)*E~((2*I)*(e + f*x)))1)/((
a"2 + b72)*£72) + (3*%d"2*(ax(-1 + E7((2xI)*e)) + I*b*(1 + E~((2xI)*e)))*(b
xd - 2%axc*f)*(2xfxx*PolyLog[2, (a - I*b)/((a + I*b)*E~((2*I)*(e + f*x)))]
- IxPolyLogl[3, (a - I*b)/((a + I*b)*E~((2*%I)*(e + £*x)))1))/((a"2 + b~2)*
£°3) - (3*axd~3*(ax(-1 + E~((2%xI)*e)) + Ixbx(1 + E~((2*I)*e)))*(2*f ~2%x"2*
PolyLogl[2, (a - I*b)/((a + I*b)*E~((2*I)*(e + f*x)))] - (2*I)*f*x*PolyLogl
3, (a - I*¥b)/((a + I*b)*E~((2*I)*(e + £*x)))] - PolyLogl[4, (a - I*b)/((a +
Ixb)*E~((2*xI)*x(e + £*x)))1))/((a"2 + b~2)*f~3)))/(2*%(a - I*b)*(a + I*b)*(
(-I)*a*x(-1 + E~((2*%I)*e)) + b*x(1 + ET((2xI)*e)))*f) + (3*xx~2x(-(a*c™2xd...

3.57.3 Rubi [A] (verified)

Time = 2.21 (sec) , antiderivative size = 839, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ () 150, Rules used

' integrand size
= {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dz)3 i
(a+beot(e+ fz))?

l 3042

/ (c+dz)3 iz
(a —btan (e + fz + g))2

l 4217

(c+ dz)

/ B 4b?(c + dzx)? - 4b(c + dx)
(—b+ia)? (ia (1 - 2) —ia (1+ 2) e2ze+2sz) (a+b)2 (ia (1 + ) e2iet2ifr — jq (1 —

)y

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 7 dz

(a + ib):
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| 2009
b(c + dz)* (c+dz)*  b(c+dz)* %k%(L—Qﬂ%ﬁgig)@+d@3
(a+1ib)%(ia+b)d  4(a+ib)%d (a2 +b2)%d (@ —1ib)(a+ib)2f
2ib? log (1 — %) (c+dz)3 22(c + da)?
(a2 +b2)? f (a —ib)(a + ib)2 (ia — (ia — b)eZiet2ifz 4 p) f
2ib?(c+dz)  30°dlog (1— CFUETEY (ot do)?
(a2 +82)° f (a2 +52)° f2 B
3bd PolyLog <2 w> (c+dz)? 3b*dPolyLog (2 W) (c+ dx)?
(a +1b)2(ia + b) f2 B (a2 + b2)? f2 N
%ﬁdeﬂmg@gﬁgggfﬁ)@+d@ %deﬂmg@£ﬁ2¥%Eﬁ>@+d@
(a2 + b2)? f3 B (a —ib)(a +ib)2f3 -
3ib%d? PolyLog < W) (c+dzx) 3b%d3 PolyLog (3, W)
(a2 +b2)* f3 - 2 (a2 +b2)% f4
3bd° PolyLog (4, (0T ) 39243 PolyLog (4, (00 )
2(a +1b)2(ia + b) f4 + 2 (a2 + b2)? f4

input | Int[(c + d*x)~3/(a + b*Cotle + £+x1)"2,x] |

output | ((-2%I)*b~2*(c + d*x)~3)/((a"2 + b~2)"2*xf) - (2*%b~2*(c + d*x)~3)/((a - I*b
Y*(a + I*b)~2+(I*a + b - (I*a - D)*E~((2*xI)*e + (2*I)*f*x))*f) + (c + d*x)
~4/(4%(a + I*b)~"2*%d) - (b*(c + d*x)~4)/((a + Ixb)~2+(I*a + b)*d) - (b"2x(c
+ d*x)"4)/((a"2 + b~2)72%d) + (3*b~2*xd*(c + d*x)~2xLogl[l - ((a + Ixb)*E~(
(2%I)*e + (2xI)*fxx))/(a - I*b)])/((a”2 + b72)"2%f72) - (2*bx(c + d*x) 3*L
ogll - ((a + I*b)*E~((2*I)*e + (2*xI)*f*x))/(a - I*b)])/((a - Ixb)*(a + I*b
)72xf) - ((2*I)*b~2%(c + d*x)~3*Logl[l - ((a + I*b)*E~((2*I)*e + (2%I)*f*x)
)/(a - Ixb)])/((a~2 + b~2)"2+f) - ((3*I)*b~2*d~2*(c + d*x)*PolyLog[2, ((a

+ I*b)*E~((2%I)*e + (2%I)*fx*x))/(a - I*b)]1)/((a”2 + b~2) 2*£~3) - (3*xb*dx*(
c + d*x)"2*PolyLog[2, ((a + I*b)*E~((2*I)*e + (2*I)*f*x))/(a - I*b)]1)/((a

+ I%b) "2+ (I*a + b)*£72) - (3*b~2xd*(c + d*x) 2*PolyLog[2, ((a + I*b)*E~((2
xI)*xe + (2+%I)*f*x))/(a - I*b)])/((a"2 + b~2)"2*f~2) + (3*b~2*d~3*PolyLogl[3
, ((a + Ixb)*E~((2%I)*e + (2%I)*f*x))/(a - I*b)])/(2*x(a~2 + b~2)"2xf~4) -

(3*bxd~2*(c + d*x)*PolyLogl[3, ((a + I*b)*E~((2*I)*e + (2*I)*f*x))/(a - I*b
)1)/((a - Ixb)*(a + Ixb)~2*%f73) - ((3*I)*b~2xd"2*(c + d*x)*PolyLog[3, ((a

+ I*b)*E~((2%I)*e + (2%xI)*f*x))/(a - I*b)]1)/((a"2 + b~2)"2*f~3) + (3*b*d~3
*PolyLog[4, ((a + I*b)*E~((2*I)*e + (2*I)*f*x))/(a - I*b)]1)/(2x(a + I*b)~2
*(Ixa + b)*£74) + (3*xb~2*d"3*PolyLog[4, ((a + I*b)*E~((2*I)*e + (2*I)*f*x)
)/(a - Ixb)1)/(2%x(a"2 + b~2)"2xf"4)

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 7 dz
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3.57.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4217

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_01)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b2 + (a - Ixb)"2+«E~(2+I*(e + f*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[a~2 + b"2, 0] && ILtQ[n, 0] && IGtQ[m, O]

3.57.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 5930 vs. 2(754) = 1508.

Time = 0.78 (sec) , antiderivative size = 5931, normalized size of antiderivative = 7.07

method | result size
risch Expression too large to display | 5931

B
input Lint ((d*x+c) "3/ (atb*cot (f*x+e)) ~2,x,method=_RETURNVERBOSE)

~—

output Lresult too large to display

3.57.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 3363 vs. 2(687) = 1374.

Time = 0.38 (sec) , antiderivative size = 3363, normalized size of antiderivative = 4.01

(c+dz)?

(a+ beot(e + f))? dx = Too large to display

input Lintegrate ((d*x+c) "3/ (atb*cot (f*x+e))~2,x, algorithm="fricas")

_ (ctdm)®
3.57. f (a+bcot(e+fx))? s dz



output

input
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1/4x((a"2*%b - b~3)*d"3*%f~4*xx~4 - 4*xaxb”~2*%c"3*f"3 - 4x(axb~2xd"3*f"3 - (a"2
*b — b73)*kc*kd"2*f"4)*x”"3 - 6% (2*axb"2*cxd"2+%f"3 - (a"2*b - b~3)*c"2xd*f~4)
*x72 — 4x(3*xaxb"2xc”2*%d*f"3 - (a"2xb - b"3)*c"3*f"4)*x + ((a"2*b - b"3)*d"
3*f74%x"4 - 4xaxb"2xc"3*f"3 - 4*(a*b”2*%d"3*f"3 - (a"2*b - b73)*c*d"2*f74)*
X"3 - 6%(2%a*xb"2xcxd"2*xf"3 - (a”"2%b - b"3)*c"2xd*f"4)*x"2 — 4% (3*a*b”2*c”2
*d*xf~3 - (a"2%b - b73)*c"3*f"4)*x)*cos (2*xf*x + 2ke) — 6% (—I*xaxb 2xd”~3*f 2%
X"2 - I*axb™2xc 2*d*f~2 + I*b " 3kcxd~2*%f - I*x(2xaxb~2*cxd~2*%f~2 - b~ 3*xd~3*f
Yxx + (—I*a*xb™2%d"3*f"2%x~2 — I*axb~2kxc 2%d*f~2 + I*b~3*cxd~2xf — I*(2*a*b
“2%cxd"2*xf72 - bT3%d"3*f) *x) *cos (2xf*x + 2ke) + (-I*a~2xb*d"3*f"2*x"2 - I*
a~2¥bxc”2xd*f"2 + Ixaxb~2*cxd"2xf - I*(2*a”2¥bkc*xd"2*f~2 — axb~2xd~3*f)*x)
*sin(2*f*x + 2%e))*dilog(-(a”2 + b™2 - (a”2 + 2xI*a*b - b~2)*cos(2*f*x + 2
xe) + (-I*a"2 + 2*axb + I*b~2)*sin(2*f*x + 2*e))/(a”2 + b~2) + 1) - 6%(I*a
*b"2%d"3*%f"2*x"2 + I*a*b”~2kc"2xd*f"2 — I*b~3*ckd"2xf + I*(2kaxb~2*c*d~2xf~
2 - b73*%d"3*f)*x + (I*axb~2xd~3*f " 2%xx"2 + I*axb~2*xc”2*d*f~2 - I*b~3*kcxd 2%
f + I*(2%a*b™2%c*xd"2*xf~2 — b~ 3*d"3*f) *x) *cos (2*xf*x + 2xe) + (I*a”2%b*d"3*f
“2%x72 + I*a”2%bkxc 2xd*f"2 - Ixaxb~2kckxd~2xf + I*(2*xa~2*bkxckxd " 2xf~2 - axb~
2xd"3*f) *x) *sin (2xf*x + 2*e))*dilog(-(a”2 + b"2 - (2”2 - 2*I*a*xb - b~2)*co
s(2xfxx + 2*xe) + (I*a"2 + 2*axb - I*b"2)*sin(2*f*x + 2%e))/(a”2 + b™2) + 1
) + 2% (2*%a*b~2*d"3*e”3 - 2*a*b~2xc"3*%f~3 + 3*b"3*d"3*e”2 + 3*(2*xaxb 2xc”2#
d*e + b~3*c”2xd)*f"2 - 6x(axb"2xc*d"2*e~2 + b~ 3kckxd"2xe)*f + (2%axb~2x*d...

3.57.6 Sympy [F]

/ (c+dx)? o — (c+dz)? i
(a+ beot(e+ fx))? (a + beot (e + fz))?

integrate ((d*x+c)*x3/ (atb*cot (f*x+e) ) **2,x)

N

(ctdz)?
3.57. Jq(a+bcode+fw) dz
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3.57.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4641 vs. 2(687) = 1374.

Time = 3.18 (sec) , antiderivative size = 4641, normalized size of antiderivative = 5.53

(c+dz)?

(a+ beot(e + f2))? dx = Too large to display

input  integrate((d*x+c) "3/ (at+b*cot (f*x+e))~2,x, algorithm="maxima")

output | 1/12%(36%(b~2/((a~4 + a~2%b~2)*fxtan(f*x + e) + (a~3*b + a*b~3)*f) + 2%ax*b
xlog(a*tan(f*x + e) + b)/((a”4 + 2*xa~2+%b"2 + b~4)*f) - a*bklog(tan(f*x + e
)72 + 1)/((@a"4 + 2%a™2%b"2 + b74)*xf) - (a"2 - b™2)*(f*xx + e)/((a”™4 + 2*a~2
*b”"2 + b~4)*f))*c”"2xd*e - 12%(2*axb*log(a*tan(f*x + e) + b)/(a"4 + 2#a~2+*b
"2 + b74) - a*bxlog(tan(f*x + e)”2 + 1)/(a"4 + 2*xa"2*b"2 + b™4) - (2”2 - b
")k (fxx + e)/(a”4 + 2*%a"2%b"2 + b"4) + b~2/(a"3*b + a*b”3 + (a”4 + a~2*b”
2)*tan(f*x + e)))*c~3 - (3*%(a~3 + I*a~2%b + a*xb~2 + I*b~3)*(f*x + e) 4*d"3
+ 24x(-I*a*xb”2 - b~3)*d"3*e"3 + 72*(I*a*b™2 + b~3)*c*d"2xe”2+f - 12*((a"3
+ I*a~2*%b + axb™2 + I*b~3)*d"3*e - (2”3 + I*a"2*b + axb™2 + Ixb~3)*cxd 2%
f)x(f*x + e)”3 + 18%((a~3 + I*a~2*b + a*b~2 + I*b~3)*d"3*e”2 - 2*x(a~3 + I*
a~2*b + axb”2 + I*b~3)*ckd " 2kexf + (a~3 + I*a~2*b + axb™2 + I*b~3)*c”~2*dx*f
“2)*x(f*x + e)”2 - 12%((a”3 + I*a"2*b + a*b”™2 + I*xb~3)*d"3*e~3 - 3*%(a"3 + I
*a"2%b + a*b”2 + I*b~3)*ckd 2ke 2xf)*(fxx + e) + 12+ (2% (I*a~2*b + a*b~2)*d
~3%e”3 + 3x(I*a*b”™2 + b~3)*d"3*e”2 + 3x(I*a*b”™2 + b"3)*c™2*d*f"2 + 6x((-I*
a~2xb - a*b”2)*cxd"2*e”2 + (-I*a*b”2 - b"3)*ckd"2xe)*f + (2x(-I*a"2%b + a*
b~2)*d"3*%e~3 + 3% (-I*a*xb”2 + b~3)*d"3*e”2 + 3*x(-I*a*xb~2 + b~3)*kc " 2xd*f~2 +
6% ((I*a~2xb - a*xb~2)*cxd"2*e~2 + (I*a*b™2 - b~3)*c*kd"2*xe) *f)*cos (2*xf*x +
2xe) + (2x(a"2%b + I*axb”2)*d"3*e”3 + 3*(a*xb”2 + I*b~3)*d"3*xe”2 + 3*(a*b”~2
+ I*b~3)*c™2xd*f72 - 6%((a"2%b + I*axb~2)*cxd"2*e”2 + (a*xb”™2 + I*b~3)*c*d
~2%e) *f) *sin (2xf*x + 2%e))*arctan2(b*cos(2*xf*x + 2*e) + a*sin(2xfxx + 2...

3.57.8 Giac [F|

(c+dzx) B (dz + )
/ (a+ beot(e+ fx))? de = / (beot (fz +e) + a)’

input‘integrate((d*x+c)“3/(a+b*cot(f*x+e))”2,x, algorithm="giac")

(ctdz)?
3.57. Jq(a+bcode+fw) dz
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output Lintegrate((d*x + ¢)73/(b*xcot(f*x + e) + a)72, x)

3.57.9 Mupad [F(-1)]

Timed out.

(c+dzx)3 _ (c+dzx) .
/ (a+ beot(e + fx))? do = / (a +bcot (e + f z))? d

p
input Lint((c + d*x)~3/(a + bxcot(e + f*x))~2,x)

AN 4

output Lint((c + d*x)"3/(a + bxcot(e + f*x))~2, x)

_ (ctdm)®
3.57. f (a+bcot(e+fx))2 dz
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’ (a+bcot(e+fx))?
3.58.1 Optimalresult . . .. ... ... . ... .. . 416
3.58.2 Mathematica [A] (verified) . . . . . . . ... Lo L 417
3.58.3 Rubi [A] (verified) . . .. .. ... ... 118
3.58.4 Maple [B] (verified) . ... ... ... . ... 419
3.58.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 420
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3.58.8 Giac [F] . . . . . . 422
3.58.9 Mupad [F(-1)] . . . . . o 123
_ (ctdm)2

3.58. f (a+bcot(e+fx))2? dx



output
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3.58.1 Optimal result

Integrand size = 20, antiderivative size = 650

(c+dz)? o 2ib*(c + dx)? 20%(c + dx)?
/ (@+beot(e+ f2))2 " (@+B)2f (a—ib)(a+ib)? (ia+b— (ia— b)eZiet2iz) f
( ) f
(c+ dx)3 4b(c + dz)? 4b*(c + dx)3

3(a+ib)2d  3(a+ib)2(ia+b)d 3(a?+b2)>d
(a+ib)62ie+2ifm
20%d(c + dz) log (1 — T)
(a>+7)° 2
(a+ib)62ie+2ifz
2b(c + dz)? log (1 — e )
(a —ib)(a+ib)2f
3 (a+ib)e2ie+2ifz
2ib%(c + dz)? log (1 — T)
(a2 +62)° f
it PolyLog (2, (#H12 )

a—ib
(a2 +b2)* f3
(a+ib)e2iet2ifz
B 2bd(c + dl’) POlyLog (2 T)
(a +ib)*(ia + b) f?
(a+ib)eiet2if=
2b%d(c + dz) PolyLog <2, T)
(a2 + b2)* f2
b2 PolyLog (3, M)

+

a—ib
(a — ib)(a + ib)2f3
ib2d? PolyLog (3 _<a+zb>ezw+21fw>

a—1ib

(@ + 1)

—2xIxb~2x* (d*x+c) "2/ (a"2+b~2) "2/£-2%b~2* (d*x+c) "2/ (a-I*b)/(a+I*b) ~2/(I*a+b-
(I*a-b)*exp(2+Ixe+2*I*f*x))/f+1/3*(d*x+c) "3/ (a+I*b)~2/d-4/3*b* (d*x+c) "3/ (a
+I%b) "2/ (I*a+b)/d-4/3*b~2x(d*x+c) ~3/(a"2+b"2) "2/d+2*b~2*d* (d*x+c) *1n(1-(a+
Ixb)*xexp(2*I*xe+2xIxf*x)/(a-I*b))/(a"2+b"2) ~2/£72-24b* (d*x+c) "2*x1n(1-(a+I*b
) *exp (2xI*e+2*I*xf*x)/(a-I*b))/(a-I*b)/(a+I*b) ~2/f-2xI*b~2* (d*x+c) ~2*1n(1-(
a+Ixb)*exp(2*I*e+2*I*xf*x)/(a-I*b))/(a~2+b~2) "2/f-I*xb~2*d~2*polylog(2, (a+I*
b) *exp (2xI*e+2xIxf*x) /(a-I*b))/(a~2+b"2) ~2/£~3-2xb*d* (d*x+c) *polylog(2, (a+
I*b)*xexp (2*Ixe+2*xI*f*x)/(a-I*b))/(a+I*b) ~2/(I*a+b)/f~2-2xb~2*xd* (d*x+c) *pol
ylog(2, (a+I*Db)*exp(2*I*e+2xI*f*x)/(a-I*b))/(a~2+b"2) "2/f"2-b*d~2*polylog(3
, (a+I*Db) *exp (2*I*e+2xI*f*x)/(a-I*b))/(a-I*b)/(a+I*b) ~2/f 3-I*b~2*d 2*polyl
0g (3, (a+I*b)*exp (2xIxe+2xI*xf*x)/(a-I*b))/(a~2+b"2)"2/f"3

_ (ctdm)2
358. [ (a+bcot(e+fx))? s dz
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3.58.2 Mathematica [A] (verified)

Time = 9.73 (sec) , antiderivative size = 969, normalized size of antiderivative = 1.49

(c+dz)?
(a+beot(e+ fz))?

dx

b 12¢(—bd+acf)z , 12c(a(—14e2®)+ib(1+e2¢))(—bd+acf)z |, 6d(—bd+2acf)z? |, 4ad?fz3 6d(a(—1+e2i)+ib(1+e%€)) (bd—2c
a+ib + a?+b2 + a+ib + atib (a—1b)(—

3a§ﬂm%0@) 3v2c? fx cos(fx) + 3a’edfz? cos(fz) — 3b%cdf z% cos(fx) + a’d? fz? cos(fr) — b2d% f

input | Integrate[(c + d*x)~2/(a + bxCotl[e + £*x]1)~2,x]

output

(bx ((12*ck (- (b*d) + axc*f)*x)/(a + I*b) + (12*xcx(a*(-1 + E~((2*%I)*e)) + Ix*
bx(1 + E7((2*I)*e)))*(-(bxd) + axc*f)*x)/(a"2 + b~2) + (6xd*x(-(b*d) + 2*a*
cxf)*xx"2)/(a + I*b) + (4*axd"2xf*x"3)/(a + Ixb) - (6xd*(a*x(-1 + E~((2+I)*e
)) + Ixbx(1 + ET((2%I)*e)))*(b*d - 2*xaxc*f)*x*Log[l + (-a + I*b)/((a + Ix*b
Y¥E~((2*I)*(e + f*x)))]1)/((a - I*b)*((-I)*a + b)*f) + (6xaxd~2x(a*x(-1 + E~
((2%I)*e)) + Ixbx(1 + E~((2*I)*e)))*x"2xLog[l + (-a + Ixb)/((a + I*b)*E~((
2xI)*x(e + £*x)))]1)/((a - I*b)*((-I)*a + b)) + (6*ck(ax(-1 + E((2xI)*e)) +
Ixbx(1 + E~((2*I)*e)))*(-(b*d) + axc*f)*Logla - I*b - (a + Ixb)*E~((2*I)*
(e + £xx))]1)/((a - I*#b)*((-I)*a + b)*f) + (3*d*(ax(-1 + E~((2*I)*e)) + I*b
*(1 + E7((2%I)*e)))*(b*d - 2xa*c*f)*PolylLogl[2, (a - I*b)/((a + I*b)*E~((2%
Dx*x(e + f*x)))]1)/((a”2 + b™2)*f72) - (3*xaxd"2*x(a*x(-1 + E~((2*xI)*e)) + Ixbx*
(1 + E7((2%I)*e))) *(2xf*x*PolyLog[2, (a - I*b)/((a + I*b)*E~((2*I)*(e + fx*
x)))] - IxPolyLogl[3, (a - Ixb)/((a + I*b)*E~((2*I)*(e + £f*x)))1))/((a"2 +
b~2)*£72)))/(3%(a - I*b)*(a + I*b)*((-I)*a*x(-1 + E~((2%xI)*e)) + b*(1 + E~(
(2xI)*e)) ) *f) + (3*a~2kc " 2xf*x*Cos[f*x] - 3*b~2xc " 2*f*x*Cos[f*x] + 3*a~2*c
*d*xf*xx"2*Cos [f*x] - 3*b " 2*c*xd*f*x"2*Cos [f*x] + a~2%d"2*f*x"3*Cos[f*x] - b~
24" 2*f*x"3*Cos [f*xx] — 3*a”~2%c 2*f*x*Cos[2*xe + fxx] — 3*b~2%c " 2*f*x*Cos[2*
e + f*x] - 3%a~2xckd*f*x"2%Cos[2*e + f*xx] - 3*xb~2*ckd*xf*x~2*Cos[2%e + f*xx]

- a”2xd"2xf*x"3*%Cos[2*e + f*xx] - b 2*%d"2*f*x"3*Cos[2*e + f*x] + 6*%b~2%c”2
*Sin[f*x] + 12*%b~2*c*d*x*Sin[f*x] - 6*axbxc ™ 2*fxx*Sin[f*x] + 6*b~2*xd"2*...

_ (ctdm)2
3.58. f (a+bcot(e+fx))2 7 dz
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3.58.3 Rubi [A] (verified)

Time = 1.79 (sec) , antiderivative size = 650, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx)
(a+ beot(e + fx))?
| 3042

/ (c+ dz)? i
(a — btan (e + fr+ %))2

l 4217

/ 4b?(c + dz)? 4b(c + dzx)? N (c+ dz)
(~b+ia)? (ia(1— %) —da(1+2) e2w+22fw) (a +1b)2 (ia (1 + ) e2iet2ifr —jq (1 — L)) * (a + ib)

l 2009

2b%d(c + dx) PolyLog (2 M) 22d(c + dz) log (1 _ M)

a—1ib Py
f2 (a2 + b2) f2 (az + b2)2
. a—Hb e2ie+2zfz
2ib%(c + dz)*log <1 B %) _ 2ib*(c+dx)® 4P (c+dx)®
f ( b2)2 f (a2 + b2) 3d (a2 b2)2
ib?d? PolyLog (2 M) ib2d2 PolyLog <3 M)

a—1b prs
£3 (a2 +b2)° 3 (a2 +12)
20%(c + dx)? 2bd(c + dz) PolyLog (2, (=HHZS0)

a—1ib
f(a —ib)(a + ib)2 (—(=b + ia)e2ie+2ifz 4 jg +b) 72(a+ ib)2(b + ia)
a-+ib 62ie+2ifz
2b(c + d)? log (1 - %) _ 4Ab(c+dx)’ (c+dz)®
f(a —ib)(a+ ib)? 3d(a+ib)2(b+ia) = 3d(a + ib)?
bd? PolyLog (3, (atibjerrer?i/e z)

a—1ib

3(a — ib)(a + ib)2

~—

)
inputLInt[(c + d*x)~2/(a + bxCot[e + f*x])~2,x]

_ (ctdm)2
3.58. f (a+bcot(e+fx))2 7 dz
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output | ((-2*I)*b~2x(c + d*x)~2)/((a~2 + b~2)"2%f) - (2%b~2*(c + d*x)~2)/((a - I*b
)*(a + Ixb)~2%(I*a + b - (Ixa - D)*E~((2%I)*e + (2xI)*f*x))*f) + (c + d*x)
~3/(3%(a + I*b)~2%d) - (4*b*(c + d*x)~3)/(3*(a + I*b) 2x(I*a + b)*d) - (4%
b~2x(c + d*x)~3)/(3*%(a”2 + b~2)"2xd) + (2xb~2*d*(c + d*x)*Log[l - ((a + I*
b)*E~((2*I)*e + (2xI)*f*x))/(a - I*b)])/((a”2 + b~2)"2*%£72) - (2*b*(c + d*
x)"2xLog[1l - ((a + I*b)*E~((2*xI)*e + (2xI)*f*xx))/(a - I*b)])/((a - I*b)*(a
+ Ixb)"2+f) - ((2*xI)*b"2*(c + dxx) 2*Log[l - ((a + I*b)*E~((2*I)*e + (2+I
Yxfxx))/(a - I*b)])/((a~2 + b~2)"2*f) - (I*b~2xd~2*PolyLogl[2, ((a + I*b)*E
“((2*%I)*e + (2¢I)*f*x))/(a - I*xb)]1)/((a"2 + b~2)"2%£73) - (2%bxd*(c + d*x)
*PolyLog[2, ((a + I*b)*E~((2*I)*e + (2xI)*fx*x))/(a - I*b)]1)/((a + I*b) ~2%(
Ixa + b)*£72) - (2xb~2*d*(c + d*x)*PolyLogl[2, ((a + I*b)*E~((2*I)*e + (2*I
Y¥f*x))/(a - I*¥b)])/((a”2 + b~2)"2*£72) - (b*d"2+PolyLog[3, ((a + Ixb)*E~(
(2+I)xe + (2*%I)*f*x))/(a - I*¥b)])/((a - I*b)*(a + I*b)"2*%f73) - (I*b~2%d"2
*PolyLog[3, ((a + I*b)*E~((2*I)*e + (2*%I)*f*x))/(a - I*b)])/((a"2 + b~2)"2
*£~3)

3.58.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*I*(b/(a"2 +
b™2 + (a - I*b)"2+xE~(2*Ix(e + f*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

3.58.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3885 vs. 2(584) = 1168.

Time = 0.66 (sec) , antiderivative size = 3886, normalized size of antiderivative = 5.98

method | result size
risch Expression too large to display | 3886

_ (ctdm)2
3.58. f (a+bcot(e+fx))2 7 dz
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input{int((d*x+c)“2/(a+b*cot(f*x+e))“2,x,method=_RETURNVERBOSE)

output

4/ (b-Ixa)~2/£"2/(I*a+b)*bxexd*a~2*c/(I*b-a)/(a+Ixb)*arctan(1/2/a*bxexp(2*I
x(f*x+e))+1/2/axb+1/2/b*exp (2*xI* (fxx+e))*a-1/2/b*a)+4/(b-I*a) ~2/£~2/(I*a+b
) *b*exd*a~2*c/ (I*¥b-a)/(a+I*b)*arctan(l/b*a)+4*xI/(b-I*a) ~2/f/(I*a+b)*b/(a-1I
*b) *d*a*c*1n(1-(a+I*b)*exp(2*I*(f*x+e))/(a-I*b))*x-I/(b-I*a) 2/£73/(I*a+b)
*b*e~2+d"2*a"2/ (I*¥b-a)/(a+I*b)*1n(a~2xexp (4*I* (f*x+e))+b~2*exp (4*I* (f*x+e)
) —2%a~2%exp (2*I* (f*x+e))+2xb~2xexp (2*xI* (f*x+e) ) +a~2+b~2) -2%I/(b-I*a) "2/£"3
/ (Ixa+b) ¥*b~2*e~2xd~2*a/ (I*b-a)/(a+I*b)*arctan(1/2/a*b*exp (2+I* (f*x+e))+1/2
/a*xb+1/2/bxexp (2xI* (f*x+e))*a-1/2/b*a)-2xI/(b-I*a) ~2/£"3/ (I*a+b) *b~2%e~2*d
~2xa/(I*b-a)/(a+I*b)*arctan(1/b*a)-I/(b-I*a) ~2/£73/(I*a+b)*b~2%exd~2/(I*b-
a)/ (a+Ixb)*1n(a~2xexp (4*I*(f*x+e))+b"2%exp (4*I* (fxx+e))-2xa~2*kexp (2+xI* (f*x
+e) ) +2xb~2*%exp (2+I* (f*x+e) ) +a~2+b"2) *a-8*1/(b-I*a) ~2/£~2/ (I*a+b) *bxe*d*a*c
/ (I¥b-a)*1n(exp (I* (f*x+e)))+4*I/(b-I*a) " 2/£f72/(I*a+b)*b/(a-I*b)*d*a*xc*1ln(1
- (a+Ixb)*xexp(2*I*(f*x+e))/(a-I*xb))*e+2xI/(b-I*a) ~2/f/(I*a+b)*b/(a-I*b)*d"2
*a*1n(1- (a+I*b)*exp(2*xI* (fxx+e))/(a-I*b))*x"2-2%I/(b-I*a) ~2/£"3/(I*atb)*b~
3xexd~2/(I*b-a)/(a+I*b)*arctan(1/2/a*b*xexp(2*I*(f*x+e))+1/2/a*b+1/2/b*exp(
2+Ix (fxx+e))*a-1/2/b*a)-2*I/(b-I*a) ~2/£~3/(I*a+b) *b~3*e*d~2/ (I*b-a)/(a+I*b
)*xarctan(1/b*a)-2*I/(b-I*a) ~2/f/(I*a+b)*b~2xa*xc~2/(I*b-a)/(a+I*b)*arctan(l
/2/axbkexp (2xI* (fxx+e) ) +1/2/axb+1/2/bxexp (2*%I* (f*x+e))*a-1/2/b*a)-2+I/(b-I
*a) ~“2/f/ (Ixa+b) *b~2*axc~2/(Ixb-a)/(a+I*b)*arctan(1/b*a)-2*I/(b-Ixa) 2/£"3/
(I*a+b)*b/(a-I*b)*e~2%d~2*a*1ln(1-(a+I*b)*exp(2*xI*(f*x+e))/(a-I*b))+I/(Db...

3.58.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 2038 vs. 2(531) = 1062.

Time = 0.36 (sec) , antiderivative size = 2038, normalized size of antiderivative = 3.14

¢+ dx)? .
/ (a+ lf cot(e J)r fz))? dz = Too large to display

p
inputLintegrate((d*x+c)“2/(a+b*cot(f*x+e))“2,x, algorithm="fricas")

~—

_ (ctdm)2
3.58. f (a+bcot(e+fx))2 7 dz



output

input

N
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1/6x (2% (a"2%b - b~3)*d"2*%f~3*x~3 - 6*axb~2%c"2*f"2 - 6*(axb~2xd"2*xf"2 - (a
“2xb - Db73)*kckd*f"3)*x”2 - 6% (2*axb"2*ckd*xf"2 - (a"2%b - b~3)*kc"2*xf"3)*x +
2% ((a"2%b - b~3)*d"2*f"3*x"3 - 3*a*b"2xc"2*%f"2 - 3*(a*b"2xd"2*xf"2 - (a~2*
b - b73)*kckd*f73)*x"2 - 3*(2xaxb"2xckd*f~2 - (a”2%b - b~3)*c”2*f~3)*x) *cos
(2%xfxx + 2xe) — 3k (-2*%I*a*b~2*xd"2xf*xx — 22xI*kaxb~2*c*d*f + I*b"3*xd~2 + (-2*
I*xaxb~2xd"2xf*xx — 2%I*a*b~2*ckxd*f + I*b~3*d"2)*cos(2*f*x + 2xe) + (-2xI*a”
2¥b*d~2*%f*x — 2%I[*a~2*%bkckd*f + I*axb~2*d"2)*sin(2*f*x + 2%e))*dilog(-(a~2
+ b"2 - (a”2 + 2xI*axb - b"2)*cos(2*xf*x + 2*e) + (-I*a~2 + 2%a*xb + I*b~2)
*xsin(2xfxx + 2xe)) /(a2 + b72) + 1) - 3*(2+Ixaxb~2+d"2*f*x + 2*I*a*xb~2*c*d
*f — I*xb~3*d"2 + (2*I*a*b~2xd"2*f*x + 2xIka*b~2kckd*f — I*b~3*d"2)*cos (2*f
*x + 2%e) + (2%I*a~2%bxd"2xf*x + 2%xI*a”~2xbkxckxd*f - I*a*xb~2+d”~2)*sin(2%f*x
+ 2%e))*dilog(-(a”2 + b"2 - (a”2 - 2*I*axb - b~2)*cos(2*f*x + 2xe) + (Ixa”
2 + 2%axb - I*b"2)*sin(2*xf*x + 2%e))/(a"2 + b~2) + 1) - 6*%(a*b™2*d"2%e"2 +
a*b”2*c"2*%f72 + b"3*d"2*%e - (2*a*b”2*c*d*e + b~ 3xckd)*f + (a*b”"2*d"2*e”2
+ a*b”2%c”2*%f72 + b"3*xd"2*e — (2%a*b”2*c*d*e + b~ 3xckxd)*f)*cos(2*f*x + 2xe
) + (a”2*b*d"2*e”2 + a"2xbxc”2*%f"2 + axb"2+*d"2*e - (2*a"2xbkc*dxe + axb”2*
cxd) *f) *sin(2xf*x + 2%e))*log(1/2*¥a"2 + Ixa*b - 1/2%b"2 - 1/2%(a"2 + b~2)*
cos(2xfxx + 2*%e) + 1/2%(I*a”2 + I*b~2)*sin(2*xf*x + 2%e)) - 6x(axb~2xd"2*xe”
2 + axb"2xc"2*f"2 + b"3*xd"2*e - (2*a*b~2*ckd*e + b"3kckd)*f + (axb~2xd"2*e
“2 + a*b”2%c”2%f"2 + b~ 3*d"2%e - (2*axb”"2xckd*e + b~3kc*d)*f)*cos(2xf*x. ..

3.58.6 Sympy [F]

/ (c+dz)? o — (c+dz)? i
(a+ beot(e+ fx))? (a + beot (e + fz))?

integrate ((d*x+c)*x2/ (atb*cot (f*x+e) ) **2,x)

(ctdz)?
3.58. Jq(a+bcode+fw) dz
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3.58.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2552 vs. 2(531) = 1062.

Time = 1.26 (sec) , antiderivative size = 2552, normalized size of antiderivative = 3.93

(c+dz)?

(a+ beot(e + f2))? dx = Too large to display

input  integrate((d*x+c)~2/(at+b*cot (f*x+e))~2,x, algorithm="maxima")

output | 1/3*(6*(b~2/((a"4 + a~2+%b"2)*xfxtan(f*x + e) + (a~3xb + axb~3)*f) + 2xaxbx1l
og(axtan(f*x + e) + b)/((a”4 + 2*xa~2+%b"2 + b~4)*f) - a*bxlog(tan(f*x + e)~
2+ 1)/((a"4 + 2*xa™2*xb"2 + b~4)*f) - (a”2 - b~ 2)*x(f*x + e)/((a”4 + 2*%a~2*b
~2 + b74)*f))*cxd*e - 3*(2xa*bxlog(axtan(f*x + e) + b)/(a"4 + 2*xa~2*b"2 +
b~4) - a*bxlog(tan(f*x + e)”2 + 1)/(a"4 + 2*¥a"2xb"2 + b™4) - (a"2 - b~2)*(
fxx + e)/(a”4 + 2*%a"2*b"2 + b™4) + b~2/(a"3*b + a*b”3 + (a~4 + a~2*xb"2)*ta
n(fxx + e)))*c”2 - ((a”3 + I*a"2*b + a*xb”™2 + I*b"3)*(f*x + e)~3*xd"2 + 3*(a
3 + I*a"2*b + a*b”2 + I*b~3)*(f*x + e)*d"2*e”2 + 6% (I*a*b”2 + b~ 3)*d"2xe”
2 - 3%((a”3 + I*xa"2%b + a*b™2 + I*b~3)*d " 2*e - (a”3 + I*a"2%b + a*b~2 + Ix
b 3)kckd*f) *(fxx + e)”2 + 6%((-I*a~2*b - a*xb~2)*d"2*e”2 + (-I*a*b~2 - b~3)
*d"2xe + (Ixa*b~2 + b~ 3)*cxd*f + ((I*a"2xb - a*b~2)*d"2xe”2 + (I*a*xb™2 - Db
~3)*d"2%e + (-I*a*b”2 + b~3)*ckd*f)*cos(2+f*x + 2xe) - ((a"2*b + I*kaxb~2)*
d"2*xe"2 + (a*xb”2 + I*b~3)*d"2*e - (a*b”™2 + I*b~3)*ckd*f)*sin(2xf*x + 2*e))
*arctan2(b*cos (2xf*x + 2%e) + a*sin(2*fxx + 2*e) + b, akcos(2xf*x + 2%e) -
bxsin(2*xf*x + 2%e) - a) + 6x((-I*a"2*b - a*b”2)*(f*x + e)"2xd"2 + (2*x(I*a
~2xb + axb"2)*d"2%e + 2% (-I*a"2xb - axb"2)*kckd*f + (I*a*xb~2 + b~3)*d"2)*(f
*x + e) + ((I*a"2*%b - a*b~2)*(f*x + e)"2*xd"2 + (2% (-I*a"2%b + a*b~2)*d"2*e
+ 2% (I*a~2%b - a*b~2)*ckd*f + (-I*a*xb~2 + b~3)*d~2)*(f*x + e))*cos(2*f*x
+ 2%e) - ((a™2%b + I*xaxb~2)*(f*x + e) 2+%d"2 - (2*x(a"2*b + I*a*b~2)*d " 2*e -
2% (a~2%b + I*axb~2)*ckd*f + (a*b~2 + I*b~3)*d~2)*(f*x + e))*sin(2xf*x ...

\

3.58.8 Giac [F|

(c+dzx) B (dz + )
/ (a+ beot(e+ fx))? de = / (beot (fz +e) + a)’

input‘integrate((d*x+c)“2/(a+b*cot(f*x+e))”2,x, algorithm="giac")

(ctdz)?
3.58. Jq(a+bcode+fw) dz
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output Lintegrate((d*x + c)72/(b*xcot(f*x + e) + a)”2, x)

3.58.9 Mupad [F(-1)]

Timed out.

(c+ dzx)? _ (c+dzx) .
/ (a+ beot(e + fx))? do = / (a +bcot (e + f z))? d

p
input Lint((c + d*x)~2/(a + bxcot(e + f*x))~2,x)

AN 4

output Lint((c + d*x)"2/(a + bxcot(e + f*x))~2, x)

_ (ctdm)2
3.58. f (a+bcot(e+fz))2 dz
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ct+dz

3.59 J arbeot(er o) OF

3.59.1 Optimal result . . . . .. .. . ... . 424
3.59.2 Mathematica [B] (verified) . . . . . . .. ... ... L Lo oL 425
3.59.3 Rubi [A] (verified) . . . . . ... .. 126
3.59.4 Maple [B] (verified) . ... ... ... .. ... 429
3.59.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 430
3.59.6 Sympy [F] . . . . . . 430
3.59.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ... .. 431
3.59.8 Giac [F] . . . . . o 132
3.59.9 Mupad [F(-1)] . . . . oo 432

3.59.1 Optimal result

Integrand size = 18, antiderivative size = 213

c+dx

/ (a+beot(e + fx))?

+

+

+

(c + dx)?

(bd — 2acf — 2adfx)?

b(c+ dx)

(a2 + b?) f(a + beot(e + fx))

b(bd — 2acf — 2adfz)log (1 -

2(a®+b?)d  4a(a — ib)?(a + ib)df?

(a+ib)62i(e+fz)

a—1ib

)

(a2 + b2)? f2
iabd PolyLog (2, (aib)e?(e+1)

a—ib

)

(a? +02)" f2

output}—1/2*(d*x+c)*2/(a*2+b*2)/d+1/4*(—2*a*d*f*x—2*a*c*f+b*d)*2/a/(a—I*b)‘2/(a+I
| ¥b) /d/£"2+b* (d*x+c) / (a~2+b"2) /£/ (atbxcot (£xx+e) ) +bx (-2kaxd*fxx-2xaxcf+bxd
|)*¥1n(1-(a+I*b)*exp (2+I* (f¥x+e))/ (a-Ixb))/(a~2+b"2) "2/£~2+I*axbxd*polylog(2
, (a+I*b) *exp (2+I*(f*x+e))/(a-I*b))/(a"2+b"2)"2/£"2

3.59.

f (a+bcot(e+fx))2?

_ ctdx
cot(e+fx))?

> dr
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3.59.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 730 vs. 2(213) = 426.

Time = 8.55 (sec) , antiderivative size = 730, normalized size of antiderivative = 3.43

c+dz

(a+beot(e+ fz))?

(e + fr)(—2de + 2¢f + d(e + fx)) csc®(e + fz)(bcos(e + fx) + asin(e + fx))?

2(—ia + b)(ia + b) f2(a + beot(e + fx))?

bdcsc?(e + fx)(—ale + fz) + blog(beos(e + fz) + asin(e + fz)))(beos(e + fz) + asin(e + fx))?
+ (“ia + b)(ia + b) (@ 1 B) f2(a + beot(e + f2))?

2ade csc?(e + fz)(—a(e + fx) + blog(bcos(e + fz) + asin(e + fz)))(bcos(e + fz) + asin(e + fz))?
+ (ia 1 b)(ia 1 b) (2 + 5) f2(a + boot(e + f2))?

2accsc’(e + fz)(—a(e + fxr) + blog(bcos(e + fx) + asin(e + fx)))(bcos(e + fx) + asin(e + fx))?
B (—ia + b)(ia + b) (a? + ) f(a + beot(e + fz))?
i(e+fz) (—7T+2 arctan(%)) —nlog(1+e~2ie+f2)) — <e+fz+arcta,n< )) log<

dz

dcsc?(e + fr) (ezaman( >(6 + fr)2 + (

_|_

(—ta + b) (4

csc?(e + fx)(bcos(e + fx) + asin(e + fz))(—bdesin(e + fz) + bef sin(e + fz) + bd(e + fz)sin(e + ;
+ (ia + b)(ia 1 b)/2(a + boot(e + f2))?

input LIntegrate[(c + d*x)/(a + b*Cot[e + f*xx])~2,x] J

ctdz
3.59. f (a-+-1>co;:i-(e-i-fﬂl?))2 dz



output
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-1/2x((e + f*xx)*(-2%d*e + 2xc*xf + d*x(e + f*x))*Cscl[e + f*xx] 2x(b*Cos[e + f

*x] + a*Sin[e + £*x])~2)/(((-I)*a + b)*(I*a + b)*f~2x(a + b*Cot[e + f*x])~
2) + (b*d*Cscle + fxx] 2x(-(ax(e + f£*x)) + bxLog[b*Cos[e + f*x] + a*Sin[e
+ fxx]])*(bxCos[e + f*x] + a*Sin[e + f*x])~2)/(((-I)*a + b)*(I*a + b)*(a”2
+ b72)*f"2%(a + bxCot[e + f*x])~2) + (2%axd*exCscle + f*x]"2x(-(a*x(e + fx*
x)) + bxLog[b*Cos[e + f*x] + a*Sin[e + f*x]])*(b*Cos[e + f*x] + axSin[e +
£*x]1)72)/(((-I)*a + b)*(I*a + b)*(a"2 + b~2)*f"2x(a + b*Cot[e + f*x])"2) -
(2*a*c*Cscle + fxx]"2x(-(ax(e + f*x)) + b*Logl[b*Cos[e + f*x] + a*Sin[e +
f*x]]1)*(bxCos[e + f*x] + a*Sin[e + f*x])"2)/(((-I)*a + b)*(I*a + b)*(a"2 +
b~2)*f*(a + b*Cot[e + f*x])~2) + (d*Cscle + f*x] 2*(E~(I*ArcTan[b/al)*(e
+ £*x)72 + (b*(I*(e + f*x)*(-Pi + 2xArcTan([b/al) - PixLog[l + E~((-2*I)*(e
+ £*x))] - 2x(e + f*x + ArcTan[b/a])*Log[l - E~((2*I)*(e + f*x + ArcTan[b
/al))] + PixLog[Cos[e + f*x]] + 2*ArcTan[b/al*Log[Sin[e + f*x + ArcTan[b/a
111 + I*PolyLogl[2, E~((2*I)*(e + f*x + ArcTan[b/al))]))/(a*Sqrt[1 + b~2/a"
2]))*(b*Cos[e + f*x] + axSin[e + f*x])~2)/(((-I)*a + b)*(I*a + b)*Sqrt[(a”
2 + b72)/a"2]*£72x(a + b*Cot[e + f*x])72) + (Cscle + f*x] 2*(bxCosl[e + f*x
] + a*Sin[e + f*x])*(-(bxd*e*Sin[e + f*x]) + bxckf*Sin[e + f*x] + b*dx(e +

f*x)*Sin[e + f*x]))/(((-I)*a + b)*(I*a + b)*f~2%(a + b*Cot[e + f*xx])~2)

3.59.3 Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.07,
number of steps used = 10, number of rules used = 9, number of rules _ 0.500, Rules used

integrand size
= {3042, 4216, 25, 3042, 4214, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

c+dx i
/ (a+beot(e+ fz))2
l,3042

c+dr
/ - 2d.’17
(a— btan (e+f3:+ 5))

| 4216
J- bZ;iiﬁ&ilﬁc)f dz b(c+dzx) (e dz)?
f(a®2+0?) f(a®2+b%) (a+beot(e+ fz)) 2d(a?+ b?)

| 25

ct+dz
3.59. [ arpectieray 4o
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bd—2afrd—2ac
_ f a+b cgt(e—f-fz)f dzx b(C + d.’L') _ (C + da:)2
f(a? +b?) f(a®+b%) (a+bceot(e+ fz)) 2d(a?+b?)
| 3042
bd—2afzd—2acf
B J a—btaclll(:-}—f:llic%) dz + b(c+ dx) (e dz)?
f (a? + b2) f(a®+b%) (a+bceot(e+ fz)) 2d(a?+b?)
| 4214
. 2i(e+f2) (pd—2a frd—2acf —2acf—2adfz+bd)?
_ —2ib f — e(a_ib)z_((a2+:2)x62i(effcz)) dz — ( aZadf(Z—igZ) ) b(C + d.’I?) _
f(a?+0b?) f(a? +b2) (a+ bceot(e + fz))
(c+ dzx)?
2d (a? +b?)

| 25

. e2i(et+fz) bd—2afrd—2acf —2acf—2adf r+bd)>
_2’Lbf (a_ib)Q_((a2+b2)62i(e+fz)) dx — ( 4adf (a—1ib) ) n b(C + dl’) _
f (a® + b?) f(a®+b2) (a + beot(e + fz))
_(c+da)®
2d (a? + b?)
l 2620
; _(atib)e?eTfR N 0 et —2adfs _ (atib)e?iletfo)
2ib (mdflog (1 " ) ‘ + (T2acf —2adfi+od) log (1 a-ib ) ) _ (—2acf—2adfz+bd)>
a’+b? 2f(a?+b?) 4adf (a—1b)
B f (@ +1?) +
b(c+ dzx) _ (c+dx)?
f (a2 +b%) (a+bceot(e+ fx)) 2d(a?+b2)
l 2715

_ (—2acf—2adfz+bd)?

) ye2i(et ) o 2i(e+
vib (adf e~2i(e+f2) [og (1_W>dezz(e+m) i(—2acf—2adfz+bd) log<1—w> )
12

) + X CE) 4adf (a—ib)
) f (@ + %) "

b(c+ dzx) _ (c+dx)?

f(a®+b%) (a+bceot(e+ fz)) 2d(a?+b?)

l 2838
o _ _ (a+ib)e2i(e+fz) (a+ib)e2i(e+fz)
210 i(2ac] —2adfztbd) 102g (12 aib ) _ adPolyLog (2’ . 2‘1_“’ ) _ (—2acf—2a¢?°?c+bd)2
2f(a2+b2%) 2f(a?+b?) 4adf (a—ib)
- @+ 5 *

b(c+ dx) (c+ dz)?

f(a2+b2) (a+beot(e+ fz))  2d (a2 + b2)

ctdz
3.59. [ arpectieray 4o
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input‘Int[(c + d*x)/(a + bxCot[e + f*x])~2,x]

output | -1/2x(c + d*x)~2/((a"2 + b"2)*d) + (bx(c + d*x))/((a"2 + b~2)*fx(a + b*Cot
[e + £xx])) - (-1/4x(b*d - 2%a*c*f - 2¥axd*fxx)~2/(ax(a - I*b)*d*f) + (2*I
Y*bx (((I/2)*(bxd - 2%axc*f - 2*kaxd*fxx)*Log[l - ((a + I*b)*E~((2*I)*(e + £
*x)))/(a - I¥b)])/((a"2 + b~2)*f) - (a*d*PolyLog[2, ((a + I*b)*E~((2*I)*(e
+ £xx)))/(a - I*xb)])/(2*x(a”"2 + b~2)*£)))/((a"2 + b~2)*f)

3.59.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620 Int[(((F_)~((g_.)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*((F_)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

ruk32715/Int[Log[(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

N\

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4214 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xIxb  Int[(c + d*x) "m*E~(2*I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + Ixb)~
2 + (2”2 + b"2)*E” (2*I*k*Pi)*E~Simp [2*I*(e + f*x), x])), x], x] /; FreeQ[{a
,» b, c, d, e, £}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

ctdz
3.59. Jq(a+bc&;e+fw) dz




ruk34216/

CHAPTER 3. LISTING OF INTEGRALS 429

Int[((c_.) + (@_.)*(x_))/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"2, x_Symbol
] :> Simp[-(c + d*x)~2/(2xd*(a"2 + b~2)), x] + (Simp[1/(f*(a"2 + b~2)) In
t[(bxd + 2*%axcxf + 2kaxd*f*x)/(a + b*Tan[e + f*x]), x], x] - Simp[b*((c + d
*xx)/(f*(a"2 + b~2)*(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, f},
x] && NeQ[a"2 + b2, 0]

3.59.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1996 vs. 2(198) = 396.

Time = 0.63 (sec) , antiderivative size = 1997, normalized size of antiderivative = 9.38

method | result size

risch Expression too large to display | 1997

inputLint((d*x+c)/(a+b*cot(f*x+e))‘2,x,method=_RETURNVERBOSE)

output

I/(b-Ixa)~2/£"2/(I*a+b)*b*a~2*d*e/(I*xb-a)/(a+I*b)*1ln(a"2%exp (4*I*(f*x+e))+
b~ 2xexp (4*I* (f*x+e))-2*a~2xexp (2*xI* (f*x+e) ) +2*¥b"2%exp (2% I* (f*xx+e) ) +a~2+b~2
)+2%I/(b-I*a) ~2/£~2/(I*a+b)*b~2xa*d*e/(I*b-a)/(a+I*b)*arctan(1/2/a*b*exp(2
*I* (£xx+e) )+1/2/a*b+1/2/b*exp (2*xI* (f*x+e))*a-1/2/b*a)+2xI1/(b-I*a) ~2/£"2/ (I
*a+b) *b~2*a*d*e/ (Ixb-a)/(a+I*b)*arctan(1/b*a)-1/(b-I*a) 2/£~2/(I*a+b)*b~2*
axdxe/ (Ixb-a)/(a+I*b)*1n(a~2*exp (4*I*(fxx+e))+b~2%exp (4xI* (fxx+e))-2%a"2+*e
xp (2*%I* (fxx+e) ) +2xb~2kexp (2*I* (fxx+e))+a~2+b~2)+1/(b-I*a) ~2/£~2/(I*a+b) *b~
2xd/ (I*b-a)/(a+I*b)*arctan(1/2/a*bxexp(2*I*(f*xx+e))+1/2/axb+1/2/b*exp (2*I*
(fxx+e))*a-1/2/b*a)*a+I/(b-I*a) ~2/£~2/(I*a+b)*b~3*d/(I*b-a)/(a+I*b)*arctan
(1/2/a*bxexp (2*I* (fxx+e))+1/2/a*b+1/2/b*exp (2*xI* (f*x+e) ) *a-1/2/b*a)+4/ (b-I
*a) ~2/f/ (I*a+b) *b/ (a-I*b) *axd*e*x+1/(b-I*a) ~“2/f/(I*a+b)*b~2*a*c/(I*b-a)/(a
+Ixb) *1n(a~2*exp (4*I* (f*xx+e))+b~2%exp (4*I* (f*x+e))-2*a"2xexp (2*xI* (f*x+e) )+
2xb~2%exp (2xI* (fxx+e) ) +a~2+b"2) -2/ (b-I*a) ~2/f/(I*a+b)*bxa~2*c/(I*b-a)/(a+I
*b) *arctan(1/2/a*b*exp (2+xI* (f*x+e))+1/2/axb+1/2/b*exp (2*I* (fxx+e))*a-1/2/b
*xa) -2/ (b-Ixa) ~2/f/(Ixa+b)*b*a~2*c/(I*¥b-a)/(a+I*b)*arctan(1l/b*a)+1/(b-I*a)"”
2/£72/ (I*a+b) *b~2*d/ (I*b-a)/(a+Ixb)*arctan(1/b*a)*a+I/(b-I*a)~2/£~2/(I*a+b
)*b~3%d/ (Ixb-a)/(a+I*b)*arctan(1l/b*a)+4*I/(b-I*a) ~2/f/(I*a+b)*b*axc/(I*b-a
)*1n(exp (I*(f*x+e)))+2/(b-I*a) ~2/£72/(I*a+b)*b/(a-I*b)*a*dxe~2+1/(b-I*a) "2
/£72/ (I*a+b)*b/(a-I*b)*a*d*polylog(2, (a+I*b)*exp(2*xI*(f*x+e))/(a-I*b))-1/2
/(b-I*a)~2/£72/(I*a+b)*b~3*d/(I*b-a)/(a+I*b)*1n(a~2*exp(4*I*(f*x+e))+b~...

ct+dz
3.59. f(a-f-bco:-(e-i-fﬂ?) dz
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3.59.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1053 vs. 2(193) = 386.

Time = 0.33 (sec) , antiderivative size = 1053, normalized size of antiderivative = 4.94

c+dx

(a + bCOt(e + fx))2 dx = Too large to display

input‘integrate((d*x+c)/(a+b*cot(f*x+e))”2,x, algorithm="fricas")

output | 1/2x((a”2*b - b~3) *d*f~2*x"2 - 2%axb”~2*cxf - 2x(a*b~2xd*f - (a"2%b - b~3)*
cxf72)xx + ((a"2*%b - b73)*d*f72%x"2 - 2xaxb"2kckf - 2% (a*b”2*d*f - (a~2*b
- b73)*c*xf"2)*x) *cos (2xf*x + 2%e) + (I*a*xb~2xdxcos(2xf*x + 2%e) + I*a~2xbx
d*sin(2*f*x + 2%e) + Ixaxb~2*d)*dilog(-(a”2 + b"2 - (a2 + 2*I*a*b - b~2)*
cos(2xfxx + 2%e) + (-I*a”2 + 2xa*b + I*b~2)*sin(2xf*x + 2%e))/(a"2 + b~2)
+ 1) + (-Ixa*b"2xd*cos(2*xf*x + 2%e) — I*a 2xb*d*sin(2*f*x + 2xe) - I*a*b™2
*d)*dilog(-(a”2 + b™2 - (a”2 - 2*xI*a*b - b~2)*cos(2*f*x + 2*e) + (I*a~2 +
2xaxb - I*b~2)*sin(2*f*x + 2%e))/(a”2 + b~2) + 1) + (2*a*b~2*d*e - 2*a*b~2
xcxf + b~3%d + (2%axb~2xd*e - 2*a*xb~2kcxf + b~3*xd)*cos(2*f*x + 2%e) + (2%a
“2*%bkd*e - 2%a”2%bxcxf + axb”2xd)*sin(2*f*x + 2%e))*log(1/2*%a”2 + I*a*b -
1/2%b72 - 1/2*(a"2 + b"2)*cos(2*xf*xx + 2xe) + 1/2*%(I*a”2 + I*b~2)*sin(2*f*x
+ 2%e)) + (2*axb"2xdxe — 2*axb~2kc*f + b”"3*d + (2*xaxb~2xd*e - 2*a*b”2*c*f
+ b~3*d) *cos (2*%f*x + 2xe) + (2*%a”2%b*d*e - 2¥a~2xbxcxf + axb~2*d)*sin(2*f
*x + 2%e))*log(-1/2*%a”2 + I*a*b + 1/2*b"2 + 1/2%(a”2 + b~2)*cos(2xf*x + 2%
e) + 1/2x(I*a~2 + I*b"2)*sin(2*f*x + 2xe)) — 2x(a*b~2*kd*f*x + axb™2xd*e +
(axb™2*d*f*x + a*b~2xd*e)*cos(2*f*xx + 2xe) + (a~2*bxd*f*x + a”~2%bxd*e)*sin
(2*%fxx + 2xe))*log((a”2 + b™2 - (a”2 + 2xI*axb - b~2)*cos(2xf*x + 2xe) + (
-I*a”~2 + 2%a*xb + I*b~2)*sin(2*f*x + 2xe))/(a"2 + b~2)) - 2x(a*b™2xd*f*x +
axb~2+d*e + (axb~2*d*f*x + a*b~2xdxe)*cos(2xfxx + 2*e) + (a"2xbxd*f*x + a”
2%b*dxe) *sin(2xf*x + 2xe))*log((a™2 + b~2 - (a”2 - 2xIxa*b - b~2)*cos(2...

3.59.6 Sympy [F]

c+dr B c+dx
/ (a+ beot(e + fx))? de = / (a +bcot (e + fx))’ de

input‘integrate((d*x+c)/(a+b*cot(f*X+e))**2,X)

ctdz
3.59. f(a-f-bco:-(e-i-ffﬂ) dz
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output{Integral((c + d*x)/(a + bkcot(e + f*x))**2, x)

3.59.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1171 vs. 2(193) = 386.

Time = 0.87 (sec) , antiderivative size = 1171, normalized size of antiderivative = 5.50

c+dx

(a+ bcot(e + fz))? dz = Too large to display

p
inputLintegrate((d*x+c)/(a+b*cot(f*x+e))“2,x, algorithm="maxima")

|

output | -1/2*((a”3 + I*a"2*b + a*b™2 + I*b~3)*d*xf~2*x"2 + 2*%(a”3 + I*a~2*b + axb~2
+ I*b"3)*c*f72%x + 4x(I*axb”2 + b~3)*c*f + 2% (2x(-I*a"2*b — a*b™2)*c*f +
(I*a*xb”2 + b"3)*d + (2% (I*a~2*b - a*xb~2)*c*f + (-I*a*b~2 + b~3)*d)*cos(2x*f
*x + 2xe) — (2% (a"2%b + I*axb~2)*cxf — (a*xb”2 + I*b~3)*d)*sin(2xf*x + 2*e)
Yxarctan2(bxcos (2xf*x + 2*e) + axsin(2*f*x + 2*e) + b, axcos(2xfxx + 2%e)
- bxsin(2xfxx + 2*%e) - a) + 4x((I*a~2*b - a*b~2)*d*fxx*cos(2xf*x + 2*xe) -
(a”2xb + Ixaxb~2)*d*f*x*ksin(2xf*x + 2*e) + (-I*a~2%b - a*b~2)*d*f*x)*arcta
n2 (- (2*a*bxcos (2*f*x + 2%e) + (2”2 - b~ 2)*sin(2*xf*x + 2%e))/(a"2 + b~2), (
2*axb*sin (2xf*x + 2%e) + a2 + b™2 - (a2 - b"2)*cos(2*xf*xx + 2*xe)) /(a2 +
b~2)) - ((a"3 + 3*I*a"2%b - 3*axb”2 — I*b~3)*d*f72%x"2 + 2x((a"3 + 3*I*a~2
*b - 3*axb”2 - I*b~3)*c*f"2 - 2% (I*a*xb”2 — b~3)*d*f)*x)*cos(2*xf*x + 2xe) +
2% ((-I*a"2xb + a*xb~2)*d*cos(2*f*x + 2xe) + (a"2*b + I*a*b~2)*d*sin(2xf*x
+ 2xe) + (I*a"2*b + axb~2)*d)*dilog((I*a - b)*e~ (2xIxf*xx + 2xIxe)/(I*a + b
)) - (2*x(a"2xb - Ixaxb~2)*c*f - (a*b™2 — I*b~3)*d - (2*%(a”2*b + I*a*b~2)*c
*f - (axb”2 + I*b~3)*d)*cos(2*xf*x + 2xe) — (2% (I*a"2%b - a*xb~2)*cxf — (I*a
*b~2 - b73)*d)*sin(2xf*x + 2%e))*log((a”2 + b~2)*cos(2*f*x + 2%e)~2 + 4*ax
bxsin(2*f*x + 2%e) + (2”2 + b72)*sin(2xf*x + 2%e)”2 + a”2 + b72 - 2x(a”2 -
b~2)*cos(2xf*x + 2*xe)) + 2x((a~2*b + I*kaxb~2)*d*f*x*cos(2*f*x + 2%e) + (I
*¥a"2%b - axb”2)*d*f*xxksin(2xf*x + 2%e) - (a"2%b - I*a*xb~2)*d*f*x)*log(((a”
2 + b72)*cos(2xf*xx + 2%e) "2 + 4*axb*sin(2xfxx + 2*e) + (a"2 + b~2)*sin(...

ct+dz
3.59. f(a-f-bco:-(e-i-fﬂ?) dz
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3.59.8 Giac [F]

/ c+dz dz+c
(a4 beot(e+ fx))? (beot (fz + €) + a)’

inputLintegrate((d*x+c)/(a+b*cot(f*x+e))‘2,x, algorithm="giac")

outputtintegrate((d*x + c)/(bxcot(f*x + e) + a)~2, x)

3.59.9 Mupad [F(-1)]

Timed out.

c+dx _ ct+dx
/(a—l—bco’c(e+fx))2 dm_/(a—irbcot(eJrfnlc))2 de

inputtint((c + d*x)/(a + bxcot(e + f*x))~2,x)

outputtint((c + d*x)/(a + b*cot(e + f*x))~2, x)

ctdz
3.59. f (a-+-1>c:o;:i-(tﬂ-fﬂﬂ))2 dz
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1

3.60 J Cran(arbeotier ) 4%

3.60.1 Optimalresult . . . . .. .. . .. . ... 433]
3.60.2 Mathematica [N/JA] . . . .. ... .. . . L 133
3.60.3 Rubi [N/A] © o o oot e e e 3
3.60.4 Maple [N/A] (verified) . . . . . . ... ... 435
3.60.5 Fricas [N/A] . . . . . 435
3.60.6 Sympy [N/A] . . . . 4351
3.60.7 Maxima [N/A] . . . . . . . . 130
3.60.8 Giac [N/A] . . . . . . 136
3.60.9 Mupad [N/A] . . . . . 437

3.60.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+dx)(a+ beot(e + fx))? de = Int((c +dz)(a + beot(e + fz))?’ z)

output ‘ Unintegrable(1/(d*x+c)/(atb*cot (f*x+e))~2,x)

3.60.2 Mathematica [N/A]
Not integrable

Time = 22.63 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dx)(a+ beot(e + fx))? de = / (c+dz)(a+ beot(e + fx))

2dx

inputLIntegrate[l/((c + d*x)*(a + b*Cot[e + £*x])"2),x]

~—

-

output LIntegrate [1/((c + d*x)*(a + bxCot[e + f*x])~2), x]

~—

L dz

3.60. f (c+dz)(a+bcot(e+fxz))2




input

output

rule 3042

rule 4223
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3.60.3 Rubi [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1 d
/kc+d@@+baﬁ@+f@ﬂ v
l.3042

/ 1 5dx
(c+dz) (a—btan (e+ fz + %))
| 4223

1 d
/ (c+dzx)(a+ beot(e + fx))? v

'Int[1/((c + d*x)*(a + bxCotl[e + £*x1)"2),x]

-

L$Aborted

| —

3.60.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
360. [ (c+da)(atbcot(etfx))? dz
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3.60.4 Maple [N/A] (verified)

Not integrable

Time = 0.58 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz + c) (a + beot (fz + €))”

input Lint (1/(d*x+c)/ (a+bxcot (f*x+e)) ~2,x)

output tint (1/(d*x+c)/ (a+bxcot (f*x+e))~2,x)

3.60.5 Fricas [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1 1
/ (c +dz)(a + beot(e + fx))? do = / (dz + c)(beot (fz + €) + a)® e

inputLintegrate(1/(d*x+c)/(a+b*cot(f*x+e))‘2,x, algorithm="fricas")

Output‘ integral(1/(a"2*d*x + a"2*c + (b"2xd*x + b~2xc)*cot(f*x + e)~2 + 2x(axb*d*
‘x + axbkc)*cot(f*x + e)), x)

3.60.6 Sympy [N/A]

Not integrable

Time = 1.56 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+dzx)(a+ beot(e + fr))? dr = / (a+beot (e + fx))* (c + da) de

inputkintegrate(1/(d*x+c)/(a+b*cot(f*x+e))**2,x)

output LIntegral(i/((a + bkcot(e + f*x))**2*(c + d*x)), x)

L dz

3.60. f (c+dz)(a+bcot(e+fxz))2
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3.60.7 Maxima [N/A]

Not integrable

Time = 10.99 (sec) , antiderivative size = 1494, normalized size of antiderivative = 74.70

1 1
/ (c+dz)(a+ beot(e + fx))? do = / (dz + ¢)(beot (fz + €) + a)? de

-

inputLintegrate(1/(d*x+c)/(a+b*cot(f*x+e))‘2,x, algorithm="maxima")

output

- J

(((a"4 - b™4)*d*f*x + (a"4 - b74)*c*f)*cos(2xf*x + 2xe) 2xlog(d*x + c) + (
(a™4 - b"4)*dxf*x + (a"4 - b74)*cxf)*log(d*x + c)*sin(2*fxx + 2%e)"2 - 2%(
2xaxb~3*%d + ((a”4 - 2%a”2*%b”~2 + b 4)*d*kf*x + (a4 - 2*a~2+%b"2 + b~4)*c*f)*
log(d*x + c))*cos(2xf*x + 2xe) + ((a”6 + 3*a"4*b~2 + 3*a~2*%b~4 + b~6)*d~2x*
fxx + (2”6 + 3*a~4%b”"2 + 3*¥a”"2%b”4 + b~6)*ckd*f + ((a”6 + 3*a"4%b”2 + 3*xa”
2%b~4 + b76)*d"2xf*x + (2”6 + 3*a~4*b”2 + 3*%a"2*%b"4 + b”6)*kckxdx*xf)*cos(2*f*
X + 2%e)”2 + ((a”6 + 3*a"4*xb”2 + 3*a"2%b"4 + b"6)*d"2xf*xx + (a"6 + 3*a~4xb
"2 + 3%a"2*b"4 + b76)*ckd*f)*sin(2xfxx + 2*%e) "2 - 2+%((a”6 + a"4*b"2 - a"2%*
b~4 - b76)*d"2*f*x + (2”6 + a~4*b"2 - a”"2*%b"4 - b76)*ckxd*f)*cos(2kxf*x + 2%
e) + 4x((a”"b*b + 2*a~3*b"3 + a*b”5)*d"2*fxx + (a~b*b + 2*a”~3*b"3 + axb”5)x*
cxdxf)*sin(2*f*x + 2%e))*integrate (-2* (2% (2+%a~2xb~2*d*f*x + 2%a”~2%b~2*c*f

+ a*b”3*d)*cos (2*f*x + 2%e) + (2+(a~3%b - axb~3)*d*f*x + 2+(a~3*b - a*xb~3)
xcxf + (a”2%b"2 - b~4)*d)*sin(2xf*x + 2%e))/((a”6 + 3*xa~4xb~2 + 3*xa~2xb~4

+ b76)*A"2xf*x”"2 + 2% (2”6 + 3*a~4*b~2 + 3*a~2%b"4 + b"6)*cxd*xf*x + (a”6 +

3*xa~4%b"2 + 3*¥a”"2*b"4 + b76)*c”2xf + ((a”6 + 3*a"4xb"2 + 3*xa~2*%b"4 + b76)*
d"2xf*x"2 + 2%(a”6 + 3*xa~4*xb”~2 + 3*a”~2+%b"4 + b~6)*cxdxfxx + (a"6 + 3*a~4xb
"2 + 3%a"2*b"4 + b76)*c”2*f)*cos(2xfxx + 2*e) 2 + ((a”6 + 3*¥a"4xb"2 + 3*a”
2%b"4 + b76) *d"2xf*x"2 + 2x(a”6 + 3*a~4*b"2 + 3*a~2*%b"4 + b76)*ckd*kf*rx + (
a6 + 3*¥a~4xb"2 + 3*a"2%b"4 + b76)*c"2xf)*sin(2xf*x + 2%e)”2 - 2*x((a”6 + a
“4%b"2 - a"2*%b"4 - b76)*d"2xfxx"2 + 2*%(a"6 + a"4*xb"2 - a"2*b"4 - b"6)*c...

3.60.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ beot(e + fz))? de = / (dz + c)(beot (fz + €) + a)® e

1
360. [ (c+da)(atbcot(etfx))? dz
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input Lintegrate (1/(d*x+c) / (atb*cot (f*x+e))~2,x, algorithm="giac")

output Lintegrate(l/((d*x + c)x(bxcot(f*x + e) + a)”2), x)

3.60.9 Mupad [N/A]
Not integrable

Time = 13.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/(c+dm)(a+bcot(e+fx))2 do = / (a+bcot (e + fz))* (c+dx) d

-

input Lint(l/((a + bxcot(e + f*x)) 2x(c + d*x)),x)

-/

output Lint(l/((a + b*cot(e + f*x))"2x(c + d*x)), x)

1
360. [ (c+da)(atbcot(etfx))? dz
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1

3.61 J (CrdXatheot(erfa)? 42

3.61.1 Optimalresult . . . ... ... .. . ... 438
3.61.2 Mathematica [N/A] . . . .. ... .. . . 438
3.61.3 Rubi [N/A] « . o oo oo oo 739
3.61.4 Maple [N/A] (verified) . . . . . . ... ... A40)
3.61.5 Fricas [N/A] . . . . . . 440
3.61.6 Sympy [N/A] . . . . e 4401
3.61.7 Maxima [N/A] . . . . . . . 441
3.61.8 Giac [N/A] . . . . . . 441]
3.61.9 Mupad [N/A] . . . . . 442

3.61.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1

(c+dz)?(a+ beot(e + fx))? do = Int(

(c+dz)%(a+ beot(e + fx))?’

/)

output Unintegrable(1/(d*x+c) "2/ (at+bxcot (fxx+e))2,x)

3.61.2 Mathematica [N/A]
Not integrable

Time = 21.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/(c—kdm)Q(a+bcot(e+fav))2 de = / (c+dx)%*(a+

beot(e + fz))

2dx

inputLIntegrate[l/((c + d*x)~2%(a + b*Cot[e + £*x]1)~2),x]

~—

-

output LIntegrate [1/((c + d*x)"2x(a + bxCot[e + f*x])72), x]

~—

3.61. dz

1
f (c+dz)2(a+bcot(e+fx))2



input

output

rule 3042

rule 4223
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3.61.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1
(c+dz)%(a+ beot(e + fz))?

l.3042

dz

/ 1 2d:v
(c+dz)?(a—btan (e+ fz+ %))
l 4223

1 d
/kc+¢ﬂ%a+bmde+f@? v

'Int[1/((c + d*x)"2%(a + bxCotl[e + £xx1)~2),x]

-

L$Aborted

| —

3.61.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

dz

1
3.61. f (c+dz)2(a+bcot(et fz))2
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3.61.4 Maple [N/A] (verified)

Not integrable

Time = 0.58 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz 4 ¢)? (a + beot (fz +e))?

input Lint (1/ (d*x+c) "2/ (a+b*cot (f*x+e) ) "2,x)

output Lint (1/(d*x+c) "2/ (a+b*cot (f*x+e)) ~2,x)

3.61.5 Fricas [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1
/ (c+dz)%(a+ beot(e + fz))? de = / (dz + ¢)*(beot (fz + €) + a)? de

inputLintegrate(l/(d*x+c)“2/(a+b*cot(f*x+e))‘2,x, algorithm="fricas")

output‘integral(l/(a‘Q*d“2*x‘2 + 2%a"2xckdkx + a”2%xc”2 + (bT2%d"2*x”2 + 2¥b~2%c*d
‘*x + b"2xc"2)*xcot (f*x + e)~2 + 2% (axb*d~2*x"2 + 2*akbxckd*x + a*b*c~2)*cot
‘(f*x +e)), x)

3.61.6 Sympy [N/A]

Not integrable

Time = 3.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/ (c+ dz)?(a + beot(e + fz))? do = / (a +bcot (e + fx))? (c+ dx)? d

input Lintegrate (1/(d*x+c) **2/ (a+b*cot (fxx+e) ) ¥*2,x)

—

output LIntegral(l/((a + bkcot(e + f*x))*x2%(c + dxx)**2), x)

dz

1
3.61. f (c+dz)2(a+bcot(et fz))2



-
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3.61.7 Maxima [N/A]

Not integrable

Time = 28.61 (sec) , antiderivative size = 1975, normalized size of antiderivative = 98.75

}/ 1 dm__t/“ 1
(c+dz)?(a+beot(e+ f2))> ) (dz+c)*(beot (fz +€) + a)?

dz

input Lintegrate (1/(d*x+c) "2/ (atb*cot (f*x+e))~2,x, algorithm="maxima")

output

- J

-((a™4 - bT4)*dxfxx + (2”4 - b"4)*c*xf + ((a”4 - b™4)*dxf*x + (a™4 - b~ 4)*c
xf)xcos (2xf*xx + 2%e)”2 + ((a”4 - b~4)*d*f*x + (a"4 - b~4)*c*f)*sin(2xf*x +
2xe) "2 + 2% (2*axb”"3*xd - (2”4 - 2*%a~2*%b"2 + b~4)*dxf*x - (a”4 - 2*a~2*b"2
+ b74)xc*f)*cos(2xf*x + 2*e) - ((a”6 + 3*a~4*b~2 + 3*a”2%¥b"4 + b~6)*d"3xf*
X2 + 2%(a”6 + 3*¥a~4*xb"2 + 3*a"2*b"4 + b~6)*c*xd"2*f*x + (a”6 + 3*a~4xb"2 +
3*%a~2*b"4 + b"6)*c”24d*f + ((a”6 + 3*a~4*b"2 + 3*%a~2*%b"4 + b"6)*d"3*kf*x"2
+ 2%(a”6 + 3*a"4*b"2 + 3*xa"2*b"4 + b76)*c*kd"2*fxx + (a"6 + 3*a"4*b"2 + 3*
a~2*xb~4 + b"6)*xc"2*d*f) *kcos (2*f*x + 2*xe)”2 + ((a”6 + 3*a~4*xb"2 + 3*a~2*xb"4
+ b76)*d"3kf*xx"2 + 2%(a"6 + 3*a"4*xb"2 + 3*%a"2*xb"4 + b"6)*xcxd"2*f*x + (a”6
+ 3*%a"4%b"2 + 3*%a"2*b"4 + b76)*kc"2*d*f)*sin(2*xfxx + 2*xe)"2 - 2% ((a"6 + a”
4%b"2 - a"2%b"4 - bT6)*d"3*f*kx"2 + 2%(a”6 + a~4*b"2 - a"2*b"4 - b"6)*c*xd"2
*f*x + (2”6 + a~4*%b"2 - a"2*b"4 - b76)*c 2*xd*f)*cos(2xf*x + 2*e) + 4*x((a”5
*b + 2%a”3%b”"3 + axb”5)*d"3*f*xx"2 + 2x(a~b*b + 2*xa~3*b"3 + a*b~5)*ckxd " 2*xf*
x + (a”5*b + 2*%a~3*b~3 + axb~5)*c 2xd*f)*sin(2*f*x + 2*e))*integrate(-4*(2
*(a"2xb"2kd*fxx + a"2xb"2*ckf + a*b~3*kd)*cos(2*f*x + 2%e) + ((a”3*b - a*b”
3)*xdxf*x + (a"3*b - a*b~3)*ckxf + (a~2*b"2 - b~4)*d) *sin(2*xf*x + 2*e))/((a”
6 + 3*a~4%b"2 + 3*a"2%b"4 + b"6)*d"3*xf*x"3 + 3*(a"6 + 3*ka~4*b"2 + 3*ka~2*b”
4 + b76)*c*kd"2*f*xx"2 + 3x(a”6 + 3*a"4*b"2 + 3*%a"2*%b"4 + bT6)*kc"2*kd*f*x + (
a"6 + 3*a"4*%b”"2 + 3*%a"2*b"4 + b"6)*c"3*xf + ((a”6 + 3*a"4*xb"2 + 3*a"2xb~4 +
b~6)*d"3*f*x"3 + 3*%(a”6 + 3*a~4*xb"2 + 3*%a"2%b"4 + b"6)*ckd"2xf*xx"2 + 3...

3.61.8 Giac [N/A]

Not integrable

Time = 2.34 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)?(a+ beot(e + fz))? do = / (dz + ¢)*(beot (fz + €) + a)? d

3.61. dz

1
f (c+dz)2(a+bcot(e+fx))2
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input Lintegrate (1/(d*x+c) "2/ (atb*cot (f*x+e))~2,x, algorithm="giac")

output Lintegrate(l/((d*x + c)"2%(b*cot (f*xx + e) + a)~2), x)

3.61.9 Mupad [N/A]

Not integrable

Time = 13.52 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)?(a + beot(e + fx))? de = / (a+bcot (e + fz))? (c+dx)? de

-

input Lint(l/((a + bxcot(e + f*x))"2x(c + d*x)~2),x)

-/

output Lint(l/((a + bxcot(e + f*x))"2x(c + d*x)~2), x)

3.61. dz

1
f (c+dz)2(a+bcot(e+fx))2
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

443
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX 446

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 453

return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m

4.1. Listing of Grading functions
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 a+b (e+f x)  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 a+b (e+f x)  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^2  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^2  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^3  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^3  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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